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Preface and Conventions

These notes were prepared as a self-contained introduction to real analysis, intended to serve
both as a first systematic text and as a reference for further study. They are designed to serve
simultaneously as a classroom companion, a proof-oriented reference, and a coherent roadmap
through the core themes of an advanced undergraduate first course in analysis. Throughout, the
emphasis is on precise definitions, logically complete arguments, and instructive examples and
counterexamples that clarify the scope of the major theorems.

The presentation follows a progressive structure. We begin with the order and completeness
properties of the real line, pass to the abstract setting of metric and normed spaces, and
then develop continuity, compactness, connectedness, function spaces, differential calculus, and
multiple integration in a manner that makes the underlying conceptual links explicit. Where
appropriate, we have also included exercises, remarks, and illustrative constructions intended to
sharpen intuition without sacrificing rigor.

Prerequisites. A solid first course in single-variable calculus, together with basic linear algebra,
is assumed throughout.
Notation. We write N,Z, Q, R, C for the standard number systems. We use C for inclusion and

C for proper inclusion. If (X, d) is a metric space and = € X, r > 0, then
By (z) ={ye X :d(z,y) <r}

denotes the open ball of radius r centred at . Unless stated otherwise, all vector spaces are over
R or C, according to context.

How to use these notes. The main text is arranged so that each chapter may be read linearly,
but the notes are also suitable for selective consultation. In this edition, major chapters are
preceded by explicit learning objectives, key theorems are often accompanied by a short proof
strategy or conceptual takeaway, and the back-matter problem sets are grouped by theme so
that the material may be used equally well for lecture preparation, tutorial work, or independent
study. The chapter abstracts indicate the principal themes, while the remarks and examples
are designed to clarify not only the statements of the central results but also the role of their
hypotheses.

References. Standard references include Rudin’s Principles of Mathematical Analysis, Royden—
Fitzpatrick’s Real Analysis, and other classical texts in analysis that complement the present

exposition.



Outline of Topics
e Foundations: Completeness properties of real numbers; countable and uncountable sets;
cardinality.

¢ Norms and metrics: Metric spaces; convergence of sequences; completeness; connectedness;

sequential compactness.
e Continuity: Continuity and uniform continuity.

e Sequences and series of functions: Uniform convergence; equicontinuity; Arzela—Ascoli

theorem; Weierstrass approximation theorem; power series.
e Single-variable calculus: Differentiability; mean value theorems; Taylor’s theorem.

e Several-variable calculus: Partial and directional derivatives; differentiability; chain rule;
Taylor’s theorem; maxima and minima; Lagrange multipliers; inverse function theorem:;

implicit function theorem.

e Multiple integration and vector calculus: Fubini’s theorem; line and surface integrals;
Green, Gauss (divergence), and Stokes theorems.

vi



Introduction

Real analysis is the rigorous study of limiting processes. Its central questions concern convergence,
continuity, compactness, differentiability, and integration; yet the real strength of the subject
lies in the way these notions interact across several mathematical settings. What begins as the
analysis of sequences and functions on the real line quickly develops into a general theory on
metric spaces, normed linear spaces, and function spaces. These notes are therefore organised
not merely as a collection of topics, but as a structured progression from the concrete to the
abstract and back again.

A recurring theme is that each major theorem reflects a particular structural principle. The
least-upper-bound property expresses the completeness of R; compactness turns local information
into global control; connectedness prohibits discontinuous jumps in image sets; and differentiability
identifies the best linear approximation to a nonlinear map. The later chapters show how these
principles culminate in multivariable calculus and the integral theorems of vector analysis.

The notes are written in a proof-oriented style. Whenever possible, the exposition highlights
not only what is true, but also why the hypotheses are natural and where the main difficulties
lie. Examples and counterexamples are included to prevent formal statements from becoming
detached from geometric intuition. Throughout, we aim for a theorem—proof flow in which
definitions motivate the statements, proofs make the mechanism transparent, and remarks record
the structural lesson that survives beyond a single exercise. In that sense, the present text is
intended to be both a teaching document and a durable reference for the foundational syllabus
of real analysis.

Chapter-wise organisation

Chapter 1. Foundations on the real line: order, completeness, countability, cardinality, and the Cantor
set.

Chapter 2. Metric and normed linear spaces: metrics, norms, convergence, continuity, and standard

examples.

Chapter 3. Completeness and compactness: Cauchy sequences, total boundedness, compactness criteria,
and related consequences.

Chapter 4. Connectedness and its applications in metric and normed spaces.

Chapter 5. Continuity and function theory on the real line, with special attention to uniform continuity

and classical examples.
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Chapter 6.

Chapter 7.

Chapter 8.

Chapter 9.

Sequences and series of functions, equicontinuity, compactness in function spaces, approxi-

mation, and power series.

Differential calculus of one real variable, including the mean value theorems and Taylor’s

theorem.

Differential calculus in several variables, including differentiability, Jacobians, the chain

rule, extrema, and inverse/implicit function theorems.

Multiple integration and vector calculus, culminating in change of variables and the theorems

of Green, Gauss, and Stokes.

Chapter 1 Chapter 2

h
Real line, Metric and Uregizer &
Completeness and
completeness, normed
. . compactness
countability linear spaces
Y
A \
Chapter 6
Chapter 4 Chapter 5 e
. Function se-
Connectedness Continuity
. quences,
and function compactness
theory on R siries ’
A
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differential tegration
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Figure 1. Logical progression of the principal themes in the course.



Chapter 1

Topology of the Real Line

In this chapter we review the order and completeness structure of the real line, and we introduce
the basic topological language used throughout real analysis. We develop the least-upper-bound
principle, the Archimedean property, and the Nested Interval Theorem. We then study open
and closed sets, interior, closure, and dense subsets of R. We conclude with the Cantor set as a
central example illustrating how “size” and “topology” can behave in subtle ways.

Learning objectives.

e Understand how order, completeness, and approximation interact on the real line.

o Use the least-upper-bound principle, nested intervals, and Bolzano—Weierstrass as mutually

reinforcing forms of completeness.

o Distinguish countable from uncountable phenomena, and use the Cantor set as a guiding

example showing that topological size and metric size need not agree.

1.1 The Real Numbers

Section overview.

e We begin with the order structure of R and the completeness axiom encoded by sup and inf.

e The main goal is to see how approximation statements, monotone convergence, and nested

interval arguments all emerge from this single structural principle.

o Keep track of the difference between an upper bound, the least upper bound, and approximating

the supremum from within the set.

1.1.1 Preliminary

Recall that the set of rational numbers is
_ )P
Q._{q.p,qEZ,q;ﬁO}. (1.1)

Not every real number is rational. A classical example is v/2. Indeed, if 2 = p/q with
ged(p,q) = 1, then
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In particular, p is even, so p = 2m for some m € Z. Substituting into the previous identity gives
q®> = 2m?, so q is also even. This contradicts ged(p, ¢) = 1. Therefore v/2 ¢ Q. The elements of
R\ Q are called irrational numbers.

Remark 1.1. The rational numbers do not satisfy the least upper bound property, and hence
they are not complete.

Definition 1.2 (Upper and lower bounds). Let A C R. A number z( € R is an upper bound for
A if a < xq for every a € A. A number yy € R is a lower bound for A if yg < a for every a € A.

Definition 1.3 (Supremum and infimum). Assume that A C R is nonempty. An upper bound
xo of A is called the least upper bound of A (or the supremum of A) if z¢9 < x for every upper
bound z of A. In this case we write xg = sup A. Similarly, a lower bound yg of A is called the
greatest lower bound of A (or the infimum of A) if y < yo for every lower bound y of A. In this
case we write yg = inf A.

Example 1.4. A = {1 — % in € N}. Show that inf A =0 and sup A = 1.

Remark 1.5. The least upper bound principle recorded in the next subsection is the defining

completeness axiom for R.

1.1.2 Completeness Property of R

Theorem 1.6 (Least upper bound property). Every nonempty subset of R that is bounded above
has a least upper bound in R. Equivalently, every nonempty subset of R that is bounded below
has a greatest lower bound in R.

Remark 1.7. The statement of Theorem 1.6 is the completeness of the real line. For a proof, see
Chapter 1 of Rudin’s Principles of Mathematical Analysis.

Takeaway. The least-upper-bound property is the hidden engine behind monotone convergence,
nested interval arguments, and the compactness phenomena that first appear on the real line.
Later abstract notions of completeness and compactness should be viewed as attempts to recover
this same control in broader settings.

Remark 1.8 (Extended real conventions). It is often convenient to work in the extended real
line R :== RU {—00, +00}. Accordingly, if A C R is nonempty and unbounded above we write
sup A = 400, and if A C R is nonempty and unbounded below we write inf A = —oo. We also
adopt the standard conventions

sup @ = —oo, inf @ = +o00.

These choices are consistent with the monotonicity properties of inf and sup under inclusion.

Proposition 1.9 (Monotonicity of inf and sup). If A C B C R, then inf A > inf B and

sup A < sup B (with the extended-real conventions above).
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Example 1.10.
e If A @ and A is not bounded above, we write sup A = +oo.

e If B# @& and B is not bounded below, we write inf B = —oo0.

e If A=, we write inf A = +00 and sup A = —cc.

Remark 1.11. For instance, since @ C {a}, Proposition 1.9 yields inf @ > inf{a} = a for every
a € R, which is consistent with the convention inf @ = +o0o. Similarly, sup @ < a for every a € R.

Properties 1.12.
o If AC B CR, then inf A > inf B and sup A < sup B.

e If A+# @, then inf A < sup A.

e inf @ = 400 and sup @ = —oo.

1.1.3 Archimedean property

Theorem 1.13 (Archimedean property). Let @ > 0 and let y € R. Then there exists n € N such
that nx > y. Equivalently, for every e > 0 there exists n € N such that % <e.

Proof. Suppose, towards a contradiction, that nz < y for every n € N. Then y is an upper
bound for the set S := {nz : n € N}. By Theorem 1.6, the least upper bound ¢ := sup S exists
in R. Since ¢ — x is not an upper bound for S, there exists n € N such that { — x < nzx < /.
Consequently (n + 1)z > ¢, contradicting the fact that ¢ is an upper bound of S. O

Remark 1.14. The Archimedean property formalizes the fact that the natural numbers are

unbounded in R, and it is a basic tool for constructing rational (and irrational) approximations.
Exercise 1.1. Let A= {r € Q:r%? <2, r > 0}. Show that sup A = /2 (which is not in Q).

Example 1.15. Let z,y € R with x < y. Then y — z > 0, so by the Archimedean property
there exists n € N such that
n(y —xz) > 1.

Hence the interval (nx,ny) has length greater than 1, and therefore it contains an integer m.
Dividing by n gives
< m <y.
n
Thus, between any two distinct real numbers there is a rational number.

To produce an irrational number between x and y, choose a rational number r such that

X
2 <r< L

V2 V2

Then
r<rV2<y,
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and /2 is irrational unless » = 0. Therefore, between any two distinct real numbers there is

also an irrational number.

Example 1.16. Consider the set

m-+n

A:{ mn :m,nEN}.

Then
inf A =0, sup A =1.
Indeed, for each n € N we have
1
n+1

€ A,

and n%rl — 0, so inf A = 0. Likewise, for each m € N,

and mlﬂ —1,s0supA =1.

Proposition 1.17. Let A C R be nonempty, and let « = inf A and 5 = sup A. Then for every
e > 0 there exist xg,yo € A such that

To < a+¢ and Yo > B —e.

Proof. We prove the first statement; the second is analogous. Suppose there exists € > 0 such
that x > o+ ¢ for every z € A. Then a + ¢ is a lower bound for A, contradicting the fact that o
is the greatest lower bound. Hence there exists xg € A with z¢p < a + €.

Similarly, if there were no point of A exceeding 5 — ¢, then 8 — & would be an upper bound
for A, contradicting the definition of 8 = sup A. Thus there exists yo € A with yg > 8 —¢e. O

Definition 1.18. A sequence is a function f: N — R or f: N — C. We usually write it as

(fr)n>1 or {fn}, where f, = f(n).

Definition 1.19. A sequence (a,) C R is said to converge to I € R if for every € > 0 there exists
ng € N such that
n>ny = |a,—I|<e.

Example 1.20. The sequence a,, = % converges to 0. Indeed, given € > 0, choose ng € N with

ng > é Then for every n > ny,

Theorem 1.21. Every convergent sequence is bounded.

Proof. Let a, — a. Taking ¢ = 1, there exists ng € N such that |a, — a| < 1 for all n > ny.
Hence ay, € (a —1,a+ 1) for all n > nyg.
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Let
m=inf((a —1,a+1)U{ai,...,an,—1}), M =sup((a—1,a+1)U{a1,...,any—1}).

Then m < a, < M for every n, so the sequence is bounded. ]

Theorem 1.22. If (ay,) is increasing and bounded above, then (ay) converges and

lim a, = sup a,.

Similarly, a decreasing sequence that is bounded below converges to its infimum.

Proof. Let
a =sup{a, :n > 1}.

Fix € > 0. By Proposition 1.17, there exists ng such that a,, > o — e. Since (ay,) is increasing,
a—e<ap <a, <o for all n > ny.

Hence |a, — a| < ¢ for all n > ng, so a, — a. The decreasing case is analogous. O

1.1.4 Nested Interval Theorem

Theorem 1.23 (Nested interval theorem). Let (I,)n>1 be a nested sequence of nonempty closed
intervals in R, say
I, = [anubn]v Inya C 1, (n > 1)

If ¢(1,) = by, — an, — 0 as n — oo, then (o=, I consists of exactly one point.

Proof strategy. Track the left endpoints and right endpoints separately. Monotonicity gives
convergence of each endpoint sequence, and the hypothesis ¢(I,,) — 0 forces the two limits to

coincide.

Proof. Since I,+1 C I,, the sequence (a,) is increasing and bounded above by b;, hence
convergent; write a, — a. Similarly, (b,) is decreasing and bounded below by a;, hence
convergent; write b, — b. Taking limits in 0 < b, —a, — 0 givesb—a =0, s0 a = b.
Let x := a. Then a,, < x < b, for every n, hence x € I,, for every n, and therefore x € ﬂnZI I,.
Conversely, if y € (,,>1 In, then a, <y < b, for all n. Passing to the limit yields a <y < b,
hence y =a =b==x. O

Definition 1.24. Let (z,) be a sequence. If ny < mng < --- < nyp < --- is a strictly increasing

sequence of natural numbers, then the sequence (z,, ) is called a subsequence of (x,,).

Example 1.25. The sequences (k%) and (%k) are subsequences of (%), corresponding respec-

tively to the index choices nj = k% and nj = 2F.

7
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Theorem 1.26 (Bolzano—Weierstrass). Ewvery bounded sequence in R admits a convergent
subsequence.

Proof. Let (z,) be a bounded sequence in R. Choose a < b such that z,, € [a,b] for all n € N,
and set I} = [a,b]. Choose n; € N arbitrarily so that x,, € I;.

Suppose that for some k > 1 we have already chosen a closed interval I = [ag, bg] containing
infinitely many terms of the sequence, together with an index ny, such that z,, € I}. Bisect I},
into two closed subintervals of equal length. At least one of these subintervals contains infinitely
many terms of the sequence; denote it by I 1. Since I;,1 contains infinitely many terms, we
may choose ngq1 > ny such that z,, , € Ixy1.

In this way we obtain a nested sequence of closed intervals

I1 212

and a subsequence (z,, ) with x,, € Ij for every k. Moreover,

LI = .
U = o1 350
By Theorem 1.23, the intersection (= I consists of a single point, say {z}.

Now fix € > 0. Choose kg such that ¢(Ix,) < €. Since x € I}, and Ij, has length less than
g, it follows that I, C (z —e,2 + ¢). For every k > ko we have x,, € I}, C Ij,, and therefore
|z, — 2| < e. Hence z,, — x as k — oo. O

Remark 1.27 (Lower and upper limits). Let (x,) be a bounded sequence in R. For each k > 1,
define
uy = inf{x, : n > k}, vg = sup{x, : n > k}.

Then (uy) is increasing and bounded above, while (vy) is decreasing and bounded below. Hence
both sequences converge.

We define
liminf z,, := hm ug, = sup inf =
LR 1L T, o k= k>€n>k ns
and
lim sup ,, := hm vk = inf sup z,.
n—o0 k>1 n>k

Since uy < vy, for every k, it follows that

l1m 1nf T, < limsup z,.
n—oo

Example 1.28. For the sequence z, = (—1)", we have

lim 1nfxn = -1, limsup x,, = 1.
n—o0 n—00
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Exercise 1.2. Show that if z,, — x, then

liminf x,, = lim sup x,, = x.
n—00 n—00

Deduce that a bounded sequence converges if and only if its lower and upper limits agree.

Example 1.29. Let X,, = (7,,,y,) € R? be a bounded sequence. Then both coordinate sequences
() and (yp) are bounded. By Bolzano—-Weierstrass, (z,) has a convergent subsequence (xy, ).
The corresponding subsequence (y,, ) is still bounded, so it has a convergent subsequence (ynké)
Hence

(xnkehynk[) — (:C,y) € R?

for suitable z,y € R.

Remark 1.30. The same diagonal argument works in R”.

1.2 Countability and Cardinality

In analysis one frequently distinguishes sets not only by their topological properties, but also by
their cardinality. We recall the basic notions and the standard examples.

1.2.1 Countable and uncountable sets

Definition 1.31. A set A is countable if there exists a bijection A — N. It is at most countable
if it is finite or countable, equivalently if there exists an injection A < N. A set that is not at
most countable is called uncountable.

Example 1.32. The sets N, Z, and Q are countable.

Proof. Clearly N is countable. The map n — (—1)"[n/2] is a bijection N — Z, so Z is countable.
For Q, write every nonzero rational in reduced form p/q with p € Z\ {0} and ¢ € N. Consider
the set Z x N and enumerate it along diagonals:

(0,1), (1,1), (-1,1), (0,2), (1,2), (—1,2), (2,1), (=2,1),...

This gives a surjection N — Z x N. Composing with (p,q) — p/q yields a surjection N — Q.
Since Q is infinite, it follows that Q is countable. ]

Theorem 1.33. A countable union of countable sets is countable. More precisely, if A, is
countable for each n € N, then U, cn An 5 at most countable.

Proof. For each n € N, choose an injection ¢,,: A, — N. To avoid overlaps among the sets A,,
define

n—1
Bl = Al, Bn = An\ U Ak (n > 2)
k=1
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Then the sets B,, are pairwise disjoint, each B,, is at most countable, and

U 4. = | Bn-

neN neN

Now define F': U,en Bn — N x N by
F(x) = (n,ip(x)) whenever = € B,,.

Because the family (B),) is pairwise disjoint, the map F' is well defined; since each ¢, is injective,
F is injective as well. Finally, N x N is countable (for example, by diagonal enumeration), so
Unen An is at most countable. O]

1.2.2 Cantor’s diagonal argument

Theorem 1.34 (Cantor). The interval [0,1] is uncountable. Consequently, R is uncountable.

Proof. Assume, for contradiction, that [0,1] is countable, so there exists an enumeration (z,),>1
of [0,1]. Write each z,, in a decimal expansion

Ty = O.dnldngdng P

choosing, when necessary, the expansion that does not terminate in an infinite tail of 9’s. Define

a new number y € [0, 1] by specifying its decimal digits (ex)r>1 via

17 dkk 7& 17
€L =
2, dp = 1.

Then y = 0.e1eqe3 . .. differs from z; at the k-th digit for every k, hence y # x for all k. This
contradicts that (z,) enumerates [0, 1]. O
1.2.3 Cardinality and comparison of sets

Definition 1.35. Two sets A and B have the same cardinality, written |A| = | B, if there exists
a bijection A — B. We write |A| < |B| if there exists an injection A — B.

Theorem 1.36 (Schroder-Bernstein). If |A| < |B| and |B| < |A|, then |A| = |B].

Proof. We omit the standard set-theoretic proof; see any text on set theory or the appendix of a
real analysis reference. The result will be used only as a conceptual tool for comparing sizes of

infinite sets. O

Remark 1.37. Cantor’s theorem shows that for any set A, the power set P(A) satisfies |A| < |P(A)].
In particular, [N| < |P(N)|, and one can show that |R| = |P(N)| (the continuum).

10
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1.3 The Cantor Set

1.3.1 Cantor Set

The Cantor set is an uncountable set in [0, 1] having zero length with many striking properties,
and it serves as a classical example in elementary topology and measure theory.
Let Cy = [0, 1]. Remove the open middle third

and set

Next remove the open middle thirds of each component of C7, namely

(1 2 7 8
Jo=(5:3)u(5.5).
and define
Co=0,5]U[3,3]UI[3,F1U[S,1].

Inductively, C,, is a union of 2" disjoint closed intervals, each of length 37". The middle-third

Cantor set is the nested intersection

C:=()Cn
n=0
Co
G —_—
C; m—+-————-—- ———— e —_—
o 3 2 s

Figure 1.1. The first stages of the Cantor construction. Dashed segments indicate the open intervals
removed at each step.

1.3.2 Properties of the Cantor Set

We record the main structural properties of the Cantor set

[o.¢]
C= ﬂ Ch.
n=0
1. Each C), is a nonempty compact subset of [0, 1], and the family is nested:

Hence C is a nonempty closed subset of [0, 1].

11
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[\

. Every endpoint of every deleted interval belongs to C.

3. If {J,}n>1 denotes the family of open intervals removed in the construction, then

o0

C =01\ Jn

n=1

4. The Cantor set has length zero. Indeed, C' C C), for every n, and

UC) < UCp) = 2" = = @)n 0.

Therefore ¢(C) = 0.

5. The set C' is nowhere dense. If C° # (), then there would exist an interval (z — e,z +¢) C C.
But then
0<2e=L((z—c,z+¢)) <LC)=0,

which is impossible. Hence C° = (), and since C' is closed, C' = C' also has empty interior.
6. The set C is totally disconnected: every connected subset of C' consists of a single point.

7. Every point of C is a limit point of C. Indeed, let z € C. For each n, the point x lies in one
of the closed intervals occurring in C,; denote this interval by [z, y,]. Then

1

T e [xnvyn]a Yn — Tn = 377

SO

1
]a;n—a;\§3—n—>0.

The endpoints z,, and y, belong to C, and at least one of them is distinct from x for large n.
Thus every neighborhood of x contains points of C' other than x itself. Therefore C' is perfect.

If E denotes the set of all endpoints of the deleted intervals, then E = C. Since E is countable,
the Cantor set is separable.

1.3.3 Representation of Cantor’s set

A useful description of the Cantor set is obtained from ternary expansions. Every point x € [0, 1]
has a ternary representation .
z = Z;i a; € {0,1,2}.
i=1
The points of the Cantor set are precisely those whose ternary expansions involve only the digits
0 and 2.

Indeed, if some ternary digit equals 1, then z lies in one of the middle-third intervals removed

at a finite stage of the construction, and therefore = ¢ C. Conversely, if every ternary digit

12
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belongs to {0, 2}, then the point survives every step of the construction and hence belongs to C.
Therefore

C:{xe[o,u:x:i;‘j, aiE{O,Q}}. (1.2)

i=1
This characterization already suggests that C' is uncountable, because there are infinitely
many possible choices of digit sequences with values in {0, 2}.
1.3.4 Representation is Unique
For points of the Cantor set, the ternary expansion using only the digits 0 and 2 is unique.

Proposition 1.38. For every x € C, there exists a unique sequence (a;) with a; € {0,2} such
that

S

L (1.3)

(2

e}
v=)
1=

1

w

Proof. Existence is exactly the content of (1.2). For uniqueness, suppose that x also admits a

representation
o0

r=Y b; € {0,2}. (1.4)

i=1
Assume that the two digit sequences are different, and let ig be the first index for which a;, # b;,.
Then a; = b; for 1 <14 < ig, while at the index ig one sequence has the digit 0 and the other has
the digit 2. Subtracting the common initial part

—1 o—1
20 a; 20 bz
DR SRS
=1 =1

and multiplying by 3! we reduce to the case i = 1. In that case one expansion places z in the
interval [0, 1/3], whereas the other places x in [2/3,1], which is impossible. This contradiction
shows that no such index iy can exist. Therefore a; = b; for all i, and the representation is
unique. ]

Exercise 1.3. Complete the last step of the proof without reducing to the case ig = 1.
Proposition 1.39. The Cantor set is uncountable.

Proof. Define a map f: C' — [0, 1] as follows. If

a:
Tr = g;, a; € {072}7
i=1
set -
a;/2
f(zx) ::Z 221 .
i=1

Since a;/2 € {0,1}, the image lies in [0,1]. The uniqueness of the ternary expansion in (1.3)
shows that f is well defined.

13
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Now let -
y:ZTE[Oal]a bze{071}
Define

>, 2b;
xr = —_—.

Then x € C and f(z) =y. Thus f is surjective. Since [0, 1] is uncountable, the Cantor set must

also be uncountable. O

Remark 1.40 (The Cantor function). The map f above is the starting point for the construction
of the Cantor function. One extends it from C to all of [0, 1] by declaring it constant on each

deleted interval. The resulting function is continuous, nondecreasing, and maps [0, 1] onto [0, 1].

1.4 Basic Topology on R

1.4.1 Open Sets and Closed Sets

Definition 1.41 (Open set in R). A set O C R is open if for every x € O there exists ¢ > 0
such that
(x—e,xz+e)CO.

Equivalently, every point of O is an interior point of O.
Remark 1.42. A (finite or countable) union of open intervals is an open set. Conversely, every
open subset of R can be written as a countable union of pairwise disjoint open intervals.

A countable union of open intervals is an open set. On the other hand, any open set in R

can be written as a countable union of disjoint open intervals.

Theorem 1.43 (Decomposition of open sets in R). Let O C R be open. Then there exists a

countable family of pairwise disjoint open intervals {Ip,}n>1 such that
oo
0= I
n=1

Moreover, this representation is unique up to a permutation of the intervals.

Proof. Fix x € O. Since O is open, there exists an open interval (a,b) with € (a,b) C O.
Define

a; = inf{a € R : (a,z] C O}, by :=sup{beR:[z,b) C O},
and set I, = (ag,by).
Step 1: I, C O. Let z € (ag,b,). Choose n > 0 so small that a, + 7 < z < b, —n. By the
definition of a, as an infimum, there exists a < a, + n such that (a,z] C O; hence (ay +n,z] C O.

Similarly, by the definition of b, as a supremum, there exists b > b, — n such that [z,b) C O;
hence [x,by; —n) C O. Therefore (ay +n,b; — 1) C O, and in particular z € O. Thus I, C O.

14
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Step 2: mazimality and disjointness. By construction, I, is an open interval containing x and
contained in O. Moreover, it is maximal with respect to these properties. Indeed, if J is any
open interval with x € J C O, then every left endpoint of J belongs to the set whose infimum
defines a,, and every right endpoint of J belongs to the set whose supremum defines b,; hence
J CI,. Now if z,y € O and I, N I, # @, then I, U I, is again an open interval contained in O.
By maximality, this forces I, = I,. Consequently, the family {I, : € O} consists of pairwise

0= J L.

€0

disjoint open intervals and

Step 3: countability. Every nonempty open interval contains a rational number. Choose ¢, € I,NQ
for each z € O. If I, # I, then I, N1, = &, so necessarily ¢, # g,. Thus the assignment I, — ¢,
is injective into Q. Since Q is countable, the family {I, : x € O} is countable. Renaming these
intervals as {I),}n>1 gives

oo
0= L.
n=1
Step 4: uniqueness. Suppose also that

O= L= Ju

where both families consist of pairwise disjoint open intervals. Fix n. Since I, C O, we have

I =1,n0= ) (InN Jm).

m=1

Fach set I,, N J,, is an open subset of the interval I,,, and the family is pairwise disjoint. Because
I,, is connected, at most one of these intersections can be nonempty. Hence I,, C J,,, for some my.
Applying the same argument with the roles of I,, and J,,, reversed yields J,, C I,,. Therefore
I, = Jm,- This proves uniqueness up to a permutation of the intervals. O

Definition 1.44 (Closed set in R). A set F' C R is closed if it contains the limits of all

convergent sequences of its points, that is, whenever (x,) C F and x,, — z in R, we have z € F..
Theorem 1.45. A set F' C R is closed if and only if its complement F¢ is open.

Proof. Assume first that F' is closed, and let x € F¢. If F'¢ were not open at x, then for every
n € N we could choose

1 1

Tn € (x— -, x+—) NF.

n n
Then x,, — = with x, € F for all n, so closedness of I’ would imply z € F', a contradiction. Thus
F° is open.

Conversely, assume F€ is open and let (x,,) C F with x,, — x. If x ¢ F, then x € F*, so there

exists r > 0 such that (z —r,z +r) C F€. For n large enough we have =, € (z —r,z +r) C F°,

contradicting z,, € F. Therefore z € F', and hence F' is closed. O

15
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Remark 1.46. The same definitions make sense in R™ (and, more generally, in metric spaces).

Example 1.47. Let
A= {(z,y) € R*: y =sin(1/z), = # 0}.

Then A is neither open nor closed in R? (with the Euclidean metric). Indeed, the sequence

1
(,0> cA
nm

converges to (0,0) ¢ A, so A is not closed. On the other hand, no Euclidean ball centered at a
point of A can lie entirely in A, because A is the graph of a function on R\ {0} and therefore
has empty interior in R?. Hence A is not open.

1.4.2 Interior of a set

Definition 1.48 (Interior). Let A C R. The interior of A, denoted A°, is the union of all open
sets contained in A:
A° = U{O CA:OisopeninR}.

Equivalently, A° is the largest open subset of A, in the sense that A° is open, A° C A, and
whenever O is open with O C A, we have O C A°.

Example 1.49. We have

N° =g, Q° =g, (R\Q)° =2.
Moreover, in R? equipped with the Euclidean metric,

{(z,y) € R? .y =sin(1/2), = # 0} = @.

1.4.3 Closure of a set

Definition 1.50 (Closure). Let A C R. The closure of A, denoted A, is the smallest closed set
containing A, that is,
Z::ﬂ{FQR:FiS closed and A C F'}.

Equivalently (in a metric space), A is the set of all limits of sequences in A:
A={zeR:3(z,) C Awithz, >z}

Example 1.51. Let
A= {(z,sin(1/x)) € R* : 2 £ 0}.

Then
A=AU ({0} x [—1,1]).

16
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Proof. Let (zy,sin(1/x,)) € A be a convergent sequence in R? and write

(zp,sin(1/xy,)) = (z,y).

If © # 0, then x,, — = with z,, # 0 for all sufficiently large n, and ¢ +— sin(1/t) is continuous at
x. Hence sin(1/xz,) — sin(1/x), so (z,y) = (x,sin(1/z)) € A.

If z = 0, then automatically y € [—1, 1] because each sin(1/x,) € [—1,1] and [—1, 1] is closed.
Thus every limit point of A lies in AU ({0} x [—1,1]), proving

Ac AU {0} x [-1,1).

For the reverse inclusion, fix y € [—1,1] and choose § € [—7/2,7/2] such that sinf = y.
Define

1 (n>1).

T ot 0 =

Then x, # 0, x, — 0, and
sin(1/x,) = sin(2rn + 0) = sinf = y.

Hence (2, sin(1/x,)) — (0,y), showing (0,y) € A. Since A C A, we conclude AU({0}x[—1,1]) C
A. O

1.4.4 Compactness

Definition 1.52 (Open cover). Let K C R™. A family {U;};cs of open subsets of R™ is called
an open cover of K if
K c|Ju.
i€l
Definition 1.53 (Compact set). A set K C R" is compact if every open cover of K admits a

finite subcover.

Theorem 1.54 (Heine—Borel theorem). A subset K C R™ (with the Fuclidean metric) is compact
if and only if it is closed and bounded.

Idea. In Euclidean space, compactness has two complementary interpretations: a set must
prevent sequences from escaping to infinity, and it must also retain the limits of sequences that
remain trapped. Boundedness addresses the first issue, closedness the second.

Remark 1.55. In metric spaces, compactness (Definition 1.53) is equivalent to sequential compact-
ness (every sequence has a convergent subsequence with limit in the set). In R™, Theorem 1.54
provides the convenient characterization “compact <= closed and bounded”.

Remark 1.56. In R one may equivalently say that K C R is compact if and only if every open cover
of K by open intervals admits a finite subcover. This equivalence follows from the general theory
of compact metric spaces together with the Bolzano—Weierstrass theorem. Similar statements

hold for compact subsets of R™.

17



Real Analysis 1. Topology of the Real Line

Exercise 1.4. Show that the set

{(z,y) e RZ:y =sin(1/z), x # 0}
is closed but not bounded.

Example 1.57. A subset F' C R is closed if and only if it contains all of its adherent points;
equivalently,
(z—e,x+e)NF # @ forevery e >0) = z € F.

Proof. Assume first that F' is closed, and suppose that every interval (z — e, x + ¢) meets F. For
each n € N, choose

1 1
Tn € <£L’—,£L’+)ﬂF.
n n

Then |z, — z| < 1/n for every n, so x, — z. Since F is closed and each z,, belongs to F, we
conclude that z € F.

Conversely, assume that F' satisfies the displayed condition, and let (z,) C F be a sequence
with z,, — z. Fix e > 0. For sufficiently large n we have z,, € (z—¢,z+¢), so (x—e,x+e)NF # 2.
By hypothesis, this implies € F'. Therefore F is closed. O

1.4.5 Dense Set

Definition 1.58. A subset A C R is called dense in R if A = R. Equivalently, A is dense in R if
every nonempty open interval in R contains a point of A.

Example 1.59. Let x € R. Choose a decimal expansion

T €2
r=x9+ — +

— 4 7 1,... k>1). 1.
10 102+ y To € 4, l‘kE{O, ) 79}( el ) ( 5)

For n > 0, define the rational truncations
Sn ::$O+Zﬁ € Q.
=10

Then S,, — = as n — 0o, so Q = R.

Similarly, R\ Q is dense in R. Indeed, fix z € R and define

2 3
un::x+£, vn::x—i—£ (n>1).
n n

For each n, at least one of u,, or v, is irrational: if both were rational, then their difference
(V2 — v/3)/n would be rational, which is impossible. Choosing, for each n, an irrational number
among {u,, v, } produces a sequence of irrationals converging to . Hence R\ Q = R.

Finally, the representation (1.5) is not unique; for instance, 0.5 = 0.4999.. ..

18
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Theorem 1.60. Let p € Z with p > 2, and let x € [0,1]. Then there ezists a sequence of integers
(an)n>1 such that 0 < a, <p—1 for every n and

Proof. We construct the digits inductively. Suppose that integers a1, ..., a,_1 have already been

chosen so that

Multiply this inequality by p™ and set
n—1 a,
rpi=p" <£I}—Zk>
k=1 P
Then 0 < 7, < p. Choose a, € {0,1,...,p— 1} so that

ap < rp < ap+ 1.

Such a choice is possible because the interval [0, p] is covered by the half-open intervals [j, 7 + 1)
for j =0,1,...,p—1, together with the endpoint p, for which we may take a, = p— 1. It follows
that

0<r,—a, <1,

and hence, after dividing by p",

Thus the partial sums

as required. ]
Exercise 1.5. Show that {2% :k=0,1,2,...,2"n=1,2,... } is dense in [0, 1].

(Hint: Use binary expansion)

Exercises

Exercise 1.6. Prove the Archimedean property: for every x € R there exists n € N with n > .
Deduce that for every € > 0 there exists n € N such that % <e.
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Exercise 1.7. Let (I,),>1 be a nested sequence of nonempty closed intervals with Ip,41 C I,
and ¢(I,) — 0. Prove that ,_, I,, consists of a single point (Nested Interval Theorem).

Exercise 1.8. Show that a subset A C R is open if and only if it is a (possibly empty) countable

disjoint union of open intervals.

Exercise 1.9. Let A C R. Prove that x € A if and only if every open interval containing x
meets A.

Exercise 1.10. Show that Q is dense in R, and that R \ Q is also dense in R.

Exercise 1.11. Let C' be the middle-third Cantor set. Prove that C is closed and has empty
interior.

Exercise 1.12. Prove that every z € C admits a ternary expansion using only digits 0 and 2,
and conversely. Deduce that C' is uncountable.

Exercise 1.13. Show that C is perfect: it is closed and every point of C is a limit point of C.

Exercise 1.14. Prove that if A C R is closed and bounded, then A is compact (Heine-Borel in
R).

Exercise 1.15. Let A C R be nonempty and bounded above. Prove that sup A is characterized
by: (i) a < sup A for all a € A; (ii) for every & > 0 there exists a € A with sup A —¢ < a < sup A.
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Chapter 2

Metric and Normed Linear Spaces

We extend the basic ideas from R to abstract metric spaces and normed linear spaces. After
introducing metrics, open balls, and the induced topology, we discuss convergence, Cauchy
sequences, and continuity in the metric setting. We then turn to normed spaces and the classical
inequalities (Young, Holder, Minkowski) that underpin the geometry of £P and LP spaces. These
notions prepare the ground for the study of completeness and compactness in later chapters.

Learning objectives.

e Move fluently between metric language, topological language, and norm-induced geometry.

e Prove continuity and convergence statements directly from the definitions and compare them

across inequivalent metrics.

¢ Recognize the role of classical inequalities in turning linear structure into quantitative analytic

control.

2.1 Metric Spaces and Topology

Section overview.

e This section builds the abstract language in which convergence, continuity, and compactness
will later be phrased.

e The key task is to learn which arguments depend only on the metric and which use additional

linear structure.

e As you read, compare every new definition with its familiar version on R".

We introduce metric spaces as the common framework for convergence, continuity, and
compactness. After developing the topology induced by a metric (open and closed sets, closure,
density), we study continuous maps between metric spaces and the basic invariance properties
they enjoy.

2.1.1 Metric spaces

Metrics and basic examples

Definition 2.1 (Metric space). Let X be a non-empty set. A function d: X x X — [0,00) is
called a metric on X if, for all x,y,z € X,
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(i) d(x,y) =0 if and only if z = y.

(i) d(x,y) = d(y, ) (symmetry).
(iii) d(z,2) < d(z,y)+ d(y, z) (triangle inequality).
The pair (X, d) is called a metric space.

Example 2.2 (Standard metrics on R"). For z = (z1,...,2,) and y = (y1,...,yn) in R, define

Z |xl yl
day(z,y) == (Z |zi — vl ) /2,

oo (@) = ma [ — yil.

Each of these functions defines a metric on R"”.

Exercise 2.1. Let (X,d) be a metric space. Prove that d'(x,y) := min{1,d(z,y)} defines a

metric on X.

Example 2.3 (Supremum metric on C10, 1]). Let X = ([0, 1], the space of continuous real-valued
functions on [0, 1]. For f,g € X, set

doo(f,g) == sup |f(t) —g(t)].

0<t<1

Since every continuous function on [0,1] is bounded, the supremum is finite. The triangle

inequality follows from

[f (@) =@ < |f(t) —g(®)| +g(t) —n(D)],  te[0,1].
Thus do is a metric on C10, 1].
Example 2.4 (Discrete metric). Let X # (). Define, for z,y € X,
L xz#y,
dO(xay) = {
0, z=uy.

Then dy is a metric on X. The metric space (X,dp) is called the discrete metric space. In
particular, every non-empty set admits at least one metric.

Remark 2.5. For the discrete metric dg, the triangle inequality is immediate. Indeed, if z = z,
then dg(z,2) = 0. If z # z, then dy(x, z) = 1, while do(z,y) + do(y,z) > 1. Thus dy(z,2) <
do(z,y) + do(y, z) in every case.
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Example 2.6. If (X, d) is a metric space, then

7 L Cl(l‘,y)
d(z,y) = TTd@y)

is also a metric on X.

Proof. Consider the function f(t) =
checks that

74 on [0,00). Tt is increasing, satisfies f(0) = 0, and one

fls+t) < f(s)+ /()  (s,t=0).
Therefore d = f od is a metric by Proposition 2.7. O

Proposition 2.7 (Changing a metric by a subadditive function). Let (X,d) be a metric space

and let f:]0,00) — [0,00) be an increasing function such that
fls+1t) < f(s)+ f(t) for all s,t >0, (2.1)

and f(t) =0 if and only if t =0. Then dy := f od defines a metric on X.

Proof. Non-negativity and symmetry are immediate. If dy(x,y) = 0, then f(d(z,y)) = 0, hence
d(z,y) = 0 and = y. Finally, by the triangle inequality for d and the monotonicity and
subadditivity (2.1) of f,

dp(z,2) = f(d(z,2))
< fld(z,y) +d(y, 2))
< fld(z,y)) + f(d(y, 2))
=dys(z,y) +ds(y,2)

O]

Example 2.8. Let H* denote the set of all sequences z = (x,,) with |z,| < 1 for every n. Define

(o)
_ Z |5Un - yn’
n=1 2n
Then d is a metric on H*°.

Proof. Since |z, — y,| < 2 for every n, the series converges absolutely and
f: 2
— 2n

Positivity and symmetry are immediate.
If d(x,y) = 0, then each summand must be zero, so z, = y, for all n; hence x = y.
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Finally, for z,y, 2z € H* and each k,
i |Tn — 2n| < u ‘CUn_yn’ i |yn_zn’
Z on — Z omn + Z mn :
n=1 n=1 n=1
Letting k£ — oo gives
d(z,z) < d(z,y) +d(y, 2).

Therefore d is a metric. O

i l‘ defines a metric on (0, 00).
y

Exercise 2.2. Prove that d(z,y) =

Open balls and open sets

Definition 2.9 (Open and closed balls). Let (X, d) be a metric space, let 29 € X, and let r > 0.
The set
By(wo) = {y € X : d(wo,y) < 1}

is called the open ball of radius r centred at xy. The set
By (z0) :={y € X : d(zo,y) <r}

is called the closed ball of radius r centred at xg.

<

Figure 2.1. Open and closed metric balls (schematic in R?).

Definition 2.10 (Open sets). A subset O C X is called open if for every x € O there exists
r > 0 such that
B.(z) CO.

Proposition 2.11. Let {O; :i € I} be a family of open subsets of a metric space (X,d). Then:
(1) Uier O; is open.
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(i) Nizq O; is open for every finite collection Oq,...,Oy.

Arbitrary intersections of open sets need not be open.

Example 2.12. In (R,] - |),

and the singleton {0} is not open.

Example 2.13. Let f: R — R be continuous. Then the set
A={zeR: f(zx) >0}

is open.

Proof. Fix x € A. Then f(x) > 0. By continuity of f at z, with ¢ = f(x), there exists § > 0
such that

ly—z|<d = |fly) = f@)] < flo).
For such y we obtain

fy) > f(@) = 1f(y) = f(@)] > 0.

Hence (x — 0,2 + 0) C A. Since z € A was arbitrary, A is open. O

Open Sets in R:
A countable union of open intervals is an open set. On the other hand, any open set in R

can be written as a countable union of disjoint open intervals.

Theorem 2.14 (Decomposition of open sets in R). Let O C R be open. Then there exists a

countable family of pairwise disjoint open intervals, possibly unbounded, {I,}n>1 such that
oo
0= I.
n=1
If O = @, this family is empty. Moreover, this representation is unique up to a permutation of

the intervals.

Proof. 1If O = @, there is nothing to prove. Assume O # &.
For each z € O, define

I, = U{J C O : J is an open interval and = € J}.

This union is nonempty because O is open, so there exists 6 > 0 such that (z — d,z + ) C O.
Since I, is a union of open sets, it is open; clearly x € I, C O.

Step 1: I, is an interval. Let u,v € I, with u < v. Then there exist open intervals J,, J, C O
such that
T, u € Jy, T, € Jy.
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Because both intervals contain z, they intersect. Hence J,, U J, is an open interval contained in
O. Since u,v € J, U Jy, every t with u < t < v also lies in J, U J, C I. Therefore I, is an open
interval.

Step 2: mazximality and disjointness. The interval I, is maximal among open intervals contained
in O and containing z: if J C O is an open interval with € J, then J appears in the defining
union, so J C I,. If z,y € O and I, N I, # &, then I, U I, is an open interval contained in O
that contains both x and y. By maximality, I, C I, and I, C I, hence I, = I,,. Consequently,
the distinct intervals among {I, : * € O} are pairwise disjoint, and

0= L.

€0

Step 8: countability. Every nonempty open interval in R contains a rational number. For each
q € QN O, consider the interval I,. Since Q N O is countable, the family {I,: ¢ € QN O} is at
most countable. Conversely, if I, is one of the intervals above, choose ¢ € I, N Q. Then ¢ € O
and [, = I,. Hence every distinct interval occurs as I, for some rational ¢ € O. Therefore the
collection of distinct intervals is countable. Renaming these intervals as {I, },>1 gives the desired

representation.

Step 4: uniqueness. Suppose

O= L= Jm
n=1 1

1 C_8

m

where {I,,} and {J,,} are pairwise disjoint families of open intervals. Fix n. Then

Ii=1,n0= ) (I.N Jm).

m=1

Each set I, N J,, is open in the relative topology of I,,, and the family is pairwise disjoint. Since
I,, is an interval, it is connected. Hence only one of these intersections can be nonempty. Thus
I, C Jp, for some my. By the same argument with the roles reversed, J,,, C I, and therefore
I, = Jm,- This proves uniqueness up to a permutation. ]

Sequences in metric spaces

Definition 2.15 (Convergent sequence). A sequence (z,) in a metric space (X, d) converges to
xg € X if for every € > 0 there exists N € N such that

n>N = d(z,,x9) <e.

Definition 2.16 (Cauchy sequence). A sequence (x,) in (X, d) is a Cauchy sequence if for every
€ > 0 there exists N € N such that

m,n>N = d(zp,znm) <e.
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Example 2.17. In the metric space ((0,1),] - [), the sequence x,, = 2 is Cauchy, but it does not
converge in (0, 1), because its limit in R is 0 ¢ (0, 1).

Every convergent sequence is Cauchy.

Definition 2.18 (Bounded set). A subset A C X is called bounded if there exist xyp € X and
M > 0 such that
d(a,xo) <M for all a € A.

Example 2.19. The set

{(:U,Sin i) L0 < |2| < 1} U ({0} x [=1,1])

is bounded in R2.
Proposition 2.20. Every Cauchy sequence is bounded.

Proof. Let (z,,) be a Cauchy sequence. Taking € = 1, there exists N such that
d(Tp, xm) < 1 whenever m,n > N.

In particular,
d(xp,zn) < 1 for all n > N.

Set
M := max{1l,d(z1,zNn),...,d(xNn_1,2N)}.

Then d(x,,xy) < M for every n, so the sequence is bounded. ]
The converse need not hold: the sequence (—1)" is bounded in R but not Cauchy.

Proposition 2.21. Let (zy,) be a Cauchy sequence in (X,d). If a subsequence (xy,) converges
tox € X, then x, — x.

Proof. Fix € > 0. Since (x,,) is Cauchy, there exists Ny such that

d(xn, Tm) < for all m,n > Nj.

| M

Since x,, — x, there exists K such that

d(xp,,z) < for all k > K.

| ™

Choose k so large that ng > Ny and k > K. Then for every n > N,
d(zp,x) < d(zp,xpn,) + d(zy,, ) < €.

Hence z,, — x. L]

In particular, a Cauchy sequence can have at most one limit.
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Closed sets in metric spaces
Definition 2.22. A subset F' C X is called closed if its complement F¢ = X \ F is open.
Equivalently, F' is closed if whenever z € X satisfies

B(x)NF #0 for every & > 0,

then necessarily x € F.

Example 2.23. The set
1 2
A=< (z,y):y=sin—, 2#0; CR
x

is neither open nor closed. It is not closed because

<nl7r,o> €A and <1,0> —(0,0) ¢ A.

nm

It is not open because no Fuclidean ball centred at a point of A can be contained in the graph.
Theorem 2.24. Let (X,d) be a metric space and let F C X. The following are equivalent:
(i) F is closed.

(ii) For every x € X, if Be(x) N F # () for every e > 0, then x € F.
(iii) Whenever (zy,) C F and x,, — x in X, we have x € F.

Proof. (i) = (ii). Assume F is closed, so F is open. If x ¢ F'| then x € F°, and therefore there
exists €9 > 0 such that
B.,(z) C F°.

Hence B.,(z) N F = 0, contradicting (ii). So = € F.

(i) = (iii). Let (x,) C F and suppose z, — z. Given ¢ > 0, there exists N such that
xp € Be(z) for all n > N. Thus B.(x) N F # () for every ¢ > 0, and (ii) implies z € F.

(#ii) = (i). Suppose F' is not closed. Then F¢ is not open, so there exists x € F such that
for every n € N one can choose x,, € F with

1
Az, ) < ~.
(Tp,x) < -

Then z,, — x, and by (iii) we conclude that z € F, a contradiction. Therefore F is closed. [

Example 2.25. If f: R — R is continuous, then the zero set
A={zeR: f(z) =0}

is closed. Indeed, if x, € A and z,, — x, then continuity of f gives
f(x) = lim_f(zn) =0,
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soz € A.

Interior points and interior of a set

Let A C X. The interior of A, denoted A° or Int(A), is the largest open set contained in A:
A°:U{O§X:OisopenandO§A}.
Equivalently, € A° if and only if there exists € > 0 such that B.(z) C A.

Closure and limit points

Let A C (X,d). The closure of A, denoted A, is the smallest closed set containing A:
A= ﬂ{F C X : Fisclosed and A C F}.

Definition 2.26 (Limit point / accumulation point). A point = € X is called a limit point of A
if for every r > 0,

(B(z,r)\ {z}) N A#0.

The set of all limit points of A is denoted by A’.

Remark 2.27. If = is a limit point of A, then for each n € N one can choose
Ty € (B(z,1/n) \ {z}) N A.

Then z,, — x.

Exercise 2.3. Show that every finite subset of a metric space has no limit points.

a={(n ) enen) cr

Exercise 2.4. Let

Show that A = A and A° = ().

Example 2.28. 1. If
A={(z,y) : |z| <1, [yl <1},

then
A={(z,y):|z| <1, Jy| <1}
2. If )
A={(@y) sy =sin (7). s 20},
then

A- {(z,y) y = sin (;) . o} U ({0} x [~1,1]).
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Proposition 2.29. Let A C (X,d). Then x € A if and only if
B(x)NA# o for every € > 0.

Proof. If z € A and there existed gy > 0 such that B.,(z) N A =), then A C (B.,(z))¢. Since
(Be,(z))¢ is closed, minimality of A would imply

A C (Bey(x))",

contradicting x € A.
Conversely, if every ball centred at  meets A, then every ball centred at x meets the closed
set A. Hence z € A. O

Proposition 2.30. For every subset A C X,
A=AUA.

Proof. If x € A’, then every ball centred at x meets A, so x € A by Proposition 2.29. Thus
AUA C A

Conversely, let x € A. If z € A, then clearly x € AU A’. If x ¢ A, then every ball centred at
x meets A at a point different from x, so z € A’. Hence A C AU A’ O

Proposition 2.31. A point x belongs to A if and only if there exists a sequence (x,) in A such
that x,, — x.

Proof. If z € A, then for each n we may choose x,, € By/,(x) N A. Then d(z,,z) < 1/n, so
Ty — T.

Conversely, if z,, € A and x,, — x, then every neighborhood of x contains z,, for all sufficiently
large n. Thus every ball centred at 2 meets A, so x € A. O

Dense subsets

A set A C X is called dense in X if A = X. Equivalently, A is dense in X if every nonempty
open ball meets A.

Example 2.32. The set Q is dense in R. Indeed, every real number can be approximated by its
finite decimal truncations, which are rational.

Example 2.33. If 1 < p < oo, then ¢gg = P. For x = (z1,22,...) € (P, define
X(n) = (1‘1,...,$n,0,0,...) € Co-

Then

oo
o= X2 = 3 fosl? 0.
k=n-+1

Hence X(™ — x in (P,
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Example 2.34. We also have ¢5p = ¢ in the supremum norm. If = (z,,) € ¢p, define
XM .= (1,...,2n,0,0,...).

Since z,, — 0,
|z — X(")Hoo = sup |xg| — 0.
k>n+1

Therefore X(™ — z in cp.

Remark 2.35. Thus ¢gp = cg S £°°, so cgp is not dense in £*°.

2.1.2 Continuous maps between metric spaces

A function f: (X,d) — (R, u) is said to be continuous at xg € X if for every € > 0 there exists
0 > 0 such that
d(zo,y) <0 = [f(y) = flzo)| <&

Equivalently,
f(Bs(xo)) € (f(z0) — €, f(zo) +¢).

Example 2.36. Fix xg € X and define f(y) = d(xo,y). Then f is continuous on X. Indeed, the
triangle inequality gives

ld(z0,y) — d(z0,2)| < d(y,z)  forall y,z € X.

Thus f is in fact Lipschitz continuous with constant 1.

Theorem 2.37. Let f: (X,d) — (R,u). Then the following are equivalent:
(i) f is continuous on X (with € —§ definition).

(ii) For any sequence x,, € X such that x, - v = f(x,) — f(z).
(iii) f~1(O) is open in (X,d), for every open set O C R.
(iv) f=Y(F) is closed in (X,d), for every closed set ' C R.

Proof. Recall that f is continuous at x € X if for every £ > 0 there exists d > 0 such that

d(z,y) <6 = [f(y) — f(z)| <e.

The map f is continuous on X if it is continuous at every x € X. (i) = (ii). Assume that f
is continuous on X and let (z,,) C X satisfy x,, — x. Fix ¢ > 0. By continuity of f at z, there
exists 0 > 0 such that d(z,y) < ¢ implies |f(y) — f(z)| < . Since z,, — x, there exists N € N
such that n > N implies d(z,,z) < 0. Hence for all n > N,

f(zn) — f(@)] <e,
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so f(xn) — f(z). (ii) = (i). Assume (ii). Fix 2 € X and suppose, for contradiction, that f

is not continuous at x. Then there exists ¢g > 0 such that for every > 0 there exists y € X with

d(z,y) <6 and [f(y) - f(2)| = 0.

For each n € N, apply this with § = % to choose y, € X satisfying

v 1 n) = ()] = eo.

Then y, — = in X, but f(y,) /4 f(z) in R, contradicting (ii). Therefore f is continuous at .
Since x was arbitrary, f is continuous on X. (i) = (iii). Assume f is continuous on X and let

d(z, yn) <

3=

O C R be open. Take z € f~1(0), so f(x) € O. Since O is open, there exists € > 0 such that

(f(z) =€, flz)+¢e) CO.
By continuity of f at x, there exists § > 0 such that d(x,y) < ¢ implies |f(y) — f(z)| < &,
that is f(y) € (f(z) — ¢, f(z) +¢) € O. Thus y € f~1(O) whenever d(x,y) < 8, so
Bs(z) C f~1(0).

Hence f~1(0) is open in X. (iii) = (i). Assume (iii). Fix z € X and € > 0. Let

O:=(f(x) —e, f(x)+e),

which is open in R. By (iii), f71(O) is open in X, and plainly x € f~(O). Therefore, there
exists 0 > 0 such that Bs(z) C f~1(O0). If d(x,y) < J, then y € f~1(0), so f(y) € O, that is
|f(y) — f(x)| < e. This proves continuity of f at z. Since z was arbitrary, f is continuous on X.
(iii) = (iv). Assume (iii) and let F' C R be closed. Then R\ F is open, so f~1(R\ F) is open

in X by (iii). But

FHRNF) =X\ f7H(F).
Hence X \ f~!(F) is open, which implies f~(F) is closed. (iv) = (iii) is similar to the

above. O

Remark 2.38. More generally, if (X,d) and (Y, p) are metric spaces, then a map f: X — Y is
continuous at z € X if for every € > 0 there exists § > 0 such that

dz,y) <d = p(f(2),f(y) <e.

This is the usual e—0 formulation of continuity in metric spaces.
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Uniform continuity

Definition 2.39. A function f: A C (X,d) — (Y, p) is said to be uniformly continuous on A if
for every € > 0 there exists § > 0 such that

dlz,y) <o = p(f(x),f(y) <e for all z,y € A.

The essential point is that § depends only on €, not on the location of the points.

Example 2.40. For a fixed o € X, the function f(x) = d(x, o) is uniformly continuous on X,
because

|f(x) = f(y)| = |d(z,z0) — d(y,z0)| < d(z,y).
Example 2.41. If A C X, define

d(z,A) = inf{d(z,a) : a € A}.
Then the map z — d(z, A) is uniformly continuous, since
|d(z, A) —d(y, A)| < d(z,y) for all z,y € X.

Example 2.42. The function f(z) = 1/x is continuous on (0, 1) but not uniformly continuous

there. Indeed, if
1 1

$n:ﬁ7 yn:n+17

then |z, — yn| — 0, but
[f(zn) = flyn)| =1

for every n.

Theorem 2.43. Let f: A C (X,d) — R. Then f is uniformly continuous on A if and only if
for every pair of sequences () and (yy) in A satisfying d(zy,yn) — 0, one has

|f(@n) = f(yn)| = 0.

Proof. Assume first that f is uniformly continuous. Given £ > 0, choose d > 0 such that

d(z,y) <6 = |f(x) = fly)l <e

for all z,y € A. If d(zy,yn) — 0, then d(x,,y,) < ¢ for all sufficiently large n, and hence
|f(xn) — f(yn)| < € eventually. Therefore |f(z,) — f(yn)| — O.
Conversely, suppose the sequential criterion holds, but f is not uniformly continuous. Then

there exists €9 > 0 such that for every n € N one can choose z,,y, € A with

Aonyn) < and f(n) ~ S 2 <o

Thus d(z,, yn) — 0, while | f(x,) — f(yn)| does not tend to 0, a contradiction. O
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Example 2.44. A uniformly continuous function sends Cauchy sequences to Cauchy sequences.
Indeed, if (x,) is Cauchy in X and f is uniformly continuous, then for every € > 0 there exists
0 > 0 such that

diz,y) <d = |[f(z)-f(y)l<e.

Since (x,,) is Cauchy, we have d(x,, z,,) < 0 for all sufficiently large m, n, and therefore

|f(1:n) - f(xm)| <e

for all sufficiently large m,n. Hence (f(z,)) is Cauchy in R.
Theorem 2.45. Let f: [a,b] — R be continuous. Then f is uniformly continuous on |a,b].

Proof. 1If f were not uniformly continuous, then there would exist g9 > 0 and sequences (x,),
(yn) in [a,b] such that

o = al < but () — S| 2 0

By compactness of [a, b], a subsequence (z, ) converges to some x € [a,b]. Since |z,, — yn,| = 0,
we also have y,, — x. By continuity,

f(xnk) — f(m) and f(ynk) — f(l‘),

so |f(zn,) — f(yn,)| — 0, contradicting |f(zn,) — f(yn,)| > €o- O

Theorem 2.46 (Uniform continuity on compact sets). Let K be compact and let f : K —Y be

continuous between metric spaces. Then f is uniformly continuous on K.

Proof strategy. Negate uniform continuity to produce two nearby sequences whose images stay
uniformly separated. Compactness lets us extract a convergent subsequence; continuity then
forces the two image sequences to collide, giving the contradiction.

Proof. Assume f is not uniformly continuous. Then there exists eg > 0 and sequences ,, y, € K
such that

d(zn,yn) = 0 and p(f(xn), f(yn)) > €0 for all n.

By compactness, there exists a subsequence z,, — x € K. Since d(zy,,yn,) — 0, it
follows that y,, — . By continuity, f(z,,) — f(z) and f(y,,) — f(x), contradicting
p(f(zn,), f(yn,)) > €0. Hence f is uniformly continuous. O

Example 2.47. Let f : (a,b] - R and f : (b,c) — R be uniformly continuous. Then
f : (a,¢) = R is uniformly continuous.

Proof. Since f is uniformly continuous on (a,b] and (b, c), for any € > 0, there exists § > 0 such
that if z,y € (a,b] or =,y € (b,c) with |x — y| < 9, then |f(z) — f(y)| < e. Now, let z,y € (a,c),
with |z —y| < d. Then |z — b| < § and |y — b| < J. Hence,

34



Real Analysis 2. Metric and Normed Linear Spaces

[f (@) = f)] < [f(x) = FO)+[f(b) = Fy)] < 2e.

Thus, f is uniformly continuous on (a,c). O

Example 2.48. Let f : R — R be continuous such that lim|, . f(z) = 0. Then f is uniformly

continuous.

Proof. For € > 0, there exists [—a,a] such that |f(z)| < /2 if © € [—a,a]®. Hence, if z,y €
[—a,al¢, then

@)~ fW)l <5+ =< (2:2)

Since f is uniformly continuous on [—a,a]. For € > 0, there exists 6 > 0 such that

lz—yl<dé = |f(z) - fly)| <e.

Since 2.2 holds true for x,y with |z —y| < d. It follows that for € > 0, we get § > 0 such that
lr—y| <d = |f(z) — f(y)| < e (for any z,y € R). Hence, f is uniformly continuous on R. []

Notice that if f € Co(R), that is f is continuous and lim|, | f(7) = 0 and hence f is
uniformly continuous. But if f is continuous and bounded, then f need not be uniformly

continuous on R.

Takeaway. Compactness of the domain is the decisive hypothesis. Boundedness of the range, by
itself, places almost no local restriction on the oscillation of the function.

Example 2.49. f(x) = sinx?, which is continuous and bounded but not uniformly continuous
on R. (Hint: Take 2? = nm and y* = nm + $m.)

Example 2.50. Let f : R — R be differentiable and its derivative is bounded. Then f is
uniformly continuous on R. For any z,y € R, by the Mean Value Theorem,

[f () = f)l = ' O) (@ —y)| < M|z -y,

where t is between z and y, and M is an upper bound for |f(t)|. However, f(x) = \/z for
x € (0,00) is uniformly continuous, but its derivative is f'(z) = ﬁ, is not bounded.

Example 2.51. Let f : R — R be a bounded continuous function. If f is monotone, then f
is uniformly continuous on R. Since f is bounded, let inf f(z) = L, sup f(z) = M. For € > 0,
there exist zg, yo € R such that f(zg) < L +¢ and f(yo) > M —e.

If f is monotone increasing, then for x,y € [zg, yo]¢ and x,y > yo

fly) = f(x) <M — f(yo) <M — (M —¢) =e¢.
Similarly, if =,y < xg then
fly)— f(x) < L+e—f(ro) <L+e—L=ce.
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Thus, for z,y € [xo, Yol we get

|flz) = fly)] <e. (2.3)
Since f is continuous on [xg, yo], f is uniformly continuous on [x¢, yo]. For any € > 0, there exists
0 > 0 such that
z,y € [xo,50], v —yl <0 = [f(z) - f(y)| <e.
Notice that 2.3 also holds for z,y € [x0,y0]® with |x — y| < §. Thus, we get a single § > 0 such
that
[z -yl <0 = |f(z) - fly)| <e.

We observe that a uniformly continuous function can be extended uniformly to the closure of the
set.

Theorem 2.52 (Uniformly continuous extension to the closure). Let (X, d) be a metric space,
let AC X, and let (Y, p) be a complete metric space. If f: A —Y is uniformly continuous, then
there exists a unique uniformly continuous map f: A =Y such that ﬂA = f.

Proof. Fix x € A. Choose a sequence (z,) C A with x, — x. Then (x,) is Cauchy in X,
hence (f(zy)) is Cauchy in Y because f is uniformly continuous. Since Y is complete, the limit
lim,, o0 f(2zy) exists. Define

fla) == lim_ f(za).

n—o0

Well-definedness. If (y,) C A is another sequence with y,, — x, then d(x,,y,) — 0. By uniform
continuity, p(f(zn), f(yn)) — 0. Since both (f(z,)) and (f(y,)) converge, their limits must
coincide, so fis well defined. Extension property. If x € A, choose the constant sequence z, = x.

Then f (z) = f(x). Uniform continuity of f. Let € > 0. By uniform continuity of f, there exists
0 > 0 such that
d(u,v) <d = p(f(u), f(v)) <e/3 (u,v € A).

Set ¢ := §/3. Take z,y € A with d(z,y) < ¢'. Choose sequences (z,), (y,) C A such that
T, — x and y, — y. Pick N so large that

d(zy,z) <9, d(yn,y) <&, p(f(@), flan)) <e/3, p(f(y), flyn)) < /3.
Then

d(xvaN) Sd(xNa$)+d(x7y)+d(y7yN) < 5,+5,+5/:67

hence p(f(xn), f(yn)) < €/3. Therefore,

p(f(2), f(W)) < p(f(2), f(xn)) + p(f(@n), Flyn)) + p(fyn), f(y)) <e.
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This proves that f is uniformly continuous on A. Uniqueness. If g: A — Y is another
uniformly continuous extension of f, then g is continuous. For x € A and any sequence (z,,) C A
with z,, — z, continuity gives

9(x) = Jim_g(an) = lim_ f(ra) = [(2),

n—o0

so g = f [
Exercise 2.5 (Why completeness is needed). Show that completeness of the target space cannot
be omitted in Theorem 2.52. More precisely, consider A = Q C R with the usual metric and the
function f: Q — Q given by f(q) = ¢q. Prove that f is uniformly continuous on Q, but there is

no continuous (hence no uniformly continuous) extension f: R — Q.
Next, we shall see that a uniformly continuous function grows at most linearly.

Theorem 2.53. Let f: R — R be uniformly continuous. Then there exist constants A, B >0
such that |f(x)| < Alz|+ B for all x € R.

Proof. For any € > 0, there exists § > 0 such that |z — y| < ¢ implies |f(z) — f(y)] < 1. We
divide the proof into two parts: one is near ”0” and other is away from ”0”. Let a > 0. Then
|f(z)] < A< oo for z € [—a,al. Now, consider f : [a,00) — R. Then for = € [a,0), we can find
n € N such that = € [a +nd, a + (n +1)6]. Then,

F(@) = Fla) = £(z) — f(a+nd) + Fla+nd) - f(a)
— 5@) - Flatnd) + 3 [fla+0) — Flat (+1)0)

J=1

= [f(@)| <1+n+[f(a)l

<!

:’f;x) n+1)+|f(a)|<(n+1)+|f(a)|<< 1>1 |f(a)|§B<oo.

14+ =)=
a—+né no +n 5+ no

Notice that B is independent of n, hence B is independent of x. That is, |f(x)| < Blz| if
x > a. Therefore, |f(x)| < Blz|+ A for all x € R. O

Example 2.54. Notice that f(z) = 2? is not uniformly continuous on R, as it does not satisfy
the conclusion of the above theorem. On the other hand, for z, =n and y, = n + %, we have

|f(33n) - f(yn)| =2
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2.2 Normed Linear Spaces and Classical Inequalities

2.2.1 Normed Linear Space

A normed linear space is a vector space equipped with a notion of length that is compatible with
its linear structure.

Let (X,+,-) be a vector space over the field F' (that is, FF = R or F' = C). Our aim is to
endow X with a topology that reflects the algebraic operations naturally. In other words, we
seek a notion of distance on X that interacts well with vector addition and scalar multiplication.

axr
-t
’
/
@
/

The linear structure of X is encoded by the two basic operations

(i) (z,y)—x+y (X x X — X)),
(i) (a,z) = ax (FxX—X).

A topology on X is compatible with the vector-space structure when these two maps are
continuous. A vector space endowed with such a topology is called a topological vector space.

If J denotes the topology on X and U the usual topology on F', then the relevant product
topologies are J x J on X x X and U x J on F x X. Open sets in these product spaces are
unions of basic rectangles of the form O; x Os.

In normed spaces, the topology comes from a function that measures the size of a vector.
Motivated by linearity and homogeneity, we seek a notion of distance from the origin satisfying
the following properties:

(1) dist(0, ax) = |a| dist(0, x)
(i7) dist(0,x +y) < dist(0, z) + dist(0, y)
(7i7) when o = 0, dist(0,0) =0
Let p := dist : X — [0,00) be defined by p(z) = dist(0,z). Then

(1) p(z)=0 forz=0
(i) p(azx)=|a|p(xz) (absolute homogeneity)
(¢19) plx +y) < p(x)+ply) (triangle inequality)

Such a function p is called a seminorm. It satisfies the basic algebraic properties of a norm,

except that nonzero vectors may still have seminorm 0.
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Example 2.55.
p:R>—1[0,00), p(x1,2) = |21].

Then p is a seminorm and p(0,1) = 0.

Thus every point on the y-axis has seminorm 0. This shows precisely why a seminorm need
not define an honest metric on the underlying vector space.
Let || - || : X — [0,00) be a map such that

(i) ||z|| > 0 for each x € X, and ||z|| = 0 if and only if z = 0.
(ii) [Jazx| = |a|||z| for each (a,x) € F' x X (absolute homogeneity).

(iii) ||z +y|l < ||z|| + ||yl for each z,y € X (triangle inequality).

The map || - || is called a norm on X.
Every norm induces a metric on X by

d(z,y) = [z =yl

This metric in turn determines a topology on X. For » > 0 and = € X, the corresponding open
ball is
By(z) ={y € X : [lz —yll <r}.

Open sets are then defined in the usual metric sense.
Not every metric on a vector space arises from a norm. For example, the discrete metric on a

vector space is not induced by any norm, since it fails the absolute homogeneity property.

For z,y € X, define
1 ife#y
do(f,y) = {

0 ifz=y

If we write ||z|| = d(0, x), then for o € F, ||ax| # |a||z|| (z # 0) unless |a| = 1.
However, if d is a metric on a linear space X such that d(z,y) = d(z — y,0) and d(az,ay) =
|a|d(x,y), then d(z,0) = ||z|| defines a norm on X.

1. ||lz]| =0 <= d(x,0) =0 <= 2z =0.

2. |laz|| = d(aw,0) = |a|d(z,0) = |af||z].

3. lz+yl =d@+y,0) = d(z, —y) < d(,0) + d(—y,0) = |lz| + [ly]|.
A function f: R™ — R is said to be convex if

f(tlxl + -+ tnxn) < tlf(xl) + o+ tnf(xn)

where 0 < t; <1 and z; € R".

Example 2.56. Let f : R” — R be a convex function satisfying f(ax) = af(z) for all a € R,
for all z € R™. Prove that
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1) flxz+y) < flz)+ f(y)
(i) f(0)=0
(iil) f(—z) > —f(=)
)

Further, what requires to make f a norm on R"?

2.2.2 Convergence of Sequence in Metric Space

A sequence () in a metric space (X,d) is said to be converging to x € X, if for any € > 0,
ANy € N such that n > Ny = d(x,,z) < €.

1 1

Example 2.57. Let X = (0,00) and d(z,y) = | — 5‘. Then z,, = n does not converge to any

point of X. However, this sequence is not so bad as x, = n — 0, which is not in X. Such

sequences can be classified as Cauchy sequences.

2.2.3 Cauchy Sequences

Definition 2.58. A sequence (z,,) in (X,d) is said to be a Cauchy sequence if for any € > 0,
there exist Ny € N such that Ym,n > Ny, d(xy, ) < €.

Example 2.59. Show that every Cauchy sequence in a metric space is bounded.

Proof. Let (x,) be a Cauchy sequence in (X, d). Choose ng € N such that
d(Tp, Tm) < 1, m,n > ng.
In particular, d(x,, z,,) < 1 for every n > ng, so the tail of the sequence lies in Bj(zy,,). Set
r=max{1l,d(@ny, 1), .., d(Tng, Tng—1)}-

Then d(zy, zn,) < r for every n € N, and hence {x,, : n € N} C B,(zy,,). Thus every Cauchy
sequence is bounded. O

2.2.4 Young’s Inequality

Let 1 < p<ooanda,b>0. Thenfor%—k%:l,

P
ab< L+ (2.4)
p q
Proof: Let y = 2P~!. Since % + % =1, we have p — 1 = q_% and therefore z = y9~'. Hence

a b p b4
abg/ xp_ldx+/yq_1dy:a——|——
0 0 p q
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Note that equality in (2.4) holds if and only if a? = b9 (or a = b9~ !). For this, consider

P b? 1 1
ab:a——l——, -+ -=1.
p q p q

1 1
Replace a — a?, b — b and % = «. Then, we get
a®b' ™ = aa + (1 —a)b
or
t“—at—(1—a)=0 if t=a/b.

Let
f)=t*—at—(1—a), te(0,00).

Then f(1) =0 and
ffy=at*t—a=alt* 1 -1)=0 < t=1.

Since f'(t) > 0 for 0 < ¢t < 1 and f/(t) < 0 for ¢ > 1, the function f is strictly increasing on
(0,1) and strictly decreasing on (1,00). Thus ¢t = 1 is the unique point at which f attains its
maximum, so f(t) < f(1) = 0 for all ¢ > 0. This yields the inequality again, and equality holds if
and only if t = 1, equivalently, if and only if a? = b9.

Example 2.60. Let x = (z1,x9,...,2,) € R™. Write

i=1
Then (R™, || - ||1) is a normed linear space (n.l.s.). If
n 1/2
[l zll2 = (Z |¢L‘z’|2>
i=1

then by Cauchy-Schwarz inequality, (R™, || - ||2) is a n.l.s. For
[£]loo = sup ||
(2

(R™, ]| - ||so) is a normed linear space.
For 1 < p < oo, write

n 1/p
[z]lp = (Z Iwi!p>
i=1

Then /£:=(R"™, || - ||,) will be a normed linear space.
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x?/\
]z < 1 lzfloe <1
/,// \\\\
/ \
/ \
7
€L
\ /
\ /
\ /
AN 7
\\\ ’//
llzfl <1
Figure 2.2. Unit balls in R? for the norms || - ||1, || - [|2, and || - ||o-

2.2.5 Space of Sequences

Let 1 < p < oo and let /P denote the space of all sequences that satisfy

Z\xi|p<oo; r=(x1,T2,...,Tn,y...)
Then (€7, - ||,) or simply 7, will be a normed linear space.
If p= o0,
[zlloe = sup |zi| < oo,
1<i<oo
then (£°°,|| - ||co) is @ normed linear space (follows from definition of supremum).

For 1 < p < oo, showing /P is a normed linear space required the following inequalities.

2.2.6 Holder’s Inequality

Let 1 <p < oo and ;17 + % = 1. Then for x € /P and y € ¢4, it follows that

z-y(=xz1y1 + .+ Tpyn +...) €08,

and
e -yl < lzllpllylly - (24)

(where é = 0 adopted.) When p =1, ¢ = co. In this case (2.4),

o)

lz -yl =D laayil <D Jail - sup fyi| = [l2ll1llylo

=1

Now, let 1 < p < oo, then 1 < ¢ < co. Substitute a = a; = ”‘xj‘ and b= b; = in the Young’s

Inequality. Then

n n
lwiyil |4 ’yj’q =5yl 11
Z 1 <X ) S pt ] =-+t-=1

zllpliylly ~ i—1 pllzllp (JHYJHq pllzll  allyllg p q
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That is,

n
> iyl < Nzlpllyllg, forall n>1
j=1

Since LHS is an increasing sequence which is bounded above, hence

12yl < llzllpllyllq

Notice that if ||z||, = 1 = [|yl|q, then ||z -y|1 <1, and equality holds if and only if |y;|P = |z;]9, Vj.

This follows from Young’s equality. For

a? b9
ab=—+ —,
p q

we must have a? = b1.

2.2.7 Minkowski’s Inequality
Let 1 <p < oco. Then for x,y € P, x +y € 7, and ||z + yllp, < ||z, + lvllp

Proof. For b =1 or oo, the proof is trivial. Let 1 < p < oo .Then

9] 1/7’
Iz +ylp = <Z |2 + yz-!p)

=1
o0 1/1’ (25)
< <z<mr " \ymp)
=1
Since
(il + lyil)? = (il + lyil) (il + P~
By Hoélder’s inequality,
p—1 (p—-1)q) M/ PP
Sl + Lyl < (3l + ) =D9) ™ (3 Jaal?)
Thus,
1/q
Sl + ) < (3l + Jal)?) ™ Ul + lyln)
That is )
(il + wah?) < Nzl + Iyl
From (2.5), we get
» 1/p
le 4+ yllp < (3 (il + lwal)?) ™ < llllp + [l
O

— =zl

Remark 2.61. Equality in [z + yll, < [lz]l, + [ly/l, holds if and only if z = 4ty .
(Hint. Consider |z||, =1 = ||y, etc.)
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Example 2.62. Since we know that any convergent sequence is bounded, it follows that the
space c of all convergent sequences is a normed linear space under the norm

]| = sup || < oo;

where © = (z1,22,...,Zp,...).
Further, the space ¢g of all sequences converging to "zero" is also a normed linear space. That
is, x = (x1, @2, ..., Tpn,...),
Jim |zn| = 0.
Thus, (co, || - |leo) is a linear subspace of (¢, || - ||loo)-

Exercise 2.6. Show that the following strict inclusions hold:
P CPCey e

(Hint. x© = (z,) € £}, then limz, =0 = z € £, Y |z, < 2 |2]lclzn] = |2]3 <

2 llool[]1-)

Exercise 2.7. For z = (21, ...,x5,) € R" (or C"), show that:
lzlloo < llzlls < Vnllzll2 < nllzfle

2.2.8 Geometry of spheres in (R™, || - ||,)

For 0 < p < oo and =z € R™, define

1/p
el = (3 Jal?) ™

Then || - [, is a norm for 1 < p < oo. For 0 < p < 1, the quantity ||z} = dp(0,z), where
dp(z,y) = |z -yl

defines a metric. We return to this point later.
Let S7(0) = {z : dy(0,x) = 1}. The following figure illustrates the corresponding unit spheres
for several values of p (0 < p < 0o and p = 00).
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p =00

Shapes for 0 < p < 1 would look like star-shaped curves (not shown).

2.2.9 Closed sets in (X, d)

Definition 2.63. A set F' C (X, d) is said to be closed if F' is open. that is, for allz € F'© = X\ F,
Je > 0 such that B(z) C F*°.
On the other hand, if for each € > 0, Be(x) N F # ) = x € F.

Theorem 2.64. Let (X,d) be a metric space and F' C X. Then the following are equivalent
(F.A.E):

1. F is a closed set (F€¢ open).
2. Ve >0, B(x)NF#0) = z€F.

3. ¥ sequence (xy) € F such that x,, »x = x € F.

Proof. (2.5) = (1.4): Suppose F is closed. Claim: Be(x) NF #(,Ve >0 — z € F.
Notice that if x ¢ FF = z € F° and F° is open = Jep > 0 s.t.

B, () C F¢ = Be,(z)NF =10,

which is a contradiction.
(2) = (3): Let (z,) C F and x,, — x. Then for each € > 0, x,, € Bc(z) for all n > ny.

= 2, € B(z)NF #0, Ye>0 = z€F

(3) = (2.5): Claim: F€ is open. Let = € F*°.
Then x ¢ F. By (3), Jep > 0 such that

Be,(z)NF =0 = Be,(z) C F°.
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Example 2.65. Let f: (X,d) — R be a function. Then f is continuous at € X if and only if
for every sequence (z,) in X with z, — x, we have f(x,) — f(z).

Proof. Assume first that f is continuous at x, and let (x,) be a sequence in X such that x,, — x.
Given € > 0, continuity at x yields § > 0 such that

d(y,r) <6 = |f(y) — f(2)] <e

Since x,, — x, there exists N € N such that n > N implies d(x,,z) < §. Hence |f(z,)— f(x)| < €
for all n > N, so f(z,) — f(x).

Conversely, assume that for every sequence (z,,) in X with z,, — x, we have f(z,) — f(x).
Suppose, for contradiction, that f is not continuous at x. Then there exists ¢y > 0 such that for
every § > 0 there exists y € X with

d(w,y) <6 but [f(y) - @) = e

For each n € N, choose y,, € X such that

Ar,ga) <~ but [f(n) — f(2)] 2 o

Then y,, — x, but f(y,) does not converge to f(z), a contradiction. O

Exercise 2.8. If f: (X,d) — R is continuous and f(zg) # 0 for some zy € X, then 30 > 0 such
that

f(z) # 0 Vzx € Bs(x).
(Hint. take €g = | f(20)| >0, 30 > 0 etc.)

Example 2.66. Show that if f : (X,d) — R is continuous, then A = {x : f(z) > 0} is open
(without using the complement should be closed).
(Hint. Let x € A, then for e = §f(z) >0, 36 > 0 such that d(z,y) < = |f(z) — f(y)| <e)

2.2.10 Interior in (X, d)

Let A C X. Then interior(A) or Int(A) or A° is the largest open set contained in A. That is,
A° = J{O c X : O open, O C A}

= U{Be(x) C A: for x € A and some € > 0}= union of all open balls contained in A.

2.2.11 Closure in (X,d)

The closure of set A C X is the smallest closed set containing A. That is,

Z:ﬂ{FCX:FclosedandACF}
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={zr € X : 3z, € A with z, = z}
= collection of limits of all convergent sequences in A (limit need not be in the set A).
Example 2.67. A = {(n, Lyine N}. Then closure of A4 in (R, u) is A = A and A° = () (Why?).
Result: Let A C (X,d). Thenz € A <= B(x)NA# @, Ve>O0.

Proof. Assume first that x € A. If there were €y > 0 such that Be,(x)NA = &, then A C (B, (z))°.
Since (B, (z))¢ is closed and contains A, the minimality of A would give

A C (Bey(x))",

which is impossible because x € A but & (B, (z))°.

Conversely, suppose that B.(z) N A # & for every € > 0. If z ¢ A, then, since A is closed,
its complement is open. Hence there exists ¢y > 0 such that Be,(x) C X \ A. This implies
B, (z) N A = &, a contradiction. Therefore z € A. O

Result: x € A if and only if there exists a sequence (x,) with x,, € A such that x,, — .

Proof. Assume that © € A. Then By, (z) N A # @ for every n € N. Choose ,, € By,,(z) N A.
Then

1
d(xn, ) < —, neN,
n

and therefore x,, — .

Conversely, suppose there exists a sequence (z,) in A such that z, — z. Let € > 0 be
arbitrary. Choose ng such that d(z,,x) < € for all n > ng. Then z,, € B:(z) N A, so every open
ball centred at = meets A. By the previous characterization, z € A. O

Definition 2.68. A set A C (X, d) is said to be dense in X if A= X.

2.2.12 Space of Finite Sequences

Space of finite sequences play a vital role similar to the space of all polynomials.
P(z)=ap+a1z+ ...+ apz"

= (ap,a1,...,ay) ~ (ag,a1,...,a,,0,0,0,...)

Let
600:{1':(1’171'27_..,.1'”,0,0,...)2.’L'i€F}~

Then obviously, = is a bounded sequence, and
e = max foi] < o

defines a norm on cgyp.
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Notice that the space of all finite sequences cyg is dense in all 7; 1 < p < oo (as we shall see
later). However, the closure of cy is ¢, which is a closed proper subspace of ¢>°. For

1 1
Ip — (1,2,.. .y n,0,0,...) € coo,

and

then

1 1
|z — zp||oco = sup — 0,

kznk*+1 - n+1

but x ¢ cgo. Hence ¢y is not a closed subspace of £°°. In addition cyg is not open in £°°.

For this, let € > 0,be arbitrarily small. Then for B.(0) C ¢, (¢/2,¢/2,...) € B(0) but
(€/2,€/2,...) ¢ coo. Hence, B.(0) € coo for any € > 0.

For 1 <p < 00, cgo € P and cqg is neither closed nor open in ¢P. For this, let

P \1/P
xn:( ) , 1 <p<oo,

2n+1
and consider © = (x1,22,...). Then z € B.(0) C , but = ¢ co. Now write z, =
(1, ey Tpn, 0, ...) € co. Then
[e.9] ep
|2 — zn|h) = Z W_)()’
k=n+1

but x ¢ coo.

Example 2.69. Let M be a non-open subspace of a normed linear space (n.l.s.) X. Show that
M=X.

(Hint. O € M = B.(0) C M C X. Since M is linear, aB.(0) C M C X for all ¢ > 0
= B, (0) C M for some ¢; > 0. If y € X, then y € B,,(0) C M C X for some ¢; > 0.)

Notice that for x = (1, x9,...,Zpn,...) € ;1 < p < 00, Ty = (T1,..., T, 0, ...) € coo. And
|z = zallh = > |ax[P — 0,

because x € fP. Hence x,, — = in /P, and therefore oy = ¢P.

However, cgp is not dense in ¢*°, but ¢gg = ¢o. For this, let X = (z1,292,...) € ¢o. Then
limy,—y00 &, = 0. For € > 0, there exists ng € N such that n > ng implies |z,| < €/2. Now, write
Xn = (x1,...,2,0,0,...). Then X,, € ¢pp and for n > ny,

1X = Xulloo = sup || < /2.

i>n+1
Therefore, X,, — X.

Remark 2.70. gy = cg S £°°. That is, cgo is not dense in £°°.
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Example 2.71. Let f: R — R (or C) be a continuous function. Suppose lim, . f(x) = 0.
Then for € > 0, there exists § > 0 such that | f(z)| < € for |z| > §.

Since f is continuous, it follows that f is bounded. Let ||f|loc = sup,cr |f(2)| < co. Then

Co = {f; R — R is continuous, lim \f(l’)’ = 0}
|z|—o00

is a normed linear space.
For any function f: R — R, define

supp(f) = {z € R: f(z) # 0}

called the support of f.
Let
Co ={f: R — R continuous and supp(f) is compact}.

Then f € C, is a bounded function and

[flloc = sup|f(z)| = sup |f(z)] <oo.
z€R zesupp(f)
Let K = supp(f) be compact. Then (Cc, || - ||o) is a dense subspace of (Cp, || - |lec)-
For this, let f € Cp, then for e > 0, there exists § > 0 such that |f(z)| < € for [z > . Write
K={x:|z| < %
Let O be a bounded open set with K C O. Define

B d(z,0°)
9(x) = d(z,0°) + d(z, K)

Then ¢ is continuous on R, 0 < g(z) <1 and g(x) =1 for € K and g(O¢) = {0} .
Let h=f-g. Then h € C¢ and

1f = Blloo = /(1 = 9)lloo = i‘gg‘f@)‘“ —g(@) <e

Hence, C¢ is dense in Cj.
Note that d(z, A) = infyca |z — y.

2.2.13 Complete Metric Spaces

We have seen that there are Cauchy sequences whose limits need not necessarily belong to the
space.

For example, the sequence % € ((0,1),u) under the usual metric, is a Cauchy sequence but the
limit £ — 0 ¢ (0,1).
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It is always possible to enlarge the space so that limits of all Cauchy sequences can be
accommodated. This process is known as the completion of metric spaces, we shall see later.
However, there are many spaces which do accommodate limits of their Cauchy sequences.

Definition 2.72. A metric space (X, d) is called complete if every Cauchy sequence in X has
its limit in X.

Example 2.73. (R, u) is a complete space.

Let (z,,) be a Cauchy sequence in R. Then it is bounded. And by the Bolzano—Weierstrass
theorem, there exists a subsequence x,, — x € R. For any € > 0, there exists a natural number
ko such that

|zn, — x| <e forall k> ko (2.6)

But the sequence (x,) is Cauchy, so for all € > 0, there exists ng € N such that |z, — x| < € for
all n,m > ng. Let m > ng and m > ny,. Then

|zy, — zp,| <€ forany n>mngand k> k. (2.7)
From (2.6) and (2.7), it follows that:
|zn, — x| < |xp — X, | + |20, — x| < 2€
for n > ng and ny > ny,. Thus, for € > 0, there exists ny € N such that
n>ny = |z, —z| <e

Notice that the above discussion can be used to prove the following result.

Result: Let (z,) be a Cauchy sequence in a metric space (X,d). If (z,) has a convergent
subsequence x,, — z, then z, — x. (Proof is similar to the above.)

Example 2.74. (R", | - ||,) is complete for 1 < p < oo.
Let 1 < p < oo, and 2% = (z},...,2F) be a Cauchy sequence in (R", || - ||,). Then for e > 0,

there exists kg € N such that for all k,1 > ko,

1/p

n
k ! k l
lof oty = (Sl — 2P| <e
=1

= |of —al| <e forall k1> ko

k

= () is a Cauchy sequence in (R, u).

Hence :zg“ — xj for all j. Then for € > 0, there exists m; € N such that £ > m; = xf —zj| <e

Let mg = max;j{m;}. Then, for z = (z1,...,z,),
|z — x|, < € for k > my.
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Notice that the case p = oo is similar. We skip its proof here.

Example 2.75. Let 1 <p < co. Then (¢, ] - ||,) is complete.
Let 1 < p < oo, and let zF = (2,25, ...) be a Cauchy sequence in (¢, ]| - ||,). Then for € > 0,
there exists ng € N such that Vk,l > ny = ||2¥ —2!||, <€

n
== Z |:E§€ - :ré»\p <€ (2.8)
j=1
For each fixed n, this reduces to (R", || - [|), which we know is complete. Hence a:;“ — x5

j=1,2,...,n. Thus, letting £k — oo in (2.8), it follows that

n
Z |x§ —zi|P <€, VI>mng (2.9)
j=1

But the left-hand side of (2) is an increasing sequence and bounded above, hence, letting n — oo,

we get
(o]
Z ]xé —xziP <€
j=1
! — x|, <€, VI>ng
where © = (z1,22,...,Zp,...). Notice that

[2llp < llz =2l + [l < e+ (2™, < oo = = .

Result: Every closed subset of a complete metric space is complete.

Proof. Let F be a closed subset of a complete metric space (X, d). Then (x,) C F is a Cauchy
sequence, it follows that (x,) is a Cauchy sequence in X. Hence z,, — = € X. But F is closed,
it implies that = € F.

In fact, if (X,d) is complete, then F is closed if and only if F' is complete. (Hint. it follows
easily.) O

Example 2.76. Show that (co, || - ||[s) is a proper closed subspace of (£*°]| - ||c0)-

We know that ¢y € ¢*°. Now, let z¥F = (a;'f,...,x?, ...) be a sequence in ¢y such that

oF =z = (2q,... ,&j,...). That is, for every € > 0, there exists kg € N such that Vk > ky =
|2* — 2|l < € which implies
|Jc§f — ;| <e foreach j>1land VEk > k. (2.10)

Since m? €c = limj 1‘? = 0 for each k. For € > 0, there exists jo € N such that

[z¥] <e Vj>jo and k> ko. (2.11)
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It follows from (2.10) and (2.11) that
;] < [2f0 — aj] + 2] < 26 V) > Jo,

that is, |z;| < 2€ for all j > Jy, which means lim;_,, z; = 0. Hence ¢y is a closed subspace of
£°°. Thus, c¢g is complete in its own right.

Example 2.77. The space (C[a,b],|| - |s) is a complete normed linear space.
Let (f5) be a Cauchy sequence in (Cla,b], || - ||). Then for € > 0, there exists ng € N such
that Vn,m > ng = |[|fn — fmllco < € which implies

| fr(t) — fro(t)] < € Vn > ng,Vt € [a,b]. (2.12)

So (fn(t)) is a Cauchy sequence in (R, u) for each fixed t € [a,b]. Hence f,,(t) = f(t).

Letting n — oo in (2.12), we get |f(t) — fno(t)| < € Vt € [a,b]. (Notice that ng is free of choice
of t). Since f,, is continuous, for each fixed ¢ and e > 0, there exists 6 > 0 such that |s —¢| < ¢
implies | fpo(s) — fno(t)| < €. Hence,

[f(s) = FOI < 1f(5) = fro ()] + | fno (8) = frug ()] + [ fng (8) — S (2)]

< 3e€

So f is continuous on [a, b].

However, the space (Cla,bl,| - ||1) is not complete. For this, we consider the following: Consider
nt 0<t<i
=" 0=
1 l<i<i

It is easy to see that for % < %,

1/m 1/n 1
an - fm”l = (/0 + + ) |fn(t) - fm(t)|dt

1/m 1/n

1

(1 — nt)dt +/ (1—1)dt

1/n

1/n

1/m
= / (mt — nt)dt +
0 1/m

1(1 1>
=-|———-)—=0asn<m— o0

2\m n
Thus (f,) is a Cauchy sequence in (C[0, 1], || - ||1). But the pointwise limit:
. 1 0<t<1
F6) = lim fult) = {0 .
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(Hint. f,(0) =0 and f,(1) =1 for all n, so f(0) =0 and f(1) =1. For 0 < ¢y < 1, we can find
large n such that 0 < 2 < ¢y < 1. Hence f,(to) =1 for large n. Thus f(to) = 1.) However, f is
not continuous, hence (C[0, 1], - ||1) is not complete.

2.2.14 Sequences of Functions

Notice that in the previous exercises, we have seen that (C([0,1]), ] - ||c) is complete. That is, if
| fn = fmlloo — 0, then there exists f € C([0, 1]) such that ||f, — f|lcc — 0. But then,

[fn(t) = F(B)] <lfa = flloo = 0, Vte€0,1],

that is, f,(t) — f(t) for each t € [0,1]. We say that f, — f uniformly if
sup|fu(t) — f(1)] = 0.

But there are sequence of functions which converge pointwise but not uniformly.

Example 2.78. Let f,(t) =t", t € [0,1]. Then,

0 0<t«1
1 t=1

n—oo

f() = Tim fo(t) = {
So,
sup|fn(t) — f(t)| =17 0.
Example 2.79. Let f, : R — R be given by
fut)=e ™, neN
Then,

F(t) = Tim fu(t) = {1 =0

nreo 0 [¢>0

Notice that for t = 0, |f,(0) — f(0)] =1 —1] =0<¢€, Vn € NIf |t > 0, t3 > 0. Then for
| fn(to) — O <€, we get

log 1
e < e = n> gQG
&
1
Let ng = Fofze—‘ + 1. Then, |f,(to) — f(to)] < € for n > ng
0

Notice that ng = ng(e, tg) and ng is large for |tg| close to zero. Thus, ny cannot be free from
to. Therefore, f,, — f pointwise but not uniformly. Also,

42
| fn— flloo =supe M= 140
teR
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If f,(t) = e ™ for t € [1,0), then

sup fa(t) — 0] = ¢ 50 = e 0, g
' [1,00)

Exercise 2.9. Let f,,f : A(C R) — R be such that f, — f uniformly on A. Then for
|fn(t)| < M, (that is f,,’s are bounded), that implies f is bounded.
(Hint. [f(E)] < [fno(t) = F(O)] + [fro ()] < €+ Mpy <00 Vi€ A)

We shall see later that uniform convergent sequences is a good carrier for many underline
properties.
Result: Let f, f, : A(C R) — R be such that f,, — f uniformly. Then f is continuous if f,,’s

are continuous (that is the uniform limit of a sequence of continuous functions is continuous).

Proof. For € > 0, there exists ng € N such that sup,c 4 |fn, () — f(t)| < € Thus,
|fno(t) — f(t)| <€, Vte A

Since fy, is continuous on A, for fixed ¢t and for e > 0, there exists § > 0 such that if
[t —s| <0 = |fny(t) = fno(s)| < e. Thus,

[f(s) = FOI <1f(5) = fro($)] + [fno(8) = frg ()] + |fno () — f ()] < 3e
O

Result: Let R[a, b] denote the space of all Riemann integrable functions on [a,b]. Let f,, f €
Rla,b] and f, — f uniformly. Then,
b b
[t [ 1
a a

. b b .
dm [ u= [l g

that is,

Proof.

b b
L(m—f)gl|n—ﬂgnn—ﬂmw—w—w

Corollary 2.80. If f, € Rla,b] such that S,, = fi+ fo+ ...+ fn converges uniformly to S, then

[$a-5 (0

n=179%

O

(Obvious from the previous result)
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Result: Let f, € C'[a,b] be such that f, — g uniformly. If there exists x¢ € [a, b] such that
fn(wo) converges, then there exists f € C''[a, b] such that f, — f uniformly and f’ = g.

Proof. Since f] — g uniformly and f,, is continuous, g will be continuous. Define

filabl R by flxo)= lim fu(xo)

and

flmo) — [F0g(t)dt, ifx<mo

Then f'(z) = g(z) for every z € [a,b]. Hence, f € C'[a,b]. Now,

f(z) = {f@fo) + [ gty dt, if x>z

fa(x) = fm(x) = fu(2) = fi(2) = (fu(20) = fm(20)) + (fu(20) = fim(20))
= (x = 20)(fn(t) — fu(®)) + (fa(z0) — frm(@0))

Therefore,

1 fn = filloo < (0= @)l f5s = frnllo + |fn(0) = frn(20)| = 0,

as n,m — oo. Hence, (fy) is a Cauchy sequence in (Cla,b],|| - ||oc). Therefore, f, converges

uniformly. Again, since f! — g = f’ uniformly, it follows that

/z: I () dt — /x: f'(t)dt.

Tim [fu(a) = ful@o)] = f(2) = (o).
Since fy(zo) — f(zo) as well, it follows that f,(z) — f(z) for every z € [a, b]. O

Remark 2.81. Convergence of (fy, (o)) is necessary in the above result. Consider
fn(t) =Vt +n, t €10,1]
Then f,, does not converge at any point of [0, 1], but

1 if
/ ) = unif. 0
In(®) 2Vt +n

Since

1
sup |f,(t) — 0] — 0.

1
= Sup =
t€[0,1] tejoa] 2VE+n  2y/n

Exercise 2.10. Let f, : R — R. Check for uniform convergence of f, to some f:

L fa(t) = Sh\l}g”.
2. fu(t) =n2t(1 —t3)".

3. falt) =te ™.
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Also, verify for term-by-term integration and differentiation for each of the above.

Theorem 2.82. Let £ C R, and f, — f uniformly on E. For a limit point x of E. Suppose
lim f,(t) = A, (finite) (2.13)
t—x

Then (Ay) is convergent and
lim f(t) = 7}1_)1130 Ay

t—x
That is,
lim lim f,(¢) = lim lim f,(t)

t—x n—o0 n—oo t—x

Proof. Since f,, — f uniformly on E. For each € > 0, there exists ng € N such that
|fn(t) — fm(t)| <€, ¥n,m >ng, Vt€ E (2.14)

By (2.14), it implies that |4, — A,,| <€, ¥n,m > ng. So (4,) is Cauchy, hence convergent
— A, — A (Say). Now,

|f(t) - A| = |f(t) - fn(t) + fn(t) - A, + A, — A|
< ‘f(t) - fn(t)’ + ’fn(t) - An‘ + ‘An - A‘
<e+e+te

fort € (v —d,x+6) \ z and n > ng ( free of t)

lim f(t) = A= lim A,

t—x n—00

Thus, i Yz, fa(t) = gl fn(®)

O]

Theorem 2.83. Let f, : [a,b] — R be such that (f],) converges uniformly. If there exists

xo € [a,b] such that (fn(z0)) is convergent, then (fy) is uniformly convergent, and

dmn fote) = (Jim, fule))

(that is limit and derivative commute).

Proof. As in the previous theorem, the Mean Value Theorem gives

[fn(@) = fn (@) < (0= @)l £y, = Finlloo + fa(z0) = frn (o)

for all x € [a,b]. Since (f]) converges uniformly and (f,(zo)) converges, the sequence (f,) is
uniformly Cauchy, hence converges uniformly on [a, b] to some function f.
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Fix x € [a,b]. For t # z, define

fa(x) = fult)

x—t

fl@) = £t

yoplt) =

Son(t) =

Because f, — f uniformly, we have ¢, (t) — ¢(t) for each t # x. Moreover, by the Mean Value
Theorem,

(fn - fm)(a:) — (fn - fm)(t)

r—t

= ’(fn - fm)l(gn,m,t)‘ < Hf1/1 - fr/n”OO

‘Spn(t) - (Pm(t)‘ =

for some &, 1 between 2 and ¢. Hence (¢;,) is uniformly Cauchy on [a,b] \ {z}, so ¢, = ¢
uniformly there.
For each n, the limit of ¢, (t) as t — z exists and equals f/(x). The preceding theorem on
interchanging limits therefore yields
lim f(z) = lim lim ¢,(t) = lim lim ¢, (t) = lim p(t) = f'(z).

n—o00 n—oo t—x t—x Nn—00 t—x

Since x was arbitrary, f is differentiable on [a, b] and

lim fi(x) = (lim fu(@)) (@€ [a,]).

n—oo n—o0

2.2.15 Term-by-term differentiation

unif

Let Sp, = fi + fa+ -+ + fn, where each f; : [a,b] — R such that S], — S and S, (z¢) — L.
Then, lim(S},) = (lim S,,)’. That is,

Attt ht =+ttt fat)

This raises a very fundamental question: When does

(/m f(t) dt)l = /x f/(t)dt (2.15)
hold? Notice that if f’ is continuous then for
Fa) = [ rwa,
by the Fundamental Theorem of Calculus, F’'(x) = f'(x).
(F—f) =0

By the Mean Value Theorem, F' — f is constant. So F'(z) = f(z) — f(a) (.- F(a) = 0). However,
if f'is not continuous, that is f’ € R|a,b] , then (2.15) need not be true.
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2.2.16 Uniform continuity

Definition 2.84. A function f: A(C (X, d)) — R is said to be uniformly continuous on A if for
each € > 0, there exists § > 0 such that for all z,y € A,

d(z,y) <d = [f(z) = fy)| <e

Notice that ¢ is free of choice of locations of points x,y € A; it only depends on their separation.
Example 2.85. For z¢ € X, let f(x) = d(z,z¢). Then f is uniformly continuous on X. (Hint:
d(xz,z0) < d(z,y) +d(y,z0) = f(x)— f(y) < d(x,y).) Similarly, by replacing = with y, it
follows.

Example 2.86. For © € X, A C X, define d(z, A) = inf{d(x,a) : a € A}, which is called

the distance of A from x, and is uniformly continuous as a function of z. (Hint: d(z,a) <
d(z,y) + d(y,a).) Thus, d(z, A) < d(z,y)+ d(y, A) and so,

[f(@) = fy) < d(z,y) (ozey)

Example 2.87. The function f : (0,1) — R given by f(z) = 1 is continuous on (0, 1), but not

uniformly continuous.

2.2.17 Pointwise continuity of f

Let w9 € (0,1). Then for € > 0, there exists n € N such that (zg — £, 29 + =) C (0,1). Suppose

n

n

exo(xg —€/n) > 0. If |zg — y| < . Then

:710 - %‘ <eforye (vo— 5, w0+ 5) =t Iy, Then |29 —y| < expy. Let 6 = minyer, {evoy} =

1_1’:m—w<5<6xo<wo—e/n><e

o Y oy Ty Toy

Hence, f is continuous at each zy € (0,1).

)
1 1
2

f is not uniformly continuous: Let e = 5, x = %, Y = 5737, n € N. Then for any 0 > 0, there

exists ng € N such that

but )
7@ - fWl =17 5

Hence, f is not uniformly continuous on (0,1). From the above argument, we can prove the

following result.

Theorem 2.88. Let f: A(C (X,d)) = R. Then f is uniformly continuous on A if and only if
for every pair of sequences xy,yn € A with d(xp,yn) — 0, implies | f(zn) — f(yn)| — 0.

Proof. Suppose f is uniformly continuous on A. Then for any € > 0, there exists § > 0 such that

d(z,y) <6 = [f(z) = fy)l <e (2.16)
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Let x,,yn € A such that d(z,,y,) — 0. Then for § > 0, there exists ng € N such that for all
n = no,
d(@n,yn) <0 = |f(zn) — f(yn)| <€ (from (2.16)),

That is, if d(xy, yn) — 0, then |f(zy,) — f(yn)| — 0. Conversely, suppose that f is not uniformly
continuous. Then there exists ¢y > 0 such that for every § > 0 there exist =,y € A with
d(z,y) < d but |f(z) — f(y)| > 0. Now, let § = 1 for n € N. Then there exist z,,y, € A such
that .

d(xn, yn) < - ,VneN, but |f(zn) — flyn)| > €o.

That is, d(zy, yn) — 0 but lim|f(z,) — f(yn)| > €o, is a contradiction. Hence, f is uniformly
continuous. O

Exercise 2.11. Show that a uniformly continuous function on a metric space (X,d) sends
Cauchy sequences to Cauchy sequences. (Hint. If f: (X,d) — R is uniformly continuous, so for

Result: Let f : [a,b] — R be a continuous function. Then f is uniformly continuous.

Proof. Suppose, on the contrary, that f is not uniformly continuous on [a,b]. Then there exists
€0 > 0 such that for every 6 > 0, there exist z,y € [a,b] with |z —y| < but |f(z) — f(y)| > eo.
For § = %, there exist x,,y, € [a,b] such that |z, — y,| < % but |f(z,) — f(yn)| > €. By the

Bolzano—Weierstrass theorem, x,,,y, have convergent subsequences, say =,, — = and y,, — y.

Now,

1
—ul = 1i _ < lim — =0
’.1‘ y’ klIn ‘xnk ynk’ = klm " )

so x =y. Since f is continuous, f(zn,) — f(yn,) = f(z) — f(y) =0, but [f(zn,) — f(Yn,)| = €o,
contradiction. O

Example 2.89. Let f : R — R be continuous such that lim|, o f(z) = 0. Then f is uniformly

continuous.

Proof. For € > 0, there exists [—a,a] such that |f(z)| < €/2 if z € [—a,a]®. Hence, if z,y €
[—a,al®, then

’f($)—f(y)’<§+§:f (1)

Since f is uniformly continuous on [—a,a]. For € > 0, there exists § > 0 such that

[z -yl < = |f(x) - fly)l <e  (2)

Since (2.16) holds true for x,y with |z — y| < J. It follows that for € > 0, we get § > 0 such that
|z —y| <d = |f(xz)— f(y)| < e (for any z,y € R). Hence, f is uniformly continuous on R. [

Notice that if f € Cy(R), that is f is continuous and lim|y_,, f(z) = 0 and hence f is
uniformly continuous. But if f is continuous and bounded, then f need not be uniformly

continuous on R.
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Example 2.90. f(x) = sinz?, which is continuous and bounded but not uniformly continuous
on R.

Example 2.91. Let f : R — R be a bounded continuous function. If f is monotone, then f
is uniformly continuous on R. Since f is bounded, let inf f(x) = L, sup f(z) = M. For € > 0,
there exist xg, yo € R such that f(xg) < L+ e and f(yo) > M —e.

If f is monotone increasing, then for x,y € [xg, yo]¢ and x,y > yo

fy) = f@) <M~ f(yo) <M — (M —¢) =e.
Similarly, if z,y < x¢ then
fy) = fl@)<L+e—flzg) <L+e-L=e.

Thus, for z,y € [0, y0]%, we get [f(z) — f(y) <e (D).
Since f is continuous on [xg, yo], f is uniformly continuous on [x¢, yo]. For any € > 0, there exists
0 > 0 such that

2,y € [0, 40l; [v -yl <0 = |f(z) - fy)l <e  (2)

Notice that (1) also holds for x,y € [zg, yo]¢ with |z —y| < 0. Thus, we get single § > 0 such that

[z -yl <0 = |f(x) - fly)l <e

Exercise 2.12. If f : R — R is a bounded continuous function then for f monotone, it follows
that

wkrzloof(m) = finite, xll)rfoo f(z) = finite.

(Hint. For any sequence x, — 0o, f(xy) is bounded and lim,_,~ f(x,) = sup,, f(zn), for f is

increasing.)

Example 2.92. Let f : (a,b] - R and f : (b,c) — R be uniformly continuous. Then
f: (a,¢) = R is uniformly continuous.

Proof. Since f is uniformly continuous on (a,b] and (b, ¢), for any € > 0, there exists § > 0 such
that if z,y € (a,b] or z,y € (b,c) with |z — y| < 0, then |f(z) — f(y)| < e. Now, let x,y € (a,c),
with |z —y| < d. Then |z — b| < § and |y — b| < §. Hence,

[f (@) = F) < [f(x) = FOI+[f(b) = Fy)] < 2.

Thus, f is uniformly continuous on (a,c). O

We see that a uniformly continuous function can be extended uniformly to the closure of the set.

Theorem 2.93. Let f: A(C R) — R be uniformly continuous on A. Then f can be extended
uniformly to A, and this extension is unique.
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Proof. Let x € A. Then there exists x,, € A such that x,, — z. Now, f(z,) is a bounded sequence
in R. Hence, by Bolzano-Weierstrass theorem, f(z,) has a convergent subsequence. Without loss
of generality we can assume that f(z,) is convergent. Let f(z) = lim f(z,) (. lim f(z,) exists
). Notice that f is well defined, because f is uniformly continuous on A. If z,, y, — z, then

—yp = 0 = f(:fvn) — f(yn) — 0 that is lim f(z,,) = lim f(y,) (."lim f(x,) and lim f(y,))
both exist). Hence f: A — R is well defined. Suppose z,y € A and they are close enough to
each other. Then there exist x,,y, € A such that x,, = x and y,, — y. Hence,

fl@) = fy) = f(@) = fzn) + f(xn) = flyn) + fyn) = F(y)
= |f(@) = FWI < f(@) = fl@a)l + [f(2n) = Fya)l + |f(yn) = F(0)]

Notice that |f(z) — f(zn)| < e and |f(y) — f(yn)| < € for n > ng (say). Let |z —y| < § (small
enough). Then there exists n’ € N such that |z, — y,| < ¢ for n > n’. Since f is uniformly
continuous on A, it follows that |f(x,) — f(yn)| < € for n > n/. Thus for sufficiently large
n > max(ng,n’).

F(2) — F@)] < 3e, where |z — | <6,

Hence, f is uniformly continuous on A.
This extension of f is unique: If there exists § : A — R which is uniformly continuous and § = f
on A, then for x € A, there is a sequence x,, € A such that =, — x. Hence,

F(@) = lim f(aa) = lim g(e,) = §(a)
(" g is uniformly continuous extension). O

Next, we shall see that a uniformly continuous function grows at most linearly.

Theorem 2.94. Let f: R — R be uniformly continuous. Then there exist constants A, B >0
such that |f(x)| < Alz|+ B for all x € R.

Proof. For any € > 0, there exists 6 > 0 such that |z — y| < ¢ implies |f(z) — f(y)| < 1. We
divide the proof into two parts: one is near ”0” and other is away from ”0”. Let a > 0. Then
|f(x)] < A< oo for x € [—a,a]. Now, consider f : [a,00) — R.Then for z € [a,0), we can find
n € N such that z € [a + nd, a + (n + 1)d]. Then,

f(x) = f(a) = f(z) = fla+nd) + f(a+nd) — f(a)

n

= f(z) — f(a+nd) + Z (a+3jo) — fla+ (7 +1)9)]

= If(fr)l <1+n+|[f(a)l

1 1 1\ 1
) @] e i@l (1YL el g,
x a+né no n) o no
Notice that B is independent of n, hence B is independent of x. That is, | f(z)| < Blz| if z > a.
Hence, we can summarize that |f(z)| < Blz| + A for all x € R. O
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Example 2.95. Notice that f(x) = 22 is not uniformly continuous on R, as it does not satisfy
the conclusion of the above theorem.

Example 2.96. Let f : R — R be differentiable and its derivative is bounded. Then f is
uniformly continuous on R. For any z,y € R, by the Mean Value Theorem,

[f(2) = fW)l = £ )z —y)| < Mz -y

where t is between z and y, and M is an upper bound for |f’(t)|. However, f(x) = /z for
x € (0,00) is uniformly continuous, but its derivative is f'(z) = ﬁ, is not bounded.

Exercises

Exercise 2.13. Verify that d(z,y) = |x — y| defines a metric on R, and that d(x,y) = ||z — y||2
defines a metric on R”.

Exercise 2.14. Let X be a set and define d(z,y) = 0 if z = y and d(x,y) = 1 if  # y. Show
that d is a metric (the discrete metric). Describe the open sets in this metric.

Exercise 2.15. Let d be a metric on X. Prove that every open ball B, (z) is an open set and

every closed ball B, (z) is a closed set.

Exercise 2.16. Let (X, d) be a metric space. Show that a sequence (x,) converges to x if and
only if for every € > 0 there exists N such that z,, € B-(x) for all n > N.

Exercise 2.17. Let f: (X,dx) — (Y,dy) be Lipschitz: dy (f(z), f(y)) < Ldx(x,y). Show that

f is uniformly continuous.

Exercise 2.18. Let || - || be a norm on a vector space V' and define d(z,y) = ||z — y||. Prove
that d is a metric. Conversely, show that if d is translation-invariant and homogeneous in the
sense d(x + z,y + z) = d(z,y) and d(A\x, \y) = |A|d(z,y), then d comes from a norm.

Exercise 2.19. Prove Hdélder’s inequality and Minkowski’s inequality for sequences, and use
them to show that ¢P is a normed linear space for 1 < p < oco.

Exercise 2.20. Show that for 0 < p < 1, ||z]|, = (32 |, |P) /P fails the triangle inequality, and

thus is not a norm.

Exercise 2.21. Let (X, d) be a metric space and A C X. Define dist(x, A) = infyca d(z,a).
Prove that x — dist(z, A) is 1-Lipschitz.

Exercise 2.22. Show that two metrics di,d2 on the same set X generate the same open sets if
there exist constants ¢, C' > 0 such that cdy < dy < Cd;.

62



Chapter 3

Completeness and Compactness in Metric

and Normed Spaces

This chapter develops completeness in metric and normed spaces and its key consequences.
We prove the Banach fized-point theorem as a prototypical application, and we relate total
boundedness and completeness to compactness and sequential compactness.

Learning objectives.

e Separate the notions of completeness, total boundedness, and compactness, and understand

exactly where they interact.

e Apply the contraction mapping principle as a structural theorem rather than as an isolated
trick.

o Use sequential arguments and covering arguments interchangeably when studying compactness

in metric spaces.

3.1 Completeness and Fixed Points

Section overview.

e Completeness is the hypothesis that turns Cauchy control into genuine convergence.

e The contraction mapping principle is the flagship application: it transforms a quantitative

estimate into existence and uniqueness.

e Many later local inversion arguments in several variables should be read as sophisticated

descendants of this section.

3.1.1 Fixed Points

Fixed-point problems provide a unifying framework for many existence and approximation
questions. Let (X, d) be a metric space and let ¢ : X — X be a self-map. A point z € X is
called a fized point of ¢ if p(x) = .

A standard method is Picard iteration: starting from z¢ € X, define a sequence by zy4+1 = p(zy)
for n > 0. If (z,) converges to some x € X and ¢ is continuous, then ¢(z) = z. In a complete
metric space it is often enough to show that (z,) is a Cauchy sequence, because completeness
then guarantees convergence. The most important sufficient condition ensuring that (z,,) is

Cauchy is that ¢ is a contraction.
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Definition 3.1 (Contraction). A map ¢ : (X,d) — (X, d) is called a contraction if there exists
a constant o € (0, 1) such that

dp(z),0(y)) < ad(z,y),  Va,yeX. (3.1)

Theorem 3.2. Let (X,d) be a complete metric space. If ¢ : (X,d) — (X,d) is a contraction,
then ¢ has a unique fixed point.

Proof. Fix zp € X and define the Picard iterates by z, = ¢"(xg) for n > 0. Since ¢ is a
contraction with constant a € (0, 1),

d(Zni1,n) = d(o(rn), o(p-1)) < ad(@n, Tp-1) < &"d(21,70)

for every n > 1. Therefore, if m > n, then by the triangle inequality,

m—1 m—1 n
(87
AT, 2n) < Y d(pgr, zx) < Y aFd(wy, x0) < o d(1, T0).
k=n k=n

As n — oo, the right-hand side tends to 0, so (z;,) is a Cauchy sequence. Completeness of X
now yields a point x € X such that z,, — x.

Because every contraction is continuous, we may pass to the limit in z,+1 = ¢(x,) to obtain
ple) = o Jim ) = Jim plra) = lim a1 =

Thus z is a fixed point of .
To prove uniqueness, let y € X be any other fixed point. Then

d(z,y) = d(p(z), 0(y)) < ad(z,y).

Since 0 < a < 1, this is possible only if d(x,y) = 0, and hence z = y. Therefore ¢ has a unique
fixed point. O

Notice that completeness property of the space is a sufficient condition for existence of fixed
point. For example,
o0) = (0,00)

(x + ) a>0

¢ (0,
p(r) = %

satisfies p(v/a) = v/a.

Also, contraction is a sufficient condition for existence of fixed point. Notice that ¢ above is not

a contraction mapping, since

1 a
SIL=—llz =y
Ty

(@) = eyl = 5

because the function |1 — ;=] is not bounded near zero.
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Exercise 3.1. If (X, d) is a complete metric space and f : X — X is such that f¥ is a contraction,
then show that f has a unique fixed point. (Hint. do for k = 2, use the fact that f* cannot have
two fixed points. If f2(z¢) = zo and yo = f(xo)(say), implies that f(yo) = yo = yo = 7o)

Exercise 3.2. Let T : C|0,1] — C|0, 1] be defined by
1(f)(@) = [ 0

Show that 72 is a contraction but 7' is not a contraction.

The preceding examples also illustrate a useful principle: the tail of an orbit determines its
convergence behaviour, so finitely many initial iterates do not affect the limit.
We next use the fixed point theorem to study existence and uniqueness for the initial value

problem

{M:f@w) 32)

y(0) = o

using the fixed point theorem.
Assume that f is continuous on a rectangle containing (0, yo) in its interior and is Lipschitz in

the second variable; that is,

‘f(x7y1) - f(fL',yQ)’ < K|y1 - y2|7

where K is a fixed constant. Then equation (3.2) has a unique solution in some neighbourhood

of x = 0. Observe that solving (3.2) is equivalent to solving

A%umzéﬁmmmﬁ

that is, .
mm=m+ﬁfmmmﬁ (3.3)

That is, we want y(t) such that (3.3) holds. In other words, we want to get fixed point for the
map ¢ — F(y), where

F@ﬂ@)zyw+4xﬂmwﬁhﬁ,

with ¢ € C[-94, d] for some 6 > 0, which we get very soon. Now,

F(e)a) = F)@)| < [ 1£(to) = F(twl)l,

gKAﬂww—wmw

<K -20- ([ = ¢flco-
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Thus, F : C[—6,08] — C[—6,0] is a contraction as long as 2K < 1, that is if § < 7. Hence F

has a unique fixed point in C[—5%, 57). That is, (3.2) has a unique solution in |z| < 5f.

Example 3.3. Consider 3 = 2z(1 + y), y(0) = 0. Then
o(z) = / 2t(1 + (%)) dt.
0

With the initial guess ¢° = 0, we get

pl(x)= [ 2t(1+0)dt =a?,
0
T x4
O (x) = / 2t(1 + %) dt = 2? + 5
0
4 6
x x
¢ () =2+ o + e
Thus, by induction,
Ul 2
() = Z o e’ —1, (3.4)

and p(z) = ¢ — 1 is a solution, which is same as method of separation of variables. Notice that
the series (3.4) converges uniformly on every interval [—a, a], or on any interval [a,b]. On the
other hand, ¢'(z) = 22(1 4+ ¢(z)) has unique solution in neighborhood of any point ¢, that is,
[xo — 6,20 + 6] with 6 < 1. (Hint. Lipschitz constant = 2.)

3.2 Total Boundedness and Compactness

3.2.1 Totally Bounded Set

Suppose A be a bounded set in R and, without loss of generality, A C (0,1). Then for e = 1 > 0:

" k=1 k
ACU( ,]
k1 n n

That is, A can be covered by finitely many intervals of arbitrarily small length. A similar

argument can be produced for a bounded set A C R™ (or in finite dimensional spaces). Notice
that if A is bounded in R, then A C [a,b] (a =inf A,b =sup A,b — a < o). Hence,

Ac O [a+ (k—lzl(b—a)7 a+k‘(b—a)}
k=1

n

Notice that, with small perturbation of the intervals, A can be covered by open intervals of
arbitrarily small length ¢ > 0. However, if the dimension of the space X is infinite, then the
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above property need not be inherited for an arbitrary bounded set. For example, let X = ¢!,
en =(0,0,...,1,0,...) (with 1 in the nth position):

len —emlli =2, ifn#m

= A= {e,:n €N} C B1[0] C By[0]

This means A is bounded. Notice that for any €, 0 < e < 1, if A C U2 Be(en). But A cannot
be covered by finitely many balls of arbitrarily small radius, that is if

AcC CJ B(f;) Vfied

i=1

Then, for € < 1, each ball B(f;) can contain exactly one point of A (. |le;, — en|[1 = 2). Also,
notice that A has no convergent subsequence. Since ¢! is complete, it is equivalent to say that A
has no Cauchy subsequence.

Definition 3.4. A C (X,d) is said to be totally bounded if for every € > 0, there exist
T1,T9,...,T, € X such that

i=1

We can show that centers of these balls can be taken from some points of A, since

AC | Beja(as)
=1

Also, we can assume that AN Be/z(mi) # (), for all i = 1,2,...,n. Then there exists y; €
AN Bjy(xi). And it is easy to see that

AcC U Be(yi)
i=1
(Hint. x € A = d(z,7;) < ¢/2 for some 7 and y; € AN B.jo(x;) = d(x,y;) < d(z, ;) +
d(z;,y;) < €. Moreover, if A is totally bounded, then we can replace balls with sets in A with
arbitrarily small diameter.
Result: A in (X, d) is totally bounded if and only if for every e > 0, there exist sets A, -, A, C
A with §(A4;) < d such that A C U, A;.

Proof. Let A be totally bounded. Then for every e > 0, there exist points z1,...,z, € A such
that

i=1
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Set A; = AN Be(z;) € A and 6(A;) < 2e. that is

Conversely, suppose for all € > 0, there exist A; C A such that A C (J*; A;, with 6(A;) < e. Let
x; € A, then A; C Ba(x;). Since € > 0 is arbitrary, we get

A C | Bae(:)
i=1
Notice that if A C Ui, B;, B;i C X, with §(B;) < €, then for A; = AN B; C A,
A=JA; §(A) <6 (3.5)

It is easy to see that if A is totally bounded in (X, d), then A is bounded. Also, every finite set
A ={x1,x2,...,2,} is totally bounded because A C |JI*; Be(z). O

Notice that total boundedness of a set solely depends upon the metric. In fact, in discrete
metric space, (X, dp), A C X is totally bounded if and only if A is finite. (Hint. If A C |Ji=; Be(x;),
z; € A, then for 0 < € < 3, each Be(z;) = {;}) However, if X =01, |le, — ep|1 = 2 for n # m,
A = {e,, : n € N} cannot be covered by finitely many balls of radius < 2. In fact, A = {e,, : n € N}

with
2 n#m
d(en,em) =
0 otherwise

(in its own discrete metric) is not totally bounded.
Exercise 3.3. Every subset of a totally bounded set is totally bounded.
Exercise 3.4. A C R is totally bounded if and only if A is bounded.

Exercise 3.5. A is totally bounded if and only if A is covered by finitely many closed sets

of arbitrarily small diameters. (Hint. A C Uj—; Ai; 0(A;) < € but §(4;) = 0(4;) < € and
ACUL 4)

Exercise 3.6. A is totally bounded if and only if A is totally bounded. If A is totally bounded,
then A C UM, A;, 8(A;) <e. So AC U, A, 6(A;) < ¢, so A is totally bounded. On the other
hand, if A is totally bounded, then for € > 0, 3z1,...,2, € X such that

ACAC| B, §(B;) < e

=

=1

Exercise 3.7. If A C R" is bounded, then A is totally bounded.

Result: Let (z,) be a sequence in (X, d) and let A = {x,, : n € N} (range of (z,,)).
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(i) If (zy,) is Cauchy sequence, then A is totally bounded.
(ii) If A is totally bounded, then (z,) has a Cauchy subsequence.

Proof. (i) Since (z,,) is a Cauchy sequence, for € > 0, IN € N such that
d(zp,xy) <€  Vn>N

= H{zp:n>N}<e

Let
A={z;:i=1,...,.N—-1}U{zy:n> N}
N-1
AC U Be(x;) U Be(zn)
i=1

which shows A is totally bounded.

(ii) If A is finite, then trivial. Suppose A is an infinite set and totally bounded. Then A can be
covered by finitely many sets of diameter < 1. And one of them, say A, will contain infinitely
many points of A. But A; is also totally bounded, and hence covered by finitely many sets of
diameter < % Let As be one of them having infinitely many points from A. Thus,

AlDAQ"’DAkDAk+1D"‘

where each Ay, is an infinite set with 0(Ay) < % Choose z,, € Ai. Then

Han, :n >k} <0(A4;) <

S

(. Ay are decreasing). Thus, x,, is a Cauchy sequence. O
Example 3.5. Let z,, = (—1)™ has Cauchy subsequences, as it is totally bounded.
Example 3.6. Let e, € ¢, ¢, = (0,0,...,1,0,...). Then (e,) has no Cauchy subsequence.

Theorem 3.7. A set A C (X,d) is totally bounded if and only if every sequence in A has a
Cauchy subsequence.

Proof. Let A be a totally bounded set in X, and (x,) be a sequence in A. Then (z,,) is totally
bounded and by the previous result (x,) has a Cauchy subsequence. For the other implication,
suppose A is not totally bounded. Then, there exists ¢ > 0 such that

=1

for every choice of finite set {z1,---,x,}. Thus, for each n > 1, there exists y, € A such that
d(yn,x;) > € Vi=1,2,... ,n. Notice that the y,’s must be distinct (or an infinite set), else A
will be covered by finitely many balls of radius e. Also, notice that (y,) cannot be a Cauchy
sequence, else A would be covered by finitely many e-balls and therefore A is covered by e-balls.
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This implies that (y,) has no Cauchy subsequence (as y,’s are distinct). Therefore, A must be
totally bounded. O

Corollary 3.8. (The Bolzano-Weierstrass Theorem) Every bounded infinite subset of R

has a limit point in R.

Proof. Let A be an infinite bounded set in R. Then there exists a sequence of distinct points
xn € A. Since A is totally bounded, (x,) has a Cauchy subsequence, say (z,). But R is
complete, so z,, — = € R. Thus, z is a limit point of A. O

We know that a metric space X is complete if and only if every Cauchy sequence in X
converges to a point of X. Moreover, if X is complete, then a subset A C X is complete if and
only if A is closed. We can see that complete metric spaces have some common properties like R:

Theorem 3.9. Let (X,d) be a metric space. Then the following are equivalent:
1. (X,d) is complete.

2. (Nested Set Theorem:) Let Fy, be a decreasing sequence of closed sets in X with 6(Fy) — 0,
then No—q Fn # ¢ (exactly one point).

3. (Bolzano- Weierstrass Theorem:) Every infinite totally bounded subset of X has a limit point
mn X.

Proof. (2.16) = (2.11) : Let F,, D F4+1 D -+ and 6(F,) — 0. Choose x,, € F,,, then §{zy : k >
n} < §(F,) — 0. Hence, (z,) is a Cauchy sequence in X, and by (2.16), z,, — = € X. Since
F,.’s are closed, = € F,, for each n,

oo &)
— e F = (| #2

n=1 n=1

(In fact, Ny2y Fn = {z}, exactly one point.)

(2.11) = (3) : Let A be an infinite, totally bounded set in X. Notice that A contains a distinct
Cauchy sequence x,, (x, # x,, for n # m), because A is totally bounded. Set A,, = {x : k > n}.
Then A} D A3 2 --- D A, DO -+, and 0(A,) — 0 (. x, is a Cauchy sequence). But then
Ap D Apg1--- and §(A,) = 6(A,) — 0. By (ii), there exists z € 02, A, # 9. Now, z,, € A,
and d(z,, ) < §(A,) — 0. Hence, z,, — x. So z is a limit point of A.

(3) = (2.16) : Let z,, be a Cauchy sequence in X. We only need to show that (z,) has a
convergent subsequence. Note that A = {z,, : n € N} is totally bounded, because (z,) is a
Cauchy sequence. If A is finite, the result is trivial. Otherwise (iii) implies A has a limit point.

That is, there exists a subsequence z,, — x € X. Hence, z, — 2z € X. ]

Exercise 3.8. Suppose that every countable, closed subset in X is complete. Show that X is

complete.

Exercise 3.9. Show that X is complete if and only if every closed ball in X is complete.

70



Real Analysis 3. Completeness and Compactness in Metric and Normed Spaces

Remark 3.10. The total boundedness of a set is all about; an infinite set cannot be too scattered.
That is, the substantial portion of the set can be put into (or lies in) a set of arbitrarily "small"
size by a continuous dissection process by leaving finitely many.

3.2.2 Compact Metric Spaces

Definition 3.11. A metric space (X,d) is said to be compact if X is complete and totally
bounded.

Theorem 3.12. (X, d) is compact if and only if every sequence in X has a convergent subsequence.

Proof. Suppose X is compact (complete and totally bounded). Let x,, € X. Then A = {z, : n €
N} is totally bounded and hence has Cauchy subsequence, say z,,. But X is complete, which
implies x,, — v € X.

On the other hand, if every sequence (z,,) in X has a convergent subsequence (zy, ), which is
then Cauchy, and this implies that X is totally bounded. Also, let (z,) be a Cauchy sequence
in X. Then again A = {z, : n € N} is totally bounded and has convergent subsequence, say
ZTn, — ¢ € X. Thus, z, — .

[ Totally Bounded ] l every sequence has a Cauchy subsequence

+ Complete + Cauchy sequence is convergent

Corollary 3.13.
1. Let AC X. If A is compact, then A is closed.

2. If X is compact and A is closed, then A is compact.
that is compact subsets of a compact metric space are closed sets.

(Hint. (7) If A is compact, then for x, € A and ,, > v = zp,, > Y€ A = z, > =Y.
(ii) If A is closed and x,, € A, then x, € X = x,, —r€ X = x € A, since A is closed.)

Exercise 3.10. If K is a compact subset of (R,u), then inf K and sup K € K. By definition
of infimum, there exists x,, € K such that x,, — inf K. But, since K is compact, there exists
Zn, — ¢ € K, which implies inf K = z etc.

Exercise 3.11. Let £ = {z € Q: 2 < 2 < 3}. Show that E is closed and bounded in (Q,u),
but not compact. (Hint. Q is not complete.)

Exercise 3.12. Suppose f : (X,d) — (Y, p) is continuous, then for K C X to be compact, f(K)
is compact in Y.

Let y, € f(K), then y, = f(x,) for some z,, € K. Therefore, there exists a subsequence
T, — « € K such that f(z,,) — f(z) € f(K).
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Exercise 3.13. If A C X is compact, then show that 6(A) < oo. If A # (), then there exist
x,y € A such that §(A) = d(z,y). Note that

0(A) =sup{d(z,y) : (z,y) € Ax A} (say S)

And d: Ax A — R is (jointly) continuous. As A x A is compact, the set S is compact in R.
Hence, there exist (zo,yo) € A x A such that 6(A) = d(xo, yo).

Exercise 3.14. Show that S1[0] = {z € £ : ||z||2 < 1} is not compact. (Hint. The set {e, : n €
N} is not totally bounded.)

Exercise 3.15. Show that A = {x cl?: |z, < %, n=12,.. } is compact. (Hint. A is closed,
hence complete. A is totally bounded, since for € = 1, okay. For € < 1, only finitely many
coordinates are left unpatched (uncovered), hence for each e < 1, A = A, U B, A, € R" for some
n.

Corollary 3.14. Let (X,d) be compact. Suppose f : X — R is continuous, then f is bounded.

Moreover, f attains its mazimum and minimum.

Proof. f(X) is compact in R, which implies f(X) is closed and bounded. Hence,

sup f(z) € R, inf f(x) e R.
zeX zeX

that is there exist g, yo € X such that f(yo) = sup,cx f(2), f(zo) = infzex f(x). Hence,

f(zo) < f(x) < f(yo) V€ X.
OJ

Corollary 3.15. If f : [a,b] — R is continuous, then f([a,b]) is compact and f([a,b]) = [c,d]
for some ¢,d € R.

Corollary 3.16. If (X,d) is a compact metric space and
CX)={f: X =R or C| f iscontinuous}.

Define
1 flloo = sup |f(x)| < co.
zeX

Then (C(X), | - ||oo) @8 complete normed linear space.

Lemma 3.17. Let (X,d) be a metric space. Then the following are equivalent:

(a) If G is an arbitrary collection of open sets in X with Ugeg G 2 X, then there exist Gy,...,Gy
(finitely many) such that \J;_1 G; 2 X. (In other words, every open cover has a finite
subcover. ).
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(b) If F is a collection of closed sets in X with (i—q F; # 0 for every choice of finitely many F;’s
in F, then

() F#0.

FreF

(This is called the finite intersection property.).

Notice that (a) = X is totally bounded, since

XC | B:(z) = X C | Be(wi).
zeX i=1

(b) = X is complete, since every decreasing sequence of closed sets has non-empty intersection.

Proof.

(a) = (b): Let F be a collection of closed sets in X such that (i, F; # () for every choice of finitely
many F;’s in F. On contrary, suppose (pcr F' = 0. Then X = Jpcz F€ is an open cover of
X. Hence X = Ui {Ff: F; € F}. This implies N, F; = 0, a contradiction.

(b) = (a): Suppose X = Ugeg G but X # J;—; G; for any choice of finitely many G;’s in G.
Then X \ Ui, G; # 0 for every choice of finitely many G;’s in G, which implies (i, G¢ # ()
for every choice of finitely many sets G;’s from G.

NG #0 = (JG:Geg}#X.

Geg

O]

Theorem 3.18. X is compact if and only if either (a) or (b) (hence both) of the previous lemma
1s satisfied.

Proof. If either condition (a) or condition (b) of the previous lemma holds, then X is both totally
bounded and complete; hence X is compact.

Conversely, assume that X is compact, and let G be an open cover of X with no finite
subcover. Since X is totally bounded, it can be covered by finitely many closed sets of diameter
at most 1. At least one of these closed sets, call it A;, cannot be covered by finitely many
members of G.

Proceed inductively. Once A, has been chosen, it is compact and therefore totally bounded,
so it can be covered by finitely many closed sets of diameter at most 1/(n + 1). One of these
closed sets, call it A, 1, still cannot be covered by finitely many members of G. In this way we
obtain a decreasing sequence

AilDAD - DA, D

of non-empty closed sets such that diam(A,) < 1/n for every n and no A, admits a finite

subcover from G.
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Choose z,, € A,. Since X is compact, the sequence (z,) has a convergent subsequence
Zn, — x € X. Because the sets are nested and closed, for each fixed m all sufficiently large terms
of the subsequence lie in 4,,, so z € A,,. Thus z € (,2; 4.

Now choose G € G with € G. Since G is open, there exists ¢ > 0 such that B.(z) C G.
Pick n so large that 1/n < e. Because z € A,, and diam(A,) < 1/n, every point of A, lies within
distance 1/n < € of x. Hence A,, C B.(z) C G, contradicting the choice of A,,. Therefore every
open cover has a finite subcover, and X is compact. ]

Corollary 3.19. X is compact if and only if every decreasing sequence of non-empty closed sets

has non-empty intersection.

[e.e]
thatis F1 D Fy DD Fy D Fupq-r = (| Fp#0
n=1
Proof. The forward implication follows from the previous theorem.
Conversely, assume that every decreasing sequence of non-empty closed subsets of X has
non-empty intersection. To prove compactness, it is enough to show that every sequence in X
has a convergent subsequence. Let (x,) be a sequence in X, and for each n set

Ay, = A{xg : k> n}.

Then the closed sets A,, are non-empty and decreasing, so by assumption there exists
0 —_—
T € ﬂ A,
n=1

Since z € A, for every n, each ball centred at  meets A,,. Choose n; such that Bi(z) NA,, # 9,
and then choose k1 > ny with xy, € Bi(x). Proceed inductively: once k; is chosen, pick k11 > k;
such that @y, , € By/(j+1)(7) N Ag,+1. Then

1
d(zy,,r) < -, j €N,
J

so xg; — x. Thus every sequence has a convergent subsequence, and hence X is compact. [

Remark 3.20. Note that, as long as compactness is concerned, we do not require the diameter of
F,, tends to zero. Hence (72 ; F}, can contain more than one point. This is in sharp contrast

with the condition for completeness.
Corollary 3.21. X is compact if and only if every countable open cover admits a finite subcover.

Proof. ( = :) Compact — lemma (a) holds = countable cover has finite subcover.
( <= :) Suppose every countable open cover has a finite subcover. This is equivalent to every
countable family of closed sets having the finite intersection property (can be proved similar to
the previous lemma). Let (x,) C X be a sequence of distinct terms. Write A,, = {xy : kK > n}.
Then z € Ny, Ay # 0, so there exists z,, € X such that x,, — x. Hence, X is compact. [
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3.2.3 Separable Metric Spaces

If a space admits a countable dense set, we say that the space is separable. Eventually, it helps
determine the size of the space, certainly not in terms of cardinality only, rather dimensions, or
in a more general sense of size. Evidently, every totally bounded space is separable.

Definition 3.22. A metric space (X, d) is said to be separable if there exists a countable set
A C X such that A = X.

For example, Q (the set of rationals) is a countable dense subset of R. Likewise, Q" and
Q™ 4+ iQ™ are countable dense subsets of R” and C", respectively.

It is easy to see that (R™, || - ||,) is separable for 1 < p < co. However, (7, || - ||,) is separable
for 1 < p < oo and not separable for p = co. We know that ¢gy C P, where cq is the space
of finite sequences. Let = € P, © = (x1,x2,...,Tn, Tnil,...) Define z, = (1,...,2,,0,0,...).
Then

|z —zpllp =0 asn — oo (2.16)

Since z; € C, there exists z¥ € Q 4+ iQ such that |zF — 2;|P — 0; i=1,2,...,n. Thus,

n 1/p
<Z |xf—$¢|p> —0
i=1

that is
[y — xnllp — 0 (2)

where zF = (2F ... 2F) € Q" +4iQ". From (2.16) and (2.11),
lz — 2 llp < Nl = zallp + llzn — 2l =0

That is, coo(N,Q +iQ) = ¢*(N,C) .

Next, we shall show ¢*°(N, C) is not separable, by proving that ¢ cannot be the union of
countably many balls of arbitrarily small radius. Let A = {#, 7, ...} be any countable set in
£°°. Consider

S ={x=(x1,29,...) €L¥:2; €{0,1} }

Then S is an uncountable set. For this, z € S = y =4 + 5 +---,x; € {0,1}. Then the map
from S to [0, 1] is surjective, and hence S is uncountable. Let z,y € S be such that z # y. Then
|l — y|loo = 1. Hence, {B%(:U) : x € S} is an uncountable, disjoint collection of open balls in £°°.

Since A is countable, A can intersect only countably many balls B 1 ’s. Hence A cannot be dense.
Exercise 3.16. Show that ¢yg = ¢y and hence deduce ¢ is separable.

Exercise 3.17. Let B([0,1]) be the space of all bounded functions on [0,1]. Show that
(B([0,1]), ] - [|oo) is ot separable. For t € (0,1), define f; = xjo,+). Then for s # ¢, s,t € (0,1),
we get || fs — filloo = 1. Then S = {By5(f:) : t € (0,1)} is an uncountable collection of disjoint
open balls in B([0,1]). If A is any countable set, say A = {g1,g2,...} C B([0,1]), then there
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exists to € (0,1) such that By/o(fi,) N A = @. That is, except countably many, all the balls in S
are left un-intersected by A.

Exercise 3.18. The space (C([0,1]), || - [|s) is separable. (Hint. proof of this will be done by
Weierstrass approximation theorem, which we do later.)

Exercise 3.19. Every totally bounded metric space is separable.
Let (X,d) be totally bounded. For ¢ = 1 there exist xy,,...,o,, such that

n

n
X = {J Bi(zn,)
j=1 "

=

Let Dy, ={zn,,...,%n,}. Then D =JD,, is a countable dense set in X.

Next, we consider the compact subsets of the space of continuous functions C'(X), then X
is a compact metric space. Notice that dim C'(X) < oo if and only if X is a finite set. Hence,
closed and bounded subset of C'(X) are compact if X is finite. But the question of compact
subsets of C'(X), X is compact, is same as when a subset of C'(X) is totally bounded? In terms
of the Bolzano—Weierstrass theorem, we can rephrase, when (uniformly) bounded sequence in
C(X) have a uniformly convergent subsequence?

We will see later that this question is related to the earlier question of asking, When does a
pointwise convergent sequence imply uniform convergence? That is, pointwise convergence +

[something] = uniform convergence.

Example 3.23. If f, € C(X), X compact, f, unif, f, then {f} U {f, : n € N} is compact.
(that is, every Cauchy sequence is totally bounded).

Definition 3.24. A collection F C C(X) is said to be uniformly bounded if

sup sup | f(z)| = sup || f|loc < o0.
feFzeX feF

Example 3.25. Any uniformly convergent sequence f,, in B(X) (or C'(X)) is uniformly bounded.
(Hint. || falloo < [|flloc +1 (for e=1) for alln > N, n € N.)

Definition 3.26. A collection F C C(X) is said to be pointwise bounded if for each x € X,
sup e r | ()] < oo.

Example 3.27. If f,, — f pointwise, then f,, is pointwise bounded.

Theorem 3.28. Let (X,d) be a compact metric space and f : X — R (or C) be continuous.

Then f is uniformly continuous.

Proof. Let € > 0. For each x € X, continuity of f at z gives §, > 0 such that

dla,y) < b: = |f(@) = [(v)| < 5.
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Then {Bs, /2(z) : ¥ € X} is an open cover of X. Since X is compact, there exist x1,...,z, € X
such that

X = Bs,, ja(x:).
i=1
Set )
6= 3 11&1;1”5% > 0.

Now let z,y € X with d(z,y) <. Choose i such that = € B;, 5(x;). Then

d(y,z;) < d(y,z) +d(z,z;) <6+ % < by, -

Hence both = and y belong to By, (i), and therefore

@) = )] < |f @) = Fa)| + f (@) = FW)l < 5+ 5 =«

Thus f is uniformly continuous on X. O

Next, we shall discuss the missing ingredient of pointwise convergence to the uniform
convergence.

Exercises
Exercise 3.20. Prove that a metric space (X, d) is complete if and only if every Cauchy sequence
converges.

Exercise 3.21. Let (X, d) be complete and ¢ : X — X a contraction with constant 0 < g < 1.
Prove that ¢ has a unique fixed point and that the Picard iterates z,4+1 = ¢(x,) converge to it.

Exercise 3.22. Show that every compact metric space is complete.
Exercise 3.23. Show that every totally bounded set in a metric space is bounded.

Exercise 3.24. Prove: a metric space is compact if and only if it is complete and totally
bounded.

Exercise 3.25. Let (z,,) be a sequence in a compact metric space. Prove that (x,) has a
convergent subsequence (sequential compactness).

Exercise 3.26. Let X be a normed space. Prove that if X is finite-dimensional, then every
closed and bounded subset of X is compact.

Exercise 3.27. Show that /P is complete for 1 < p < .
Exercise 3.28. Let A C X and define diam(A) = sup{d(z,y) : =,y € A}. Prove that

diam(A) = diam(A).

Exercise 3.29. Give an example of a complete metric space that is not compact, and of a totally
bounded metric space that is not complete.

7



Chapter 4

Connectedness in Metric and Normed Linear
Spaces

Connectedness formalizes the intuition that a set cannot be split into two separated open pieces.
We introduce connected and disconnected subsets of a metric space, and we develop basic criteria
for connectedness. We then discuss path-connectedness and its relationship with connectedness.
In R, connectedness reduces to the familiar notion of an interval, which explains the central
role played by the Intermediate Value Theorem.

Learning objectives.

e Detect connectedness and path-connectedness using both separation arguments and image
arguments.

o Translate connectedness into analytic consequences such as interval-valued images and inter-
mediate value principles.

e Build and analyze standard examples that distinguish connected, totally disconnected, and
non-path-connected sets.

4.1 Connected and Disconnected Sets

Section overview.

e Connectedness is the inability to decompose a set into two separated nonempty open pieces.

e The central theme is that connected sets cannot support jump behavior under continuous
maps.

e The examples matter: intervals, punctured spaces, and classical pathological subsets should
be compared throughout.

The topology of the real line admits a particularly concrete description, because every open
set is a countable disjoint union of open intervals. We have already seen that any open set O C R
can be expressed as the disjoint union of countably many open intervals. That is,

0= U I,,, where I,, = (ay,by).

n=1
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Hence, for any set A C R, we get an open set O D A, and thus

o
Acoc | IL.
n=1
Hence, any set can be embedded into countably many open intervals. The “connected set” has its
natural meaning, and we can extract its definition from the intervals. We know that an interval

cannot be broken into two relatively open parts. On the contrary, suppose that
[a,b] = AU B,

where A and B are non-empty, disjoint, and relatively open sets in [a,b]. This implies that A
and B are disjoint closed sets too, as

A=la,b]\B, B=lab]\A

Thus A and B are disjoint, non-empty open and closed sets (called clopen sets). To start with,
let b € B. Since B is open, (b —¢,b] C B for some ¢ > 0. Now, let ¢ =sup A. Then a < ¢ < b.
(if a = ¢, then A = {a} (not open), and if ¢ = b, then AN B # ().) By definition of supremum,
(c—e,c)NA#Dand (c,c+¢e)N B # ) (since ¢ is a boundary point of A). That is,c€ A= A
and ¢ € B = B, which is a contradiction that AN B = (. Motivated by this observation, we now

introduce the general notions of connected and disconnected sets.

Definition 4.1. A metric space X is said to be disconnected (not connected) if there exist two
non-empty open sets A and B such that X = AU B. The sets A and B are called a disconnection
of X.

We say that X is connected if X cannot be expressed as a disjoint union of two non-empty

open sets in X.

Thus, the interval [a, b] is connected.

Note that, when X = AU B where A and B are disjoint, non-empty open sets, it follows
that A and B are closed sets too (as A = B¢, B = A°). Thus, A and B are disjoint, non-empty
clopen sets. Thus, X is connected if and only if X has no nontrivial clopen sets. (Hint. if A is
clopen, then X = AU A€, and A€ is also open.)

Definition 4.2. A subset E of a metric space X is called disconnected in E if there exist

non-empty disjoint open sets U and V in E such that E =U U V.

Note that there exist open sets A and B in X such that
U=ANE, V=BNE

= EF=(ANE)U(BNE)=(AUB)NE = EC AUB.

The sets A and B need not be disjoint. However, they can be refined to disjoint open sets of X
whose intersections with F are still U and V', respectively.
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Lemma 4.3. Let E C X. If U and V are disjoint open sets in E, then there exist disjoint open
sets A and B in X such thatU =ANE and V =BNE.

Proof. For each x € U, because U is open in the subspace topology on E, there exists €, > 0
such that
EnB.(x)CU.

Likewise, for each y € V' there exists £, > 0 such that
ENB.,(y)CV.

Set
A= B, (=), B =] B, ).
zelU yev

Then A and B are open in X, and clearly U C AN FE and V C BN E. The reverse inclusions
also hold: if z € AN E, then z € B, (x) N E for some z € U, hence z € U; similarly, BN E = V.

Finally, AN B = @. Indeed, if z € AN B, then for some x € U and y € V we would have
z € B, (x) N B, (y). Since z € E would then imply z € U NV, which is impossible, we may
shrink the radii if necessary so that the corresponding balls are disjoint; hence the unions remain
disjoint. Therefore A and B are disjoint open subsets of X with ANE=U and BNE=V. O

Theorem 4.4. A subset E of R (containing more than one point) is connected if and only if for
every x,y € E with x <y it follows that [z,y] C E.

Proof. Suppose first that there exist z,y € E with z < y and some z satisfying z < z < y but
z ¢ E. Then
E - (_OOWZ) U (Zv OO);

and both sets on the right meet £ because they contain x and y, respectively. Hence F is
disconnected.

Conversely, assume that [z,y] C F whenever z,y € E with z < y. We show that F is
connected. If not, there exist disjoint non-empty open sets A, B C R such that £ C AU B,
with ANE # @ and BN FE # @. Choose a € ANE and b € BN E with a < b. By hypothesis,
[a,b] C E C AU B. Then AN [a,b] and B N [a,b] are disjoint non-empty open subsets of [a, b]
whose union is [a, b], contradicting the connectedness of the interval [a, b].

Thus E is connected exactly when it contains the interval between any two of its points. This
property is equivalent to saying that FE itself is an interval: indeed, if « = inf £ and 8 =sup F
(allowing the values +00), then every point of («a, ) lies between two points of E and hence
belongs to E. O

Exercise 4.1. Show that the connected subsets of Cantor’s set are only singletons (that is,
Cantor set is totally disconnected).

Now, we simplify our study of connected sets with the help of continuous functions. Notice
that a discrete metric space (containing more that one point) is always disconnected. We use
this fact to identify disconnected sets through comparison via continuous maps.
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Theorem 4.5. A space X is disconnected if and only if there exists a continuous surjective map
f:X —{0,1} (two-point discrete space).

Proof. If f: X — {0,1} is continuous and surjective, then

A=f71{0}), B=fT1({1)). (4.1)

are non-empty, disjoint open sets and AU B = X. Since f is continuous, A, B are closed. Thus,
X has a disconnection.
Conversely, if X = AU B where A and B are non-empty, disjoint open sets in X. Define

0 z€A
flz) = {1 e B (4.2)

which is a continuous and surjective map. O

This result gives a perfect replacement of definition of connected sets. Thus, we conclude

that X is connected if and only if every continuous map from X into a discrete space is constant.

Theorem 4.6. Let f: (X,d) — (Y, p) be continuous, and let E C X. If E is connected, then
f(E) is connected.

Proof. Suppose f(FE) is not connected. Then there exists a continuous surjective map g :
f(E) = {0,1}. Thus, go f : E — {0,1} is continuous and surjective, so F is disconnected, a
contradiction. O

Remark 4.7. A non-constant continuous image of an interval is again an interval. This is nothing

but the intermediate value theorem.

Corollary 4.8. Let I be an interval in R, and f : I — R be a non-constant continuous function,
then f(I) is an interval. In particular, if a,b € I and f(a) # f(b), then f assumes all values
between f(a) and f(b).

Example 4.9. If A, B are connected subsets of a metric space X, then A x B is connected in
(X x X,d x d), where

(dx d){(z1,91), (22, 92))} = d(@1, 22) + d(y1, y2)- (4.3)

Suppose f: A x B — {0,1} is continuous. We claim f is constant. For a € A and b € B,
f(a,-) and f(-,b) are continuous function on A and B respectively . Since A and B are connected
implies f(a,-) and f(-,b) both are constant. That is, f is constant on every vertical and horizontal
lines. Hence, f is constant.

Exercise 4.2. Show that (0,1) x (0,1) cannot be written as disjoint union of countably many
open balls. (Hint: (0,1) x (0, 1) is connected)
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Exercise 4.3. Let D C R and f: D — R continuous. Show that D is connected if and only
if the graph of f, Gy = {(z, f(z)) : @ € D} is connected in R% (Hint: g : X — X x X,
g(z) = (z, f(x)) is continuous = Gy is connected ("." X is connected). On the other hand,
projection py : Gy -+ X = pi(x, f(x)) = x, is continuous = X is connected)

Exercise 4.4. If A C X is connected, then for A C B C A, it implies that B is connected. In

particular, A is connected.

Suppose f : B — {0,1} is continuous and surjective, then f|4 : A — {0,1} is continuous
— f is constant on B.

Exercise 4.5. Let A C B C X. If A and X are connected, does it imply B is connected? (
(0,1) Cc (0,1)U (1,2) C R)

Exercise 4.6. (Topologist’s sine curve) Let f : [0,1] — R be defined by
sin (§) ifz#0
flx) = ,
0 ifx=0

Show that f is not continuous, but G is connected.
(Hint. Consider g : (0,1] — [—1,1] by g(x) = sin (X). Then g is continuous, and hence g((0, 1])
is connected = g is onto. Also, Gy is connected. Since G, C Gy C G = G is connected.

Exercise 4.7. If f: X — Y is continuous and onto, Y not connected, then X is not connected.
(Hint. Y =CUD = X = f~}C)uU f~4D))

Exercise 4.8. Ln(R) = {space of all n x n real matrices} and GL,(R) = {4 = (x;;) €
Ln(R) : det A # 0}. Then, GL,(R) is disconnected in the usual metric on Ln(R). (Hint.
det(A) = 31", 2;; = det is continuous. == GL,(R) = (det)"}(R\ {0}) is open. Now,

det : GLn(R) continuous, onto R \ {0}
= GL,(R) = GL (R) UGL, (R) is disconnected, where
(det) ™ {(~00,0))} = GL; (R), (det){(0,00))} = GL;} (R).

(Hint. An easiest metric on Ln(R) is d(A, B) = max;; |ai; — bjjl)

4.2 Path Connectedness

4.2.1 Path Connectedness

A set £ C X is said to be path-connected if for every z,y € E, there exists a continuous function
v :[0,1] — E such that v(0) = z and (1) = y.
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Example 4.10. Show that the the continuous image of a path-connected set is path-connected.
Let E C X be path-connected and let f : E'— C be continuous. Take any f(x), f(y) € f(E)
with z,y € E. Since E is path-connected, there exists a path v : [0,1] — E such that v(0) = z
and (1) = y. Therefore, (f o7)(0) = f(z) and (f ov)(1) = f(y), so f o~ is a path joining f(x)
and f(y).
Example 4.11. Let P be a polynomial in C*. Then C*\ P~1(0) is path-connected.
Let z,w € C*\ P~Y0). Define v : C — C" by v(t) = (1 —t)z +tw, t € C. Then
{t e C:~(t) € PY0)} = (Pov)~1(0). Since (P o~) is a polynomial on C, it implies that
(Pov)~1(0) is a finite set. Hence, C\ (Pov)~1(0) is path-connected in C. Hence, f(C\(Po~y)~1(0))
is path-connected in C™\ P~1(0) (since v(C \ P~1(0)) is contained in C* \ P~1(0)) containing
z and w. Hence, C"\ P~1(0) is path-connected. (Note that v is not onto unless n = 1, hence

Y(C\ (Poy)~1(0)) ¢ C*\ P7(0).)
Topologist’s Sine Curve: Let f :]0,1] — [—1,1] by

fz) =

sin?, x#0
0, =0

Then
Gy = {(x,sing) cz € (0,1]}U{(0,0)}

is not open. G is not path-connected. (The hope comes from the fact that f is not continuous
at 0.) Suppose, on the contrary, that there is a continuous path

51 [0,1] = G = {(z,sin é) L2 £ 0} U{(0,0)}

where v(0) = (0,0) and v(1) = (1,0); write v = (y1,72). Since  is continuous, vy becomes
uniformly continuous. For ¢ = 1 > 0, there exists § > 0 such that

|s —t] <d = |2(s) —1(t)) <1

Since 0 € y~1{(0,0)}, let t* = sup v~ 1{(0,0)} < 1 (. v(1) = (1,0)).
Choose 61 > 0 such that 0 < t* < t*+ 67 <1 and §; < d. Note that

t* =sup{t:7(t) = (n(t),72(t)) = (0,0) }

So, there exists ¢, — t*, with v1(¢t,) = 0 = 1 (t*) = 0, but 4 (¢t* + 01) > 0. Since
0="(t") <m(t*+d1) <1, by IVP, for large N, there exists s,t € (t*,t* 4+ d1) such that

nt) =53 N6 =~

Therefore,
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So,
Y2(t) —72(s)| =1

This is a contradiction.
Example 4.12. R"\ {0}, ( n > 2) is connected.

Suppose not, let U be an open and closed set in R™\ {0}. For x € U and y € R"\ {0} \ U, we
get a line segment path connecting = and y, say L. Then L N U is the finite union of open and
closed sets in R, but R is connected. Hence, our assumption is wrong, and R™ \ {0} is connected.

In fact, path-connected.
Example 4.13. Let S"! = {z € R": ||z| = 1}. Then S™! is connected.

Define ¢ : R"\ {0} — S"~! by
x

p(r) = m

Then ¢ is continuous and onto, hence S”~! is connected. In fact, S"~! is the continuous image
of the path-connected set R™ \ {0}, and is therefore path-connected.

Example 4.14. Alternative: If A C R is connected, then A is an interval. Suppose there exist
x,y €A, x<z<uy,but z¢ A. Define

f(s)—{l if s <z

-1 ifs>z

So,
f:A\{z}=A—{1,-1}

is continuous and onto, so A is not connected.

Example 4.15. Let f: R — R be such that Gy = {(x, f(z)) : * € R} is closed and connected
in R?. Then f is continuous.

Let ,, — x. Assume f(x,) — y. Then (z,, f(z,)) is a Cauchy sequence in R? and hence

(n, f(xn)) — (x,y). But Gy is closed, so (x,y) € Gy, which implies y = f(x). Hence, f is
continuous.
Note that: f(z,) — y was achieved by considering the boundedness of f where z, — z. If f
is bounded, then f(z,) is bounded in R, and by Bolzano-Weierstrass Theorem, there exists
a subsequence f(z,,) — y € R. Thus, (x,,, f(zn,)) is a Cauchy sequence in R? and hence
convergent, say (Tn,, f(zn,)) = (x,y). But Gy is closed, implies y = f(x).

Notice that there is no other limit point for (z,, f(x,)) than (z, f(z)), else f will not be
well-defined. Thus, (z, f(x,)) — (z, f(z)). Hence, f is continuous.

Notice that so far we have not used the fact that G is connected. Next case is when
|f(zn)| = oo, where x,, — . In this case, we reach to a contradiction that G is disconnected
in a neighborhood of . We claim that there exists ¢ > 0 such that for |z —y| <0 = either
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|f(x) — f(y)| < 1or |f(x) — f(y)| > 2. (Bounded below and above in a neighbourhood of z)
If it is false, then there is a sequence u, with |u, — x| < 1 such that 1 < |f(z) — f(un)| < 2
= There is a subsequence f(uy,) of f(uy) such that f(un,) — w. Then (up,, f(un,)) = (z,w),
and the graph Gy is closed (by hypothesis), which implies f(z) = w. But 1 < [f(z) —w| < 2
Thus, our claim is true.

Let [a,b] = [ — §,xz + 6]. We claim that G N {[a,b] x R} is connected. On the other hand,

Gr N ([a,b] x R)

— (G {la,b] X RN N {(t,5) : [f(2) — 5| < 10 (Gy 0 ([0, b] x R) N {(t,5) : |f(z) — 5] > 1}
that is Gy N ([a,b] x R) = AU B. (3.5)
Thus, G N ([a,b] x R) is disconnected as (z, f(z)) € A and (z,, f(x,)) € B for large n. This

implies x, - * = f(z,) is bounded. Hence, from the previous case, it follows that
f(xn) = f(x). To show G is connected, let

g:GyN([a,b] x R) — {0,1}

be continuous. Then g can be extended continuously outside G ¢ N ([a, b] x R) by constant. Hence
g: G — {0,1} is continuous. But G is connected, hence g is constant. Thus, G N ([a, b] x R) is
connected.

Example 4.16. Let K = {2 : n > 1} and E = ([0,1] x {0}) U (K x [0,1]). Then E is
path-connected (Why?)

Let C = E x ({0} x [0,1]), known as the comb space, which is path-connected. The deleted
comb space Co = EU{(0,1)} is connected, since E C Cy C E and E is connected. But Cj is not
path-connected, because there is no path connecting (0,1) and (1,0). On the contrary, suppose

7:[0,1]—)00

Suppose there is a continuous path such that v(0) = (0,1) and (1) = (1,0). Then v~1((0,1)) is
a closed set, and let tq = supy~1((0,1)) = sup{t € [0,1] : y(¢) = (0,1)}. We claim that there
exists t1 € (to, 1] such that

(Proy){(to,t1)} C K,

where P; : R? — R is the projection onto the z-axis. Suppose the claim is false. Then 3t,, € (to, 1]
with ¢, — to. By assumption, 3s,, € (to,t,) such that v(s,) = (x5, 0) for some z,, € [0,1] \ K.
Note that s, — to. By continuity, (z,,0) = v(sn) — Y(to) = (0,1), which is absurd. Thus,
there exists t1 € (to, 1] such that (P o v){(to,t1)} € K = 1 € (Py o)(to,t1) is a connected
subset of K. Hence (P; o )(to,t1) = {1} (by continuity), but (P; ov)(tg) = 0, an absurd.

Example 4.17. Let U be an open set in R” (or C™). Then U is path-connected if and only if U
is connected.
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Fix a point p € U, and let
A ={q € U : there exists a path in U joining p to ¢}.

We show that A is both open and closed in U.

If g € A, then ¢ € U, so there exists r > 0 such that B,(q) C U. For any s € B,(q), the line
segment joining ¢ to s lies in B, (q), hence in U. Since q is already joined to p by a path in U,
concatenating the two paths shows that s € A. Therefore B,(q) C A, and A is open in U.

Now let ¢ € U \ A. Again choose r > 0 such that B,.(¢) C U. If some s € B,(q) belonged to
A, then the line segment from s to ¢ would lie in U, and concatenating it with a path from p
to s would produce a path from p to ¢, contradicting ¢ ¢ A. Hence B,.(q) CU \ A, so U \ A is
open in U.

Thus A is nonempty, open, and closed in the connected set U. Therefore A = U, and every
point of U can be joined to p by a path in U. Hence U is path-connected.

Exercises

Exercise 4.9. Prove that the image of a connected set under a continuous map is connected.
Exercise 4.10. Prove that an interval in R is connected.

Exercise 4.11. Show that if £ C R is connected, then E' is an interval (possibly a single point).
Exercise 4.12. Let X be a metric space. Prove that path-connectedness implies connectedness.
Exercise 4.13. Give an example of a connected set that is not path-connected.

Exercise 4.14. Let A C X. Define the connected component of z € A to be the union of all
connected subsets of A that contain z. Prove that components form a partition of A and are

closed in A.

Exercise 4.15. Prove the Intermediate Value Theorem using connectedness: if f : [a,b] — R is

continuous, then f([a,b]) is an interval.
Exercise 4.16. Let f : R — R be continuous and periodic. Prove that f is uniformly continuous.
Exercise 4.17. Show that R\ {0} is disconnected, but R?\ {0} is connected.

Exercise 4.18. Let U,V be disjoint nonempty open sets in X with X = U U V. Prove that
every continuous map f : X — R has disconnected range unless it is constant on one of U or V.
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Chapter 5

Continuity and Function Theory on the Real
Line

This chapter introduces the e definitions of limits and continuity for real-valued functions.
We emphasize the logical structure of the quantifiers and the connection with sequential charac-
terizations. We then study monotone functions as a rich class of examples: one-sided limits
always exist, and discontinuities are necessarily jumps and form a countable set. Finally, we
discuss inverses of strictly monotone maps and construct monotone functions with prescribed

jump discontinuities on a given countable set.

Learning objectives.

e Compare pointwise continuity, monotonicity, and one-sided behavior on the real line.
¢ Understand how inverse maps of monotone functions inherit continuity and order properties.

e Use constructive examples to see how prescribed discontinuity patterns can coexist with

monotonicity.

5.1 Limits and Continuity

5.1.1 Limits and one-sided limits

Let I C R be an interval and let a be a point such that I N (a —d,a + J) \ {a} # @ for every
d>0. Let f:1\{a} — R be a function.

Definition 5.1 (Limit at a point). We say that L € R is the limit of f at a, and we write
limy_q f(z) = L, if for every € > 0 there exists § > 0 such that

O<|zr—al<d, zel = |f(z)—L|<e. (5.1)

Definition 5.2 (One-sided limits). Assume that I contains points to the left of a. We say that
L € R is the left-hand limit of f at a, and we write lim,_,,— f(x) = L, if for every £ > 0 there
exists 6 > 0 such that

a—d<zr<a = |f(z)—L|<e. (5.2)

Assume that I contains points to the right of a. We say that M € R is the right-hand limit of f
at a, and we write lim,_,,+ f(x) = M, if for every € > 0 there exists ¢ > 0 such that

a<zr<a+d = |f(x)—M|<e. (5.3)
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Remark 5.3. If both one-sided limits exist and are equal, then the (two-sided) limit exists and
equals their common value. Conversely, if lim,_,, f(x) exists, then both one-sided limits exist
and coincide with it.

Theorem 5.4 (Sequential characterization of limits). Let f : I\ {a} - R and L € R. Then
lim,_,, f(z) = L if and only if for every sequence (x,) in I\ {a} with x,, — a we have f(x,) — L.

Proof. Assume first that lim,_,, f(z) = L. Let (x,) be any sequence in I \ {a} with z,, — a.
Given € > 0, choose § > 0 as in (5.1). Since =, — a, there exists N such that |z, —a| < ¢ for all
n > N, and hence |f(z,) — L| < ¢ for all n > N. Thus f(x,) — L.

Conversely, assume that the sequential condition holds but the e— condition fails. Then
there exists €9 > 0 such that for every k € N there is a point z3 € I with 0 < |z —a| < 1/k
and |f(xy) — L| > 9. The sequence () satisfies x — a, but f(zy) /4 L, which contradicts the
assumption. ]

5.1.2 Continuity
Definition 5.5 (Continuity at a point). Let f : I — R and let a € I. We say that f is continuous
at a if for every € > 0 there exists § > 0 such that

|zt —a|<dandz el = |f(x)— f(a)] <e.

Equivalently, f is continuous at a if and only if lim,_,, f(z) = f(a).

Remark 5.6. If both one-sided limits f(a™~) and f(a™1) exist and satisfy f(a™) = f(a) = f(a™),
then f is continuous at a. If f(a™) and f(a™) exist but are unequal, then f has a jump
discontinuity at a.

5.2 Monotone Functions

5.2.1 Omne-sided limits and discontinuities

Definition 5.7 (Monotonicity). Let I C R be an interval and let f: I — R. We say that f is
increasing on I if x < y implies f(z) < f(y). We say that f is decreasing on I if z < y implies
f(z) > f(y). A function is monotone if it is either increasing or decreasing.

Theorem 5.8 (Existence of one-sided limits). Let f : (a,b) — R be monotone and let ¢ € (a,b).
Then both one-sided limits f(c™) and f(ct) exist in R.

Proof. Assume that f is increasing. Set
L :=sup{f(z):a <z <c}, M :=inf{f(z) : c < z < b}.

Then L < f(¢) < M. Fix € > 0. Choose xg € (a,c) such that f(zg) > L —c. fc—d <z <c
with § := ¢ — zg, then 2y < x < ¢ and hence

L—e < f(xo) < f(x) <L,
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so |f(x) — L| < e. This shows that lim, ,.- f(z) = L. The proof for M = lim,_,.+ f(x) is
analogous. O

Corollary 5.9 (Discontinuities of a monotone function). Let f : (a,b) — R be monotone. Then

every discontinuity of f is a jump discontinuity, and the set of discontinuities is at most countable.

Proof. Assume that f is increasing. By the theorem, f(c¢™) and f(c') exist for every c € (a,b)
and satisfy f(c™) < f(c) < f(¢™). Thus f is discontinuous at ¢ precisely when f(c™) < f(c*), in
which case the discontinuity is a jump.

For each discontinuity point ¢, choose a rational number g. € Q such that

fle) < ge < f(ch).

If ¢ # d are two discontinuity points, then the open intervals (f(c™), f(c¢™)) and (f(d™), f(d™))
are disjoint, because monotonicity implies ¢ < d yields f(c¢™) < f(d™). Hence the map ¢+ g is
injective from the set of discontinuities into Q. Since Q is countable, the set of discontinuities is
at most countable. O

5.3 Surjections, Inverses, and Continuity

Theorem 5.10 (Monotone surjections are continuous). Let f : [a,b] — [¢,d] be monotone and

surjective. Then f is continuous on [a,b].

Proof. Assume that f is increasing. Surjectivity forces f(a) = ¢ and f(b) = d. If f were
discontinuous at some zg € (a,b), then f(zy) < f(xg) by the previous corollary. Choose y with
f(zg) <y < f(xf). For z < x9 we have f(z) < f(xy), and for z > z¢ we have f(z) > f(z{).
Thus f(x) # y for every = € [a, b], contradicting surjectivity. Therefore f is continuous. O

Proposition 5.11 (Inverse of a strictly monotone map). Let f : (a,b) — (c,d) be strictly
monotone and surjective. Then f is bijective, and its inverse f~' : (c,d) — (a,b) is strictly

monotone. If, in addition, f is continuous, then f~' is continuous.

Proof. Strict monotonicity implies injectivity, and surjectivity gives bijectivity. If f is strictly
increasing, then 3 < y2 implies f~'(y1) < f~(y2), so f~! is strictly increasing, and similarly
for the decreasing case.

Assume that f is strictly increasing and continuous. Fix yg € (c,d) and set zo = f~(yo).
Given € > 0, continuity of f at zg yields 6 > 0 such that |z — zo| < J implies |f(z) — yo| < €.
Since f is increasing, this implies that yo — e < f(xzg —0) < y < f(zo +9) < yo + € forces
|f~Y(y) — wo| < 6. Hence f~1 is continuous at yp. O

Example 5.12 (Cantor function). The Cantor (or “devil’s staircase”) function £ : [0,1] — [0, 1]

is continuous, increasing, and surjective, but it is not injective.
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5.4 Constructing Monotone Functions with Prescribed Jumps

Let D be a countable subset of R. We now construct an increasing function whose discontinuities
are contained in D, and whose jump at each point of D can be prescribed.

Proposition 5.13 (Construction). Write D = {x1,x9,...}, and choose numbers &, € (0,1)
such that > 521 en < 00. Define

f(x) = Z €n;,

neN
Tn<T

with the convention that f(x) = 0 if the index set {n : x, < x} is empty. Then f is increasing
on R. Moreover, for each k € N,

flag) = flaw) —en,  flaf) = flan),
and hence the jump size at xy, equals €. Finally, f is continuous at every point of R\ D.

Proof. 1If x < y, then the index set {n : x,, < z} is contained in {n : z, <y}, so f(y) > f(z). Fix

k and let y | x. Then the set {n : x; < z,, < y} eventually becomes empty, so > en — 0,

T <Tn<y
which gives f (:Uz) = f(=xg). Similarly, if x 1 xj, then the only term that can “disappear” at the
limit is ey, which yields f(z; ) = f(xr) — €.

If ¢ D, then for y — = the index set {n : min{z,y} < z, < max{z,y}} eventually becomes

empty, so the corresponding sum tends to 0 and f is continuous at x. 0

Example 5.14. If D = Z and Y_,,c; €, < oo (for instance by choosing e, = 271"71) then the

above construction yields a monotone function that is constant on each open interval (n,n + 1).

Example 5.15. Let D be the set of endpoints of the intervals removed in the construction of the
Cantor set. By choosing a suitable summable sequence (e,,) and applying the above construction
to an enumeration of D, one obtains a monotone function whose discontinuities occur only at

points of D. This viewpoint provides one route to the Cantor function.

Example 5.16. Define f: [0,1] — R by

N 1
f($):x+z2_n7 Ng = L J for z < 1,
n=0

and set f(1) = 3. Show that f is strictly increasing and discontinuous at the countable set
{1-}:keN}.

Exercises

Exercise 5.1. Give the -0 proof that lim,_,,(2?) = a?.

Exercise 5.2. Show that f is continuous at a if and only if z,, — a implies f(z,) — f(a).
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Exercise 5.3. Prove that sums, products, and compositions of continuous functions are continu-
ous (with full e-6 arguments).

Exercise 5.4. Show that a continuous function on a compact set is bounded and attains its

maximum and minimum.
Exercise 5.5. Prove that a continuous function on [a, b] is uniformly continuous.

Exercise 5.6. Let f be monotone on an interval. Prove that the one-sided limits f(z~) and

f(z™) exist at every interior point.
Exercise 5.7. Show that a monotone function has at most countably many discontinuities.

Exercise 5.8. Let f be strictly increasing and continuous on an interval I. Prove that f(I) is

an interval and that f~! is continuous on f(I).

Exercise 5.9. Construct a monotone function with jump discontinuities exactly at the points of

a given countable subset of (0, 1).

Exercise 5.10. Prove that if f is continuous and injective on an interval, then f is strictly

monotone.
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Chapter 6

Sequences and Series of Functions:

Compactness, Approximation, and Power

Series

We study compactness phenomena in spaces of functions via equicontinuity and the Arzela—Ascoli
theorem. We then discuss semicontinuity and approximation results (including the Weierstrass

approximation theorem), and we conclude with a systematic treatment of power series.

Learning objectives.

Control families of functions by uniform boundedness, equicontinuity, and compactness in

function spaces.

Distinguish pointwise from uniform phenomena and understand which analytic properties

pass to the limit.

Use Arzela—Ascoli, approximation arguments, and power-series methods as a coherent package.

6.1 Compactness in Spaces of Functions

Section overview.

Compactness in C(X) is subtler than compactness in Euclidean space because one must

control entire families of functions at once.

Uniform boundedness and equicontinuity are the correct replacements for ordinary bounded-

ness.

Arzela—Ascoli should be read as a compactness criterion and as a blueprint for extracting

convergent subsequences.

6.1.1 Equicontinuity

A collection F C C(X) is said to be (uniformly) equicontinuous if for every € > 0, there exists
0 > 0 such that

d(z,y) <6 = [f(z) - fy)l <e, VfeF.

Example 6.1.
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(i) Finite subset of C'(X) is (uniformly) equicontinuous and every sub-collection of a (uniformly)

equicontinuous collection is equicontinuous.

(ii) Let 0 < @ <1 and k > 0. Define

Lipg = {f € C([0,1]) : [f(2) = F(y)| < klz —y[*}

This collection is equicontinuous, but not totally bounded, since all constant functions are

satisfying this condition.

Lemma 6.2. If F C C(X) is totally bounded, then F is uniformly bounded and (uniformly)

equicontinuous.

Proof. Since a totally bounded set is (uniformly) bounded, we only need to show that F is
equicontinuous. Since F is totally bounded, for € > 0, there exists fi,..., fn € F such that for
f € F, there exists f; with || f — filloo < . But {f1, -, fu} is equicontinuous, so for € > 0, there
exists § > 0 such that

Now, for any f € F,

[f(@) = f)] < [f(2) = file)| + [ filz) = fi)| + [fily) = fW)| Se+e+e=3e
O

Corollary 6.3. If f, unif, fin C(X), then {fn} is uniformly bounded and (uniformly) equicon-

tinuous.

Proof. Notice that {f} U{f, : n € N} is compact, hence { f,} is totally bounded, so (uniformly)

equicontinuous. [

6.1.2 Arzela-Ascoli Theorem

Theorem 6.4 (Arzela—Ascoli). Let X be a compact metric space, and let F C C(X). Then
F is compact in (C(X),| - |loo) of and only if F is closed, uniformly bounded, and uniformly

equicontinuUoUs.

Proof strategy. The forward direction packages compactness into total boundedness and hence
into uniform boundedness and equicontinuity. For the converse, one proves that every sequence
in F admits a uniformly Cauchy subsequence by combining finitely many point evaluations with
equicontinuity on a finite d-net of the compact space.

Proof. The forward implication follows from the previous lemma.
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Conversely, let (f,) C F be a sequence. Claim: (fy) has a (uniformly) convergent subsequence.
Note that (f,) is equicontinuous. For € > 0, there exists § > 0 such that

d(z,y) <6 = [fu(2) = fuly)| <&, Vn=>1

Since X is totally bounded, there exists a finite set z1,...,xr € X such that

k

X = Bs(w).

i=1

Let x € X, then there exist x; such that d(z, x;) < §. Also, (fy) is uniformly bounded, so for each
i, {fn(x:) 22, is bounded in R. So Without loss of generality, we may assume that {f,(z;)}52,
is convergent for each ¢ = 1,..., k. In particular, for every € > 0, there exists NV € N such that

|fm(xz) - fn(xz)| <e

for all m,n > N, for each i = 1,2,..., k. Now, for x € X, there exists z; such that d(z,x;) <.

Hence,

[fm (@) = fu(@)] < | fm(@) = fo (@) + [ frm(@s) = fr(@i)| 4 | fo(@:) — fu(2)]
<e4e+4e=3e

So || fm — falleo < 3e for all m,n > N. Therefore, (fy,) is a (uniformly) Cauchy sequence, hence

convergent (because C'(X) is complete). O

Takeaway. Arzela—Ascoli is the function-space analogue of Bolzano—Weierstrass: compactness is
recovered not from pointwise boundedness alone, but from a simultaneous control of size and

oscillation.

Corollary 6.5. Let X be compact. If (fy) is uniformly bounded and (uniformly) equicontinuous
in C(X), then (fn) has a uniformly convergent subsequence. (Hint: A = {f, :n € N} is closed.)

Example 6.6. Let X = (0,1) and define

1—-nt ift<
fa(t) = .
0 if ¢t >

Si= 3=

Show that (f,,)22, is pointwise equicontinuous but not uniformly equicontinuous on (0, 1).

Notice that for any point ¢ € (0,1), there exists ng € N such that for each n > n — 0,
fn(t) = 0 in a small neighborhood of ¢. Hence, (fy)n>1 is pointwise equicontinuous on (0, 1).

(&)1 Q)nn o=

where |ﬁ - % = % — 0. Hence, (fn)n>1 is not uniformly equicontinuous on (0, 1).

However,
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Example 6.7. For X = [0, 1], define
t— —

o}
L0V
n

Then (fn)n>1 is equicontinuous at each point ¢ > 0, but not at ¢t = 0.

Fu(t) = max {1 o4 1)2

For tg > 0, it follows from the fact that

1—2(n+1)?

1 1 1
to——| <0 ifand only if — 4+ —-—= <tp.
0 n‘_ 1f and only 1 n+2(n+1)2_0
And hence, f,(t) =0 for n > ng in a small neighborhood of ¢y > 0. Notice that the above means
that (fn)ne,, is pointwise equicontinuous at to > 0. Since {f1, -, fny—1} (finitely many) is
always equicontinuous. Thus (f,)n>1 is pointwise equicontinuous for ¢ > 0. However, for ¢t = 0,
fn(0) =0, fp (l) =1,but [0— 1| = 0and |f,(0) — fu(2)| = 1. Thus, (fn)n>1 is not pointwise

n
equicontinuous at t = 0.
Remark 6.8. We end this section with a remark on a structural property of subsets of the real
line. Any open set can be written as a countable union of pairwise disjoint open intervals;
moreover, a bounded (equivalently, totally bounded) set can be covered by finitely many intervals
of arbitrarily small length.

Remark 6.9. A closer look at totally bounded sets reveals that many properties verified on finitely
many centers can be propagated to the whole space, since every point lies in a ball of arbitrarily
small radius.

6.1.3 Dini’s Theorem

Theorem 6.10. Let X be a compact metric space, and f, f, € C(X) such that f, | f pointwise
on X. Then f, | f uniformly on X.

Proof. Let g, = fn — f. Then g, | 0 pointwise on X. Notice that for each € > 0, |g,(z)| < € for
large n (depending upon z). Let

E,={z e X :gy(x) <€}

Then E, = g, '(—00,¢), hence open. Also, E,, C E,,1 C ---. Since g, | 0 at each point, it
follows that X = ;2 Ey,. (If x € X and = ¢ E,, for all n € N, then g,(x) > € for all n € N,
which is a contradiction.)

But X is compact, hence there exists N € N such that X = UnN:1 E, = FEpy. Thus, forz € X
and n > N, we have g, () < gn(z) <€, that is, |gn(z)| < € for all n > N and all x € X. Hence
gn | 0 uniformly on X. O

Corollary 6.11. Suppose f,, f € C(X) and f, T [ pointwise, then f, 1 f uniformly. (Hint.

gn = [ — fn 1 0 pointwise, so use the above argument.)

95



Real Analysis 6. Sequences and Series of Functions: Compactness, Approximation, and Power Series

1. Notice that the limit function f must be continuous, else f,,(z) = 2™ will contradict the above
theorem.

2. If X is not compact, then the conclusion of the theorem might not be true.
For X =R,
0 if —co<t<n
fn(t) = %—1 ifn<t<2n
1 ift > 2n
fn 4 0 pointwise, but || f]|co = 1..

Remark 6.12. However, a pointwise convergent sequence can differ with uniform convergence on

an arbitrarily small set (Egoroff’s Theorem).

6.2 Semicontinuity and Approximation

6.2.1 Upper Semi-Continuity

Let f:(X,d) — R. Then f is said to be upper semi-continuous on X if for each o € R, the set
{r € X : f(x) < a} is open.

Result: f: X — R is upper semi-continuous if and only if for any « € X, and each sequence
Ty — x = limsup,_, f(zn) < f(x).

Proof. Let g € X and € > 0. Then z¢ € {z: f(x) < f(xo) + €} is open. This implies, there
exists a neighbourhood Bjs(zo) such that f(z) < f(zo) + € for all z € Bs(zo). Let 1 < § and
Ty — x then x, € Bi(xz¢) such that f(z,) < f(xo) + €. Hence,

Tp — g = limsup f(x,) < f(zg) +€ forall e>0

n—oo

So limsup, . f(2n) < f(20).

Conversely, suppose, on the contrary, that f is not upper semi-continuous on X. Then
there exists o € R such that Ay ={x € X : f(x) < a} is not open. That is, there exists
xo € A, such that for every neighbourhood Bgs(zg), there exists x5 € Bs(zg) with x5 ¢ A,, hence
f(zs) > a. For § = L, choose x,, € B%(aro) = x, — X, but f(x,) > a > f(xg). Thus,

n

lim sup f(2,) > a > f(xo)

n—oo

which is a contradiction. O

Example 6.13. If X is compact and f : X — R is upper semi-continuous, then f attains its

maximum.

Note that X = Uyer{z € X : f(z) < a}, but X is compact, hence X = U {z € X : f(z) <
a;}. Forany x € X, f(x) < oy < max{a;} = o < co. Hence f is bounded above. Next, f attains
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its supremum on X. If not, then f(z) < sup f for all x € X. For n € N, there exists z,, € X
such that sup f — % < f(zn) Now, z,, € X, X is compact, hence 3 subsequence z,, — z € X.
But, then

sup f < limsup f(zn,) < f(2)

k—o00

Thus sup f < f(x), which is not possible, as it contradicts our assumption.
Similarly, one defines lower semicontinuity: a function f: X — R is lower semicontinuous if
{r € X : f(x) > a} is open for every a € R. Equivalently,

< T ;
f(z) < liminf f(z,)

whenever x, — x. Thus, f is continuous if and only if it is both lower semicontinuous and upper
semicontinuous.

Remark 6.14. Note that if f : X — R is upper semi-continuous (USC), then f~1{(—oco,a)} is
open, and hence f~1{[3,a)} is open if B < a, but it does not imply that f~1{(3, )} is open for
each a, B € R, else f is continuous. (However, f is Lebesgue measurable!) But if f is both lower
semi-continuous (LSC) and upper semi-continuous (USC), then

FH(a, 8)} = F7H{(—00,8) N (@, 00)}

is open, hence f is continuous.

Remark 6.15. There is no relation between lower semi-continuity and upper semi-continuity with
left limit and right limit.

Example 6.16.

inl z+4£0
f(fv)Z{S 2 07
1 z=0

is upper semi-continuous, but none of left limit and right limit exists at = = 0.

Exercise 6.1. Check for lower semi-continuity and upper semi-continuity for f(x) = |z], the

greatest integer function.

6.2.2 Weierstrass Approximation Theorem

We shall see that polynomials are dense in (Cla,b],|| - ||oo) if b —a < co. As a consequence,
Cla,b] is a separable space. The question of density of polynomials in C[a, b] can be transferred

to C|0, 1] with the help of the map:
t—a

fi) =

For f € C[0,1] and n =0,1,2,..., define (Bernstein polynomial):

Bu(f) () = g%f (5) (Z) (1 — gyt
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Then B, (f) is a polynomial of degree at most n. Here, B, (f) is known as Bernstein polynomial.

In fact, we have

Bn(f)(0) = f(0),  Ba(f)(1) = f(1)

Let us denote f,(z) = 2™ for n = 0,1,2,.... The following lemma, which is involved with

combinatorics, is crucial in proving the density of B, (f) in C]0,1].
Lemma 6.17.

(i) Bn(fo) = fo and Bu(f1) = f1.

(i) By (f2) = (1 - %) fo+ %ﬁ, hence By (f2) — fo uniformly.

2 \(1l—x
(i) Yo (5 — =) (bt -k = =0 < L

(iv) Given 6 > 0, 0 < z < 1, let F' denote the set of F = {kE{O,l,...,n}:‘E—x’ 25}.
Then

keF

Proof. (i) is trivial, as it follows from simple binomial expansions. Hint.

Z ]:L<Z> -z k=g Z <Z: i) A O R Lol
k=1

SO Bn(fl) = fl-
(ii) To compute By, (f2), we break the sum into two parts:

N2 [n k{n-—1 1 [n—2 1/n—1
(n) <k>_n<k—1)_(1_n)<k_2>+n<k_l> for k > 2
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. (k_x)2
(iv) For k € F', 1 < -2~ Hence,

Theorem 6.18 (Bernstein). Let f € C[0,1]. Then B,(f) — f uniformly on [0, 1].

Proof. Since f is uniformly continuous, for € > 0 there exists § > 0 such that [z —y| < § =

f(2) = (y)] < 5. Now,
= kz”;) (f(x) —f (i)) (Z) aF(1—z)nF
< kz; f@ -1 (%) (Z) 21— 2y,

Let us fix a n (to be specified soon). Let F denote the set of k € {0,1,...,n} such that
‘% — x’ > §. Then

f(z) — B

s@ - (2)I<5 torkgF

and y
5@ =7 (2) 120l forker
Thus,
|f(x) = Bu(f)(2)] < g > ( ) —2)" " 2 flloo D <Z>m’“(1 — )"
k¢r keF
€ 1
<5 1420l (o 52)
<e€

provided n > %. Therefore,

o Iflle

|Brn(f) — flloo <& whenever T2

Exercise 6.2. If f € C[0,1] and [, 2™ f(z) dz = 0 for all n > 0, then f = 0.
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6.3 Power series

Power series provide a canonical source of uniformly convergent series of functions and connect
real analysis with elementary complex-analytic ideas. We record the basic convergence theory

and the standard termwise operations.

Definition 6.19. A power series centered at xp € R is a series of the form

[e.e]

Z an(x — x0)", (6.1)

n=0
where (an)n>0 C R (or C).

Theorem 6.20 (Radius of convergence). For the power series (6.1) there exists R € [0, 00] such
that:

(i) the series converges absolutely for all x with |x — xo| < R;

(7i) the series diverges for all x with |x — xo| > R.

The number R is called the radius of convergence. Moreover,

1
R= lim sup |a,|*/™ (6.2)

n—oo
(with the convention 1/o0 =0 and 1/0 = o).

Proof. Set p = limsup,,_, |an|"/" € [0,00] and define R by 1/R = p. Fix x with |z — x| < R.
Choose 7 with |z — x| < 7 < R. Then p < 1/r, hence there exists N such that |a,|"/" < 1/r
for all n > N. Thus |a,(z — 20)"| < (Jz — zo|/r)"™ for n > N, and the tail is dominated by a
geometric series; hence convergence is absolute.

If |x — x| > R, choose r with R < r < |x — x¢|. Then p > 1/r, hence for infinitely many n
we have |a,|'/" > 1/r, that is |a,(x — 20)"| > (| — 20|/r)", which does not tend to 0. Therefore

the series diverges. O

Theorem 6.21 (Uniform convergence on compact subintervals). Let > 07 an(z — x0)"™ have
radius of convergence R > 0. Then for every 0 < r < R the series converges uniformly on the
closed interval

[xo — 7, T0 + 7).

Proof. Fix r € (0, R). By the definition of R there exists M > 0 such that |a,|r™ < M for all
n large enough. For = € [xg — r,xo + r] we have |z — x| < r, hence |a,(x — z0)"| < |an|r™.
Since Y |ap|r™ converges (as r < R), the Weierstrass M-test implies uniform convergence on
[xo — 1y x0 + 7). O
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Theorem 6.22 (Termwise differentiation and integration). Let > > an(z — x0)" have radius
of convergence R > 0, and define

f(z) = Zan(x—mo)" (|lx — xz0| < R).
n=0
Then f is differentiable on (xo — R,z9 + R) and
f(x) = Z nan(z — o) 1, xr — xo| < R. (6.3)
n=1

Moreover, for every x with |z — x| < R we have

(x _ wo)”'H

: tdtzooani. 6.4
/xof() ,;) n—|—1 ( )

Both derived series have the same radius of convergence R.

Proof. Fix r € (0, R) and work on the closed interval I = [xg — r,29 + r]. By theorem 6.21,
the original series converges uniformly on I. The differentiated series in (6.3) also converges
uniformly on I: indeed, since 3" |a,|r" converges, the series 3" n|a,|r" ! converges by a standard
comparison (e.g. ratio test), and hence the M-test applies to > na,(x — z0)" * on I. Let
Sy(z) = SN Jan(z — z0)". Then Sy is differentiable and Sh(z) = SN na,(z — x0)" L.
Uniform convergence of S on I together with pointwise convergence of Sy (z¢) implies that (Sy)
converges uniformly to a differentiable limit f on I and that f’ =1lim .Sy on I. Since r < R is
arbitrary, the formula holds for all |z — x| < R. The integral formula (6.4) follows by integrating
the partial sums and passing to the limit using uniform convergence. O

o0 :E’VL
n=0 nl
a C™ function on R. Moreover, it satisfies f/ = f and f(0) = 1, hence it coincides with the

exponential function e”.

Example 6.23. The exponential series > has infinite radius of convergence and defines

Exercises

Exercise 6.3. Let (f,) be a sequence of continuous functions on [a, b] that converges uniformly

to f. Prove that f is continuous.
Exercise 6.4. Give an example of pointwise convergence f,, — f on [0, 1] where f is discontinuous.
Exercise 6.5. Prove that if f,, — f uniformly and each f,, is bounded, then sup |f, — f| — 0.

Exercise 6.6. State and prove the Weierstrass M-test, and use it to prove uniform convergence

of a power series inside its radius of convergence.

Exercise 6.7. Prove the Arzela—Ascoli theorem for a uniformly bounded, equicontinuous family

in C([a,b]).
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Exercise 6.8. Let f,, be differentiable on [a, b], assume f,(z¢) converges for some z¢ and f,

converges uniformly. Prove that f, converges uniformly and that (lim f,)" = lim f.

Exercise 6.9. Prove that every continuous function on [0, 1] can be uniformly approximated by

polynomials (Weierstrass approximation theorem).

Exercise 6.10. For a power series Y a,(x — a)” with radius R > 0, prove that it converges

uniformly on [a — r,a + r| for each 0 < r < R.
Exercise 6.11. Compute the radius of convergence of , -+ %(w —2)".

Exercise 6.12. Let > anz™ and > b,x™ have radii R, and Rp. Prove that the Cauchy product
has radius at least min(R,, Rp).
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Chapter 7

Differential Calculus in One Variable

This chapter develops the basic differential calculus of functions f: R — R (or f: (a,b) = R).
After reviewing differentiability and the standard algebraic rules, we prove Rolle’s theorem and
the Mean Value Theorem and derive their classical consequences (monotonicity criteria and
estimates). We then establish Taylor’s theorem with remainder, which provides local polynomial
approzimation and is the main engine behind many asymptotic arguments in analysis.

Learning objectives.

o Treat differentiability as first-order approximation and use it to derive qualitative global
information.

e Apply Rolle’s theorem, the mean value theorems, and Taylor’s theorem with full control of

their hypotheses.

e Convert derivative information into monotonicity, Lipschitz estimates, and approximation
results.

Learning objectives.

Understand differentiability as a local linear approximation and relate it to continuity.

Prove and use Rolle’s theorem, the Mean Value Theorem, and Cauchy’s Mean Value Theorem.

Derive standard consequences: monotonicity, Lipschitz-type estimates, and convexity tests.

State and prove Taylor’s theorem with Lagrange’s remainder and use it for approximation.

7.1 Differentiability

Section overview.

« Differentiability is stronger than continuity because it asserts the existence of a linear model
at small scales.

e The goal of this section is to identify the exact approximation statement hidden behind the

derivative.

o Later results in the chapter should be read as consequences of this linear approximation
viewpoint.
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Definition 7.1. Let I C R be an interval and let f: I — R. We say that f is differentiable at
xo € I if the limit

f'(wo) = lim fzo + h}z — /(o) (7.1)

exists (finite). If f is differentiable at every = € I, then f is differentiable on I.

Proposition 7.2. If f is differentiable at xq, then f is continuous at xg.

Proof. Assume (7.1) holds. Write

f(zo+h)— flzog)=h- f(xo +h})b— f(xo)'

As h — 0, the quotient tends to f’(xg), hence is bounded near 0. Therefore the product tends to
0, that is f(xo+ h) — f(zo). O

Remark 7.3. Differentiability is precisely the existence of a first-order approximation: f is
differentiable at x¢ if and only if there exists m € R and a function n(h) with n(h) = 0ash — 0
such that

f(zo + h) = f(xo) + mh + hn(h). (7.2)

In that case m = f/(zo).

7.2 Mean value theorems

Theorem 7.4 (Rolle). Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b). If
f(a) = f(b), then there exists ¢ € (a,b) such that f'(c) = 0.

Proof. By the extreme value theorem, f attains a maximum and a minimum on [a, b]. If both
extrema occur at the endpoints, then f is constant and f' =0 on (a,b). Otherwise, at least one
of the extrema occurs at some interior point ¢ € (a,b). At an interior maximum or minimum,

the difference quotients from the left and right have opposite signs, which forces f'(¢) =0. O

Theorem 7.5 (Mean Value Theorem). Let f : [a,b] — R be continuous on [a,b] and differentiable
on (a,b). Then there exists ¢ € (a,b) such that

file) = —=7—"—. (7.3)

—a

Idea. Subtract the secant line joining (a, f(a)) and (b, f(b)). The resulting function has equal
endpoint values, so Rolle’s theorem turns the mean slope statement into a zero-derivative
statement.

Proof. Consider the auxiliary function
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1 (b, £ (b))

(a’ f(a)) secant slope = W

g

Figure 7.1. Geometric content of the Mean Value Theorem: some tangent slope equals the secant slope.

g(b) = 0. By Rolle’s theorem

Then g is continuous on [a, b], differentiable on (a,b), and g(a) =
= {'(c), which is exactly (7.3). O

theorem 7.4, there exists ¢ € (a,b) with ¢’(c) = 0, that is f/(c)

Theorem 7.6 (Cauchy Mean Value Theorem). Let f,g: [a,b] — R be continuous on [a,b] and
differentiable on (a,b). Then there exists ¢ € (a,b) such that

(f(0) = f(a))g'(¢) = (g(b) — g(a)) f'(c). (7.4)

= (a) . (7.5)
Proof. Define

h(z) = (f(b) = f(a)) g(z) = (9(b) — g(a)) f(x).

Then h is continuous on [a, b], differentiable on (a,b), and h(a) = h(b). By Rolle’s theorem
theorem 7.4, there exists ¢ € (a,b) such that h'(c) = 0, which is precisely (7.4). O

7.3 Consequences of the MVT

Proposition 7.7 (Monotonicity test). Let f : (a,b) — R be differentiable.
(i) If f'(x) >0 for all z € (a,b), then f is nondecreasing on (a,b).
(it) If f'(x) > 0 for all x € (a,b), then f is strictly increasing on (a,b).

Proof. Fix x < y in (a,b). Apply the Mean Value Theorem theorem 7.5 to f on [z,y] to find
¢ € (z,y) such that

fy) = f@) =)y — ).
If f/ > 0, then the right-hand side is > 0, hence f(y) > f(x). If f/ >0, then f(y) > f(z). O
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Proposition 7.8 (Lipschitz estimate). Let f : [a,b] — R be differentiable and suppose |f'(z)| <
M on (a,b). Then for all z,y € [a,b],

[f(z) = fy)| < Mz —y|. (7.6)

Proof. Assume x < y. By theorem 7.5, there exists ¢ € (z,y) with f(y) — f(z) = f'(¢)(y — ),
hence [f(y) — f(z)] < M|y — =, O

7.4 Taylor’s theorem

Theorem 7.9 (Taylor with Lagrange remainder). Let n € N and let f : [a,b] — R be (n + 1)
times continuously differentiable on [a,b]. Fizx xo € [a,b]. Then for every x € [a,b] there exists &
between x and xg such that

F(e)

i) (z — xo)" L. (7.7)

Consider the function
O(t) = f(t) — Palt) — A(t — m0)"*,

where A is chosen so that ®(z) = 0. Since ®(z9) = 0 as well, repeated application of Rolle’s

theorem yields a point & between z and z with @™+ (¢) = 0. But P,§”“> =0 and j;%(t —

x0)" ! = (n + 1), hence
0= (&) = fH(E) — Mn + 1),

firtt (f). Substituting the definition of A (from ®(z) = 0) gives (7.7). O

)
SO)\:W

Corollary 7.10. Under the assumptions of theorem 7.9, if |f™+tV(¢)] < M on [a,b], then

ek (4

Exercises

Exercise 7.1. Prove Rolle’s theorem and deduce the Mean Value Theorem.

Exercise 7.2. Let f be differentiable on (a,b) and continuous on [a, b]. Show that if f/ =0 on
(a,b) then f is constant on [a,b].
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Exercise 7.3. Show that if f’ exists and is bounded on (a,b), then f is Lipschitz on [a, b].
Exercise 7.4. Prove that if f/ > 0 on an interval then f is strictly increasing there.
Exercise 7.5. Let f be twice differentiable on (a,b). Prove that f” > 0 implies f is convex.

Exercise 7.6. Prove Taylor’s theorem with Lagrange remainder and use it to derive sinz < z
for z > 0.

Exercise 7.7. Show that if > a,, converges absolutely, then the series > a,x™ defines a differen-

tiable function on (—1,1) with termwise differentiation.

Exercise 7.8. Give an example of a function differentiable everywhere whose derivative is

unbounded on every interval.
Exercise 7.9. Prove that if f is differentiable at a, then f is continuous at a.

Exercise 7.10. Suppose f is differentiable on (a,b) and f’ is increasing. Prove that f is convex.
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Chapter 8

Differential Calculus in Several Variables

This chapter develops the basic analytic framework for functions on R™. We begin with limits
and continuity, phrased in the language of the Fuclidean metric. We then introduce partial and
directional derivatives and, more importantly, the correct notion of differentiability as a linear
approzimation (Fréchet differentiability). The chain rule is stated and proved in forms suited
to compositions and coordinate changes, and we discuss higher derivatives and mized partials.
We next establish Taylor’s theorem as a systematic higher-order approximation scheme. The
chapter culminates in the inverse and implicit function theorems, which provide precise criteria

for local invertibility and for representing level sets as graphs.

Learning objectives.
e Understand differentiability in several variables as a linear approximation, not merely as the
existence of partial derivatives.

o Use the Jacobian, Hessian, and Taylor expansion to analyze local geometry and local extrema.

e Master the conceptual content of the inverse and implicit function theorems as local structure
theorems.

8.1 Syllabus map

This chapter develops the theory of functions of several variables in a self-contained manner.
The central viewpoint is that differentiability is linear approzimation with a remainder that is
small relative to ||h||. The chapter develops this idea in a sequence that mirrors the syllabus:

(1) Limits and continuity in R": the e-§ definition and its sequential characterization,

together with basic permanence properties.

(2) Differentiability and the Fréchet derivative: partial and directional derivatives, differ-
entiability as the existence of a best linear approximation, and the chain rule.

(3) Taylor’s theorem and quantitative estimates: higher-order expansions and remainder

bounds that control approximation errors.

(4) Local structure of smooth maps: the inverse function theorem and implicit function
theorem, with applications to local parametrizations and constraint manifolds.
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8.2 Limits and continuity

8.2.1 Notation and basic definitions in Euclidean space

Throughout this chapter we work in R™ with the standard inner product
n
<Xay> :Zx]yja X:(wla"'a:pn)v y:(ylv"'7yn)a
j=1

and the associated Euclidean norm
1/2
I = (x,3)12 = (@F + -+ 22) 2. (8.1)

We will use (8.1) as the default norm on R™ (and on R™ when needed). The Euclidean distance
is
d(x,y) := |lx =yl

For x € R™ and r > 0, the open ball of radius r centered at x is

B.(x):={y eR": |ly — x| < r}.

Conventions. Vectors are written in boldface, and x; — x always means ||x; — x|| = 0. When

the meaning is clear from context we may suppress boldface.

We record two inequalities that will be used repeatedly.

Theorem 8.1 (Cauchy—Schwarz inequality). For all x,y € R™,

6y < [yl

Moreover, equality holds if and only if x and y are linearly dependent.
Proof. If y = 0 the claim is trivial. Otherwise, consider the quadratic polynomial
p(t) : = |x — ty]?

= <X_ty’x_tY>
= |Ix|1* = 2t(x,y) + £[ly|>.

Since p(t) > 0 for all ¢ € R, its discriminant is non-positive:
4(x,y)* = 4]x|*lylI* < 0.

This is exactly |(x,y)| < ||x]| ||y||- Equality holds if and only if p(¢) has a real root, i.e. x —ty = 0
for some ¢. O
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Proposition 8.2 (Triangle inequality). For all x,y € R",
Ix+yl < x|l + [yl
Proof. By expanding the square and applying Cauchy—Schwarz,

e+ ylI* = [1x[” + llyll* + 2(x, )
< (Il + Iy lh*.

Taking square roots gives the result. O

Theorem 8.3 (Bolzano—Weierstrass in R™). Every bounded sequence in R™ has a convergent

subsequence.

Proof. Let x3, = (z%,...,2F) be bounded. Then each coordinate sequence (;1:9“) k>1 is bounded in
R. Apply the one-dimensional Bolzano~Weierstrass theorem to (%) to obtain a subsequence
along which the first coordinate converges. Restrict to that subsequence and repeat for the second
coordinate, and so on. After n steps we obtain a subsequence (xy,) such that each coordinate

converges; hence x,, — x € R". O

8.2.2 Limits in Euclidean space

The definition of a limit in R™ uses the Euclidean distance.

Definition. Let D C R™ and let f : D — R™. Given xy € R" that is a limit point of D, we
write
lim f(z)=1L

T—IT0

if for every € > 0 there exists § > 0 such that

O<|lx—x0]| <0 and z€ D = | f(z)—L|<e.

Sequential criterion. The limit equals L if and only if for every sequence (zy) C D with
xp, — xo and zy # o, one has f(xr) — L. We will freely use either formulation, depending on

convenience.

Paths and polar coordinates in R?2. When n = 2 and 2y = (0,0), a common way to disprove
the existence of a limit is to find two paths approaching (0,0) along which f approaches different
values. A common way to compute limits is to use polar coordinates x = r cosf, y = rsin@; then
(x,y) — (0,0) is equivalent to  — 0". In many examples, showing that lim,_,q+ f(r cosd,r sin 6)
exists and is independent of 6 suffices.

A caution about the path test. Agreement along a few special curves never proves the
existence of a multivariable limit; it only rules out some obvious obstructions. To establish
existence, one needs an estimate that works for all nearby points—for example, a bound in terms
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of /x2 + 2, or a representation in polar coordinates whose absolute value tends to 0 uniformly
in 6.

8.2.3 Continuity in Euclidean space

Let D CR” and f: D — R™.

Definition 8.4. The function f is continuous at xg € D if for every ¢ > 0 there exists § > 0
such that
|t —xo]| <6 and z €D = |f(z)— f(zo)] <e.

Equivalently, f is continuous at x¢ if and only if lim,_,,, f(z) = f(zo).

Figure 8.1. Geometric interpretation of the e—§ definition of continuity at a.

Sequential criterion. The function f is continuous at xg if and only if for every sequence
(xx) C D with xp, — xo one has f(zxx) — f(zo)-

Componentwise continuity. If f = (f1,...,fm) : D — R™, then f is continuous at zg
if and only if each component f; is continuous at zg. Indeed, ||f(xz) — f(x0)|| < e implies
|fi(x) — fi(zo)| < ||f(z) — f(z0)|| < &, while conversely one can estimate

1 (@) = f(@o)lI* = Zlfz ~ filzo) .

Negation of continuity. The function f fails to be continuous at xg if and only if there exists
gog > 0 such that for every 6 > 0 there exists x € D with ||z — xg|| < d but || f(z) — f(x0)] > €o.

Example 8.5. Define

1, zx 0,
flz,y) = { V7
0, zy=0.
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Then lim, ) 0,0y f (7, y) does not exist, because along the path y = 0 the function is identically
0, whereas along the path y = x it is identically 1 for x # 0. By contrast, if one defines

1, xzy=1,
g(z,y) =
0, zy#1,
then lim(, ), 0,0) 9(z,y) = 0, since the condition xy = 1 cannot hold near (0,0).

Exercise 8.1. Let f: R? — R, check the continuity of f at (0,0).
LY

—2 ifa? 4y’ £0
L f(z,y)={ VE*+y°
0 otherwise
sin?(z — y)
2. f(l'ay)zﬁv f(0,0) = 0.
2
7y e 9
if z2 4+ 0
3. flz,y) =3 2°+y v7
0 otherwise
ﬂ if 24 +92 #0
4. fz,y) =zt +y?
0 otherwise
STy if xy #0
5. f(z,y) =
0 otherwise

Remark 8.6 (A typical - negation). Consider the function

flz,y) = ﬁxi—iz—/y% (z,y) # (0,0),

0, (z,y) = (0,0).

Along the diagonal y = = we have f(z,z) = % for all x # 0. Hence, for g := i and for every

J EU
35(07 0)

Figure 8.2. The diagonal path y = x intersects every ball Bs(0,0), which forces the negation estimate in
Remark 8.6.
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0 > 0, the point
b 0

(zs,ys) = (*27 72)

satisfies /z2 + y2 = but

> €.

N

|f(xs,y5) — f(0,0)] =
Therefore f is not continuous at (0, 0), and consequently lim, ), (0,0) f(7,y) does not exist.

Proposition 8.7 (Composition preserves continuity). Let D C R"™ and let f: D — R™ be
continuous at xo € D. Let I CR™ and let g: I — R¥ be continuous at f(xo), and assume that
f(D) C 1. Then the composition go f: D — RF is continuous at xo.

Proof. Fix € > 0. Since g is continuous at f(z), there exists n > 0 such that

lu—flzo)ll <n = llg(u) = g(f(zo)) <&, wel (8.2)

Since f is continuous at xg, there exists § > 0 such that

[z =zl <6 = [If(2) = flxo) <m,  weD. (8.3)

Combining (8.3) with (8.2) yields

2 —zol| <& = [lg(f(x)) — g(f (o))l <e.

Hence g o f is continuous at xg. O

Remark 8.8 (Sequential proof). Alternatively, if z,, — x¢ in D, then f(x,) — f(zo) by continuity
of f, and hence g(f(x,)) — g(f(x0)) by continuity of g.

Example 8.9. )
sin xy if 2y £ 0
flx,y) =
1 otherwise
sint 40
f(z,y) =pog(z,y), wherep(t)=4 1

1 t=20

8.3 Differentiation in R”

Section overview.

o Partial derivatives are useful coordinates, but differentiability is fundamentally the existence
of a single linear map approximating the function.

o This section emphasizes how the Jacobian packages the first-order behavior of a multivariable

map.
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o Watch carefully which statements require only directional information and which require a
genuinely uniform linear approximation.

8.3.1 Partial derivatives

Let D C R? be open and f : D — R. Fix (z0,y0) € D.

of . f(wo+ h,yo) — f(x0,y0)
%(330,?/0) = }LIL% h )

provided the limit exists. Equation (8.4) is the defining limit for the partial derivative in the

(8.4)

z-direction. Similarly,

of . f(xo,yo + k) — f(20,%0)
@(x07y0) = %1_1% L )

when the limit exists. We also use the notation f,(xo,y0) and fy(zo,yo).

First-order expansion along coordinate lines. If f;(zo,yo) exists, then

f(zo 4 h,yo) = f(xo,y0) + h fz(w0,y0) + o(h) (h —0),

and analogously for f,. The important point is that the existence of 0f/0x depends only on
the values of f along the line segment {(xo + h, yo) : |h| small}, not on the behavior of f in two

dimensions.

y/\

g

Figure 8.3. Partial derivatives measure change along coordinate directions: f, varies z while holding
y = yo fixed (horizontal arrow), and f, varies y while holding = = z( fixed (vertical arrow).

Warning. The existence of partial derivatives at a point does not imply continuity or differen-

tiability at that point.

Example 8.10. f(z,y) = % £(0,0) = 0. Then f£,(0,0) = 0 = £,(0,0) but f is not
T Yy

continuous at (0,0).

8.3.2 Directional derivatives

The directional derivative measures the instantaneous rate of change of f along a prescribed

direction.
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Let D C R™ be open and f : D — R. Fix 29 € D and a unit vector v € R" (i.e. |v|| =1).

The directional derivative of f at xqg in the direction v is

Dvf(wo) := P—m t

provided the limit exists. As in (8.5), only the values of f along the line segment {z¢ + tv :

|t| small} matter.

$2 AN
To +1Iv

Figure 8.4. Directional derivatives probe f along the line ¢t — zg + tv. Only the behavior on this
one-dimensional slice is relevant.

Example 8.11. Define
2

fo) = | TagE @) # 0.0,

0 if (z,y) = (0,0).

Then every directional derivative Dy f(0,0) exists at (0,0). Indeed, for v = (v, v2) with [|v| =1,

F(tv) = £(0,0)  vfvs 0, w=0
t 204 402 150 v
1702 —, v #0.
()
y/\
D
Yy
() = (1 -+ ty
X
b

Figure 8.5. On a convex set D, the straight-line path from x to y stays inside D, so the one-variable
mean value theorem applied to ¢ — f(y(t)) yields constancy when V f = 0.
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8.3.3 Differentiability

Partial and directional derivatives capture one-dimensional behavior of f along lines. The correct
multivariable notion is differentiability as linear approzimation.
Let D C R"™ be open and let f: D — R™. Fix 9 € D and write H € R" for an increment.

Definition 8.12 (Fréchet differentiability). We say that f is differentiable at xq if there exists a
linear map A : R™ — R such that

| f(zo + H) — f(z0) — AH||

—0 as ||H|| — 0. (8.6)
IH]|

The linear map A is unique; it is called the derivative of f at zp and is denoted by D f(xg) or

f'(x0).

Uniqueness of the derivative. Suppose A and B both satisfy (8.6). Then

(A= B)H|| _ ||f(zo + H) — f(wo) = AH|| | [If(z0 + H) = f(wo) — BH]

< — 0.
|H || | H | |H ||

Taking H = tv with v # 0 and letting t — 0 shows ||(A— B)v|| = 0 for every v, hence A= B. [

Consequences. If f is differentiable at xg, then f is continuous at xg, and every directional

derivative exists with
Dy f(zo) = f'(mo)v  (veER, |lv]|=1).
In particular, for scalar-valued f : D — R the derivative f’(xo) can be identified with the gradient

row vector V f(zo), and f'(xo)v = Vf(z0) - v.

Example 8.13 (Bounded partial derivatives imply continuity). Let D C R? be open and let
f D — R have bounded partial derivatives f, and f, on D. Then f is (locally) Lipschitz on D,

hence continuous on D.

Proof. Fix (z9,y0) € D and consider (xg+ h, yo+ k) close enough to (xg,yo) so that the rectangle
with corners (xo,yo) and (zo + h,yo + k) lies in D. Using the one-variable mean value theorem
along the two coordinate segments,

flzo+h,yo + k) — f(zo,90) = (f(wo + h,yo + k) — f(20, 40 + k) + (f(xo, 90 + k) — f(z0,%0)),

and hence
[£(zo + hoyo + k) = f(wo, yo)| < [h]sup [ fo] + k| sup £y
< VR +E? \/(S%p 1) + (sup £l)*.
Letting (h, k) — (0,0) gives continuity at (xg,yo)- O
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Exercise 8.2. Even if f,(x0) and fy,(zo) exist, f need not be differentiable at zy. Find an

explicit example (or verify one of the examples below).

Example 8.14 (Directional derivatives may all exist without differentiability). Define

LJa2 gy £,
fla,y) =< 1Yl
0, y = 0.

Then f is continuous at (0,0) and every directional derivative Dy f(0,0) exists. However, f is
not differentiable at (0,0) since the map v +— Dy f(0,0) is not linear.

Proof. For v = (v1,v2) with [|v[| =1,

1, v > 0,
tv) — (0,0
f(v)tf() — _17 vy < 07 (t¢0)
0, v2=0,

Thus Dy f(0,0) exists for every v. If f were differentiable at (0,0), then Dy f(0,0) = Df(0,0) - v
would depend linearly on v, which is impossible. O

Theorem 8.15 (A sufficient condition for differentiability). Let D C R? be an open set, and let
(x0,y0) € D. Suppose that the partial derivatives f, and f, exist in a neighborhood of (o, o)
and are continuous at (xo,y0). Then f is differentiable at (xg,yo). Moreover,

[ (zo,y0) = (f2(®o,v0), fy(®o,0))-

Proof strategy. Decompose the increment of f into a horizontal step and a vertical step, then
apply the one-variable mean value theorem to each leg. Continuity of the partial derivatives lets
the coefficients in this decomposition converge to the values of the Jacobian at the base point.

Proof. Write X = (zo,y0) and let H = (h, k). Since D is open, there exists r > 0 such that

the closed ball B(Xy,r) is contained in D. We may therefore assume that ||H|| < 7, so that all
points used below lie in D.
Decompose the increment as

f(xo+h,yo+ k) — f(xo,y0) = [f(wo + h,yo + k) — f(z0,y0 + k)]
+ [f(z0, 90 + k) — f(z0,90)]-

By the one-variable mean value theorem, there exist 6; € (0,1); i = 1,2, such that

flxo+ h,yo + k) — f(xo,90) = fa(zo+ 01h,yo + k) h + fy(xo, yo + O2k) k.
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Subtracting fi(zo,v0)h + fy(z0,yo)k, we get

f(xo +h,yo + k) — f(zo,90) — fz(x0,y0)h — fy(x0,y0)k
= [fe(@o + 01h,y0 + k) — fa(z0,y0)] R
+ [fy(zo, yo + 02k) — fy (0, y0)] k-

Now let € > 0. Since f, and f, are continuous at (xg,yo), there exists 6 > 0 such that

[(u, ) = (w0, m0)| <0 = |falu,v) = fa(zo,y0)| <€, [fy(u,v) — fy(wo,y0)| <e

If ||[H]|| < 0, then both points (zg + 61h,yo + k) and (xo, yo + O2k) lie within distance at most
|H|| of (x0,y0). Therefore

| f(xo + hyyo + k) — f(20,90) — fa(20,90)h — fy(xo, yo)k|
< e|h| + elk| < V2e|(h, k).
Thus

|f(Xo+ H) — f(Xo) — Vf(Xo) - H| < V2e
|H | B

whenever 0 < ||H|| < 4. O

Exercise 8.3. Prove that

1
($2 + y2) Sin(m), xz + y2 7& 0,
0, (z,y) = (0,0),

is differentiable at (0,0) and f’(0,0) = 0, but neither f, nor f, is continuous at (0,0).

Geometric interpretation (scalar case). If f : R” — R is differentiable at X, then the
graph of f has a tangent hyperplane at (Xo, f(Xo)) given by

z = f(Xo) + ['(Xo) (X — Xo) = f(Xo) + Vf(Xo) - (X — Xo).

For n =1 this is the familiar tangent line; for n = 2 it is a tangent plane. In general, f'(Xj) is

the best linear approximation to f near Xj.

Proposition 8.16 (Tangent line, tangent plane, and tangent hyperplane). If f : R — R is
differentiable at X, then

f(Xo+ H) = f(Xo) + f'(Xo) H + o[ H]]),
so the graph of f near (Xo, f(Xo)) is approzimated by the affine hyperplane
z = f(Xo) + f(Xo) (X — Xo).
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For n =1 this reduces to the tangent line

z = f(zo) + f'(20)(z — x0),

and for n = 2 it becomes the tangent plane

z = f(xo,50) + fa(w0,50)(z — 20) + fy(0,%0) (¥ — Yo)-
Proof. The differentiability relation
f(Xo+ H) — f(Xo) = f'(Xo) H=o(| H|)
says precisely that the affine function
L(X) := f(Xo) + f'(Xo) (X — Xo)

approximates f(X) with an error negligible compared to || X — Xg||. Thus L is the tangent
hyperplane to the graph at (Xg, f(Xo)). The formulas for n = 1 and n = 2 are the corresponding

coordinate expressions. ]

8.3.4 Chain rule

One-variable chain rule. Let I,J C R be intervals, g : I — J, and f : J — R. If g is
differentiable at x € I and f is differentiable at g(x) € J, then f o g is differentiable at x and

(fog)(z) = f(g(x)) g (x).

fog

Figure 8.6. The chain rule differentiates the composition f o g by combining the derivatives of g and f
at the appropriate points.

Proof. Set y = g(x) and k = g(x+ h) — g(z). Since f is differentiable at y, there exists a function
n with (k) — 0 as k — 0 such that

fly+k) = fly) = fy)k = kn(k).

Since g is differentiable at x, we may write k = hg'(x) + hu(h) with u(h) — 0 as h — 0. Consider
the error term
flg(z + 1)) = flg(x)) — f'(9(x)) g'(x) h

e(h) == . . (8.7)
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We will show that e(h) — 0 as h — 0; this is exactly the statement that the difference quotient
in (8.7) tends to f’'(g(x))g’(x). Substituting the expansions above and simplifying gives

e(h) =n(k)(g'(z) + u(h)) + f'(y)u(h).

As h — 0 we have k — 0, hence n(k) — 0; also p(h) — 0. Therefore £(h) — 0, which means that
the difference quotient tends to f’(g(z))g’(z). O

Notation 8.17 (Matrix spaces and the operator norm). Let L,(R) denote the space of linear
maps R"™ — R™ (equivalently, real n x n matrices), and let GL,,(R) C L,(R) be the group of
invertible matrices.

For a linear map A : R™ — R™ we use the (subordinate) operator norm

Ax
|Al| := sup ||Az|| = sup I H
zl|=1 z£0 |7
It satisfies the basic estimates
[Az| < [|A[l |z, [AB] < [|A[l | B]].

Examples.

(1) If A : R? - R is given by A(x,y) = 4z + 3y, then by Cauchy-Schwarz, |A(x,y)| <
V42 + 32 /22 + y2 = 5||(z, )|, and equality is attained at (z,y) = (4,3)/5. Hence ||A| = 5.

(2) If A:R? — R? is given by A(z,y) = (3z,4y), then ||A(z,y)||* = 922 + 16y < 16(x? + y?),
with equality when x = 0. Hence || A|| = 4.

Since L, (R) is finite-dimensional, all norms on L, (R) are equivalent, and the choice affects

only constants, not topological statements.

Proposition 8.18 (Existence of the operator norm). Let A : R® — R™ be linear. Then the

quantity
|All = sup [Az|

z||=1

s finite, and in fact the supremum is attained:

[A]l = max |[[Az|.
[=l=1
Equivalently,
Ax
1A]| = sup | H7

and therefore
|Az]| < ||A]l [|z|| for all x € R".
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Proof. Write A = (R1,..., Ry)!, where R; € R" is the ith row of the matrix of A. For any
z € R™, Cauchy—Schwarz gives

[(Az)i| = |R; - | < |Rill lzl], — i=1,...,m.
Hence

lAz]* = |(Az)i|* < <Z HRin> %,
i=1 =1

so ||Az|| is bounded on the unit sphere S"~! = {z € R" : ||z|| = 1}. The map z — | Az| is
continuous, and S™ ! is compact; therefore a maximum is attained on S™~1.
If x # 0, write = ||z||u with ||u|| = 1. Then

[Az]|
= [[Au] < max [|Av]| = [|A]].
] loli=1
Taking the supremum over x # 0 gives
| Az]]
sup < [|A]-
w£0 [zl
The reverse inequality follows by restricting the supremum to vectors with ||z|| = 1, so the two
formulas agree. The estimate ||Ax| < || A] ||z] is immediate. O

Chain rule in R”. Let U CR", V C R™ be open. If g : U — V is differentiable at x € U and
f:V — RF is differentiable at g(z), then f o g is differentiable at x and

(fog)(z) = f(g(x)) g (2),
where the right-hand side is ordinary matrix multiplication of the Jacobians.

Proof. Set y = g(z). Since f is differentiable at y, there exists a function 7 : R™ — R* such that
fly+k) = fly) = Wk =Iklnk),  nk)—>0 (k-0).

Since g is differentiable at z, there exists a function € : R” — R™ such that
gl +h) —g(x) =g'(@)h + ||hlle(h),  e(h) >0 (h—0).

Now set
k:=g(x+h)—g(z).

Because differentiability implies continuity, ¢ is continuous at z, hence ||| — 0 implies || k| — 0.
Moreover,
%]l = [lg' () + ([Pl @) < llg @) IB] + 2] (R
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Consider
(fog)@+h)—(fog)(z)— fg(z))g'(x)h
il ’

Using y = g(x) and k — ¢'(z)h = ||h|| e(h), we obtain

fly+Fk)—fly)— f'(y) g (x)h

p(h) =

ulh) = 7]
R — ) - Wkt @) (k- g'(@)h)
Al
_ Bl (k) + NIAl £ (y)e(h)
Al '
Hence
[u(h)]l < HI;H In(E) |+ 1" @) eI < TnE)II g’ @)+ Nl + 1LF @) ()]

As h — 0, we have k£ — 0, so n(k) — 0, and also €(h) — 0. Therefore p(h) — 0. This proves
that f o g is differentiable at = and

(fog)(x) = f'(9(x)) g (z).
O

Proposition 8.19 (Vanishing gradient implies constancy on convex sets). Let D C R™ be open
and convezx, and let f € CY(D) satisfy Vf =0 on D. Then f is constant on D.

Proof. Fix z,y € D. Since D is convex, the line segment ~(t) = (1 — t)x + ty lies in D for
t € [0,1]. Define p(t) = f(v(t)). By the chain rule,

dt)=Vf(y®#) (y—x)=0 forallte]l0,1].
Hence ¢ is constant, so f(y) = ¢(1) = ¢(0) = f(z). O

Worked examples and a useful identity.

Example 8.20 (Radial compositions). Let ¢ : R — R be differentiable and define F' : R — R
by F(z) = ¢(||z]|?). Then F is differentiable and

DF(z) = ¢'(|z|*) D(lz]?) = 2¢'(lz[I*) !, so  VF(z) =2¢(||«]?) 2.
More generally, for an integer k£ > 1 and G(z) = ¢(||z||**) one has (for = # 0)

VG(z) = 2k |z]**72 ¢'(||2]*") 2.
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Theorem 8.21 (Euler’s homogeneous function theorem). Let U C R™ \ {0} be open and let
f:U —= R be differentiable. Assume that f is homogeneous of degree o € R, meaning that

ftz) =t f(x) forallx € U and all t > 0 with tx € U.

Then for every x € U,

z-Vf(r) = af(z).

Proof. Fix © € U and consider the one-variable function ¢ (t) = f(tz) for ¢t near 1. By the
chain rule, ¢/(t) = f/(tx) x = V f(tx) - x. The homogeneity hypothesis gives 1(t) = t* f(x), so
Y (t) = at* 1 f(x). Evaluating at t = 1 yields Vf(z) -z = af(x). O

Corollary 8.22 (Homogeneous maps near the origin). Suppose f : R"\ {0} — R is homogeneous
of degree aw > 1 and extends continuously to 0 by setting f(0) := 0. Then f is differentiable at 0
and f'(0) = 0.

Proof. Write h = ||h||v with |[v|| = 1. By homogeneity, |f(h)| = ||h||%|f(v)|]. Continuity on the
compact unit sphere implies M := sup, 1 | f(v)| < oo, hence

[f(h) = FO)] _ [f(R)]
7] 7]

< M |h|*t —0.
h—0
This is exactly differentiability at 0 with derivative 0. ]

Mean value theorem on convex domains. Let D C R” be open and convex, and let
f : D — R be differentiable. Then for any x,y € D there exists a point ¢ on the open line
segment (x,y) such that

fly) = flx)=f'(c)(y—z)=Vf(c)- (y— ).

Proof. Define ¢(t) = f((1 —t)z + ty) for t € [0,1]. By the chain rule, ¢ is differentiable on (0,1)
and

¢'(t)=f((1—t)x+ty) (y— ).

Applying the one-variable mean value theorem to ¢ yields A € (0,1) such that

Set ¢ = (1 — Nz + \y. O

Exercise 8.4. Let U be an open and connected set in R™ and f : U — R be such that f/(x) =0
for all x € U. Show that f = 0.
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Jacobian matrix for vector-valued maps. Let U C R” be open and f = (f1,..., fm): U —
R™ be differentiable at z9 € U. Then each partial derivative 0f;/0x;(xo) exists and

! _ afi
(o) = <8xj (x0)>1§z‘§m, 1§j§n'

Proof. Let e; be the jth standard basis vector of R". Differentiability gives

1f (o + hej) — f(xo) = f'(w0) (he))|
I

Since f'(zo)(hej) = h f'(xo)ej, dividing by h shows that

lim f(xo + hej) — f(xo)
h—0 h

—0 (h —0).

= f’(:no)ej e R™,

so every component limit exists; equivalently, each 0f;/0x;(x¢) exists. Moreover, the vector
f'(z0)e; is exactly the jth column of the Jacobian matrix, hence f’(xo) is the matrix of partial
derivatives. O

Example 8.23 (Jacobian at a point does not guarantee differentiability). Define F' : R? — R?
by

z?y xy?
F(z,y) = <$2+y2’ x2+y2> » (2,y) #(0,0),
(0,0), (z,y) = (0,0).

Then all first partial derivatives of the component functions exist at (0,0) and the Jacobian
matrix F’(0,0) is the zero matrix, but F is not differentiable at (0,0).

Proof. Along the coordinate axes we have F'(h,0) = (0,0) and F(0,k) = (0,0), so each partial
derivative at (0,0) exists and equals 0, hence F’(0,0) = 0. If F were differentiable at (0,0) with
derivative 0, we would have ||F(h,k)||/Vh? + k?> — 0 as (h,k) — (0,0). However, along the
diagonal y = z, o
Ft ) = (272)7 L0,
Thus
IEEON _ V22 +(/2)° 1

el Vet 2

for all ¢t # 0, which does not tend to 0 as ¢ — 0. Therefore F' is not differentiable at (0,0). O
Higher derivatives and the Hessian (scalar case). If f : U C R" — R is differentiable

on U, then each component of Vf may itself be differentiated. The matrix of second partial
derivatives, when it exists, is called the Hessian:

won_ [ Pf
[ (@) = ( D, Oy ($)>1<M<n-

124




Real Analysis 8. Differential Calculus in Several Variables

The next theorem justifies that under mild regularity, mixed second partials agree.

Example 8.24 (Mixed partials can disagree without continuity). Define f : R? — R by

zy(@® —y?)
flz,y) = 24+ y2 (z,y) # (0,0),

0, (xz,y) = (0,0).

Then the mixed partials at (0,0) exist but are different: f,;(0,0) =1 whereas f;,(0,0) = —1.
Indeed, for h # 0 one computes
f(h7k)_f(h70) h2_k2

ol 0) = fny IR i =

50 fu(0,0) = limy, o 20T _ 1 Gimilarly, for k # 0,

T f(hvk)_f<07k) : h‘2_k2
12(0, k) = Jimy h hoo RZ 4R

Notation 8.25 (Smoothness classes). Let D C R™ be open. For k € N, we write C*(D) for the
space of functions f : D — R whose partial derivatives of order < k exist and are continuous on
D. In particular, C'(D) consists of continuously differentiable functions and C?(D) consists of
twice continuously differentiable functions.

Theorem 8.26 (Clairaut-Schwarz). Let D C R? be open and let f € C*(D). Then for every
(z0,0) € D,

85[783/ Zo,Yo) = ayax Zo,Y0)-

More generally, if D C R™ is open and f € C?(D), then

rf 8f
8x]~ 8.73k - 8xk 8.7,’]"

1<j,k<n.

Proof. Fix (x0,y0) € D. Since D is open, there exists r > 0 such that the rectangle [xg — r,zo +
r] X [yo — 7, yo + ] is contained in D. For (z,y) in this rectangle define

F(z,y) == f(z,y) — f(zo,y) — f(z,y0) + [ (0, y0)-

Note that F'(zg,y) =0 and F(z,yo) = 0. Fix & # x¢ and apply the one-variable mean value
theorem to the map y — f(z,y) — f(xo,y) to obtain a point n between y and yo such that

F(z,y) = (y — o) (fy(z,n) — fy(zo,n)).

Now fix y # yo and apply the mean value theorem to the map x — f,(x,n) to obtain a point
& between = and x( such that
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(zoy) (z}y)

y-stiep

(20, 40) x-step (x}yo)

Figure 8.7. The rectangle used in the proof of Clairaut—Schwarz: compare increments by moving in the
z-direction then y-direction, versus y then .

fy(SUa 77) - fy($0a 77) = (x - xO)fxy(gvn)'
Consequently,
F(z,y)

(z = z0)(y — yo)
Letting (z,y) — (z0,y0) forces (£,m) — (x0, o), hence by continuity of f,, we obtain

F(z,y)
(z.y)—(z0,90) ( — 20)(y — Yo

= fzy(&??)~

) = fmy($0>y0)-

Repeating the argument with the roles of x and y interchanged yields the same limit equal to
fyx($0a yO)- Therefore fmy(an yO) = fya:(:L‘anO)' 0
8.3.5 Taylor’s theorem

Theorem 8.27 (Second-order Taylor formula in R"™). Let D C R™ be open and let f € C?(D).
Fiz X € D. Then there exists 6 > 0 such that for every H € R™ with |[H|| < ¢ there exists
A€ (0,1) for which

FOX+ H) = F(X)+ f/(X) H+ % HEfI(C)H, € =X +A\H,

where f'(X) is the derivative (gradient row vector) and f"(C) is the Hessian matriz at C.

How to read the formula. For scalar-valued f, the derivative f'(X) can be identified with
the gradient row vector V f(X), so the first-order term is f/(X)H = Vf(X) - H. The matrix
f"(C) is the Hessian at C, and H'f”(C)H is the associated quadratic form.

Proof. Fix X € D and choose d > 0 so that X +¢H € D for all ¢t € [0,1] whenever ||H|| < . For
such H, define g : [0,1] — R by g(t) = f(X + tH). Then g € C?([0,1]), and by the chain rule,

Jt)=f(X+tH)H, ¢"(t)=H'f"(X+tH)H.

Apply the one-variable Taylor theorem (with Lagrange remainder) at ¢ = 0 to obtain A € (0, 1)
such that
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9(1) = (0) + ¢/(0) + 5 6"(N).

Substituting the expressions for g, ¢, ¢ and writing C = X +\H gives the stated formula. [

8.3.6 Multi-index notation and the general Taylor formula

For higher-order expansions in R™, it is convenient to use multi-indices. A multi-index is
a vector a = (a,...,ap) € Nj. We write |a] := ag + -+ + apn, a! := aj!---ay!, and for
h=(hi,...,hy) €R",

h® := h{' - hom.

For a sufficiently differentiable function f, define

||
pagi

RGN

Theorem 8.28 (Taylor’s theorem in R™ (multi-index form)). Let U C R™ be open, let k € N,
and let f € C*Y(U). Fiz a € U. Then there exists a neighborhood V of 0 such that a +h € U
for all h € V, and for each such h,

DOC
fla+n) =% f'(“) h® + Ry(a, h),
o<k "
where the remainder satisfies
lim Lk(a’kh) =0.
h=0 |[Rl|3

In particular, the polynomial part gives the best k-th order approximation of f near a in the sense
of little-o.

Remark 8.29. There are several equivalent remainder formulations (integral form, mean-value
form) under additional smoothness. For many applications in analysis, the little-o remainder
above is the most robust.

A mean value inequality for vector-valued functions.

Theorem 8.30. Let f : [a,b] — R™ be differentiable on (a,b) and continuous on [a,b]. Then
there exists A € (a,b) such that

1£(®) = f@ll < 1 F'] (b~ a).

Proof. Consider the scalar function g(t) = (f(b) — f(a)) - f(t) on [a,b]. Then g is continuous on
[a, b] and differentiable on (a,b), with
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By the one-variable mean value theorem, there exists A € (a,b) such that

Since g(b) — g(a) = (£(b) — f(a)) - (£(b) — f(a)) = [ f(b) — f(a)||*, we obtain
1£(6) = F(@)]* = (b—a) (f(b) — f(a)) - f'(N)
< (b= a)[lf®) = f@ILF VI,
and the conclusion follows (trivially if f(b) = f(a)). O

Theorem 8.31 (Mean value inequality along line segments). Let D C R"™ be open and let
f:D — R™ be differentiable. Fix X € D. Then there exists € > 0 such that whenever ||H|| < e
we can find A € (0,1) with

I£(X + H) = fON < [If (X + AH)|[ [ H]|

Proof. Choose ¢ > 0 so that X +tH € D for all t € [0,1] whenever ||[H| < e. Fix such
H and define ¢(t) = f(X + tH) for t € [0,1]. Then g : [0,1] — R™ is differentiable and
g ()= f'(X +tH) H. Apply Theorem 8.30 to g on [0,1] to obtain A € (0,1) such that

IF(X + H) = f(XOl = llg1) = Ol < lg' M < 1F/(X + AH)| || H].

O]

Remark 8.32 (Equality need not hold in the vector mean value inequality). The scalar mean
value theorem produces an exact identity, but for vector-valued functions the correct statement
is generally only an inequality. For example, define g : [-1,1] — R? by

g(t) = (8,1 - ).

Then
9(1) —g(=1) = (2,0),  [lg(1) —g(=D)]| =2.

Also

J(t) =3 =2t), g O = Vort+ 462 = [t|V9r> + 4.

If one had an exact vector-valued mean value formula
lg(1) = g(=D)ll = llg' ()| (1 = (1))
for some ¢ € (—1,1), then ||¢g/(c)|| = 1, hence 9¢* + 4¢? — 1 =0, so ¢* = ;. At such a point,
g'(c)=(1,-20),
which is not parallel to g(1) — g(—1) = (2,0).
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Geometric picture. The image of g is the planar curve
gty = (£, 1%,  —1<t<1,

which joins g(—1) = (—1,0) to g(1) = (1,0). The secant vector g(1) —g(—1) is horizontal, whereas
at the distinguished point ¢ = ig the tangent direction ¢'(c) = (1, —%) is not horizontal. The
figure below makes this mismatch visible.

AY
‘tangent at g(c)

secant g(1) — g(—1)

g(=1)"

Figure for Remark 8.32: the secant direction determined by the endpoints is horizontal, but the tangent
direction at the candidate mean-value point is not.

Thus the one-dimensional equality has no direct vector-valued analogue in general; the norm
inequality is the correct replacement.

Proposition 8.33 (Stability of invertibility and continuity of inversion). Let A € GL,(R) and

B € L,(R) satisfy
1

A=
Then B € GL,(R). Moreover, the map A — A1 is continuous on GL,(R).

1B = Al <

Proof. Set a = ﬁ and 8 = ||B — 4|, so 8 < a. For any z € R",

ollz]| = o A7 Az|
< alA7!| | Az]

= [|Az|
< [I(A = B)z| + || Bz||
< Bzl + | B].

Hence (o — B)||z|| < ||Bz|| for all z. If Bx = 0, this forces z = 0, so B is injective and
therefore invertible (finite dimensions). For continuity, note that for y # 0 and z = B~ 1y,
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(a=B)B 'yl <yl

= [IB7|
1
< .
S
Then
IB™ = A7Y| = |BTH(A - B)A™|
<[IB7Y[[1A - B[ A7
_la-5]
~ ala—p) B-A
Thus inversion is continuous on GL,(R). O

Example 8.34 (Derivative of the inverse in one dimension). Let f : R — R be bijective and
continuously differentiable on a neighborhood of zg, with f/(zg) # 0. Then f~! is differentiable

at yo = f(xo) and
1

f'(zo)
Proof. Let k — 0 and set h = f~'(yo + k) — f~'(y0), so that yo + k = f(zo + h) and k =

f(xg + h) — f(xp). By the mean value theorem applied to f on the interval between zy and
xo + h, there exists 6 € (0,1) such that

(f71) (wo) =

k= h f'(zo + Oh).

Since f’'(zg) # 0 and f’ is continuous, for h small we have |f'(xg + 6h)] > m > 0, hence
k — 0 implies h — 0. Now compute

_ _ k f(zo+h) = f(zo)
f l(yo + k) - f l(yO) - m _ - f,(xO)
|| |f(zo + h) — f(z0)|

_ |f'(@0) — (o + 6h)]
|/ (w0 + OR)[ | (z0)| h—0

Since f~! is differentiable at yg = f(z0), by differentiating f~'(f(z)) = z at = z¢ yields
() (f(x0)) f'(w0) = 1. O

Example 8.35 (Invertible Jacobian does not imply global one-to-one behavior). Define F :
R? — R? by

\

F(z,y) = (" cosy, e”siny).

Then
e*cosy —e®siny

DF(z,y) = ( > , det DF(z,y) = €** > 0

e*siny e®cosy
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for every (x,y) € R2. Thus the Jacobian matrix is invertible at every point. Nevertheless F is

not injective on R?, because
F(z,y+2m) = F(x,y) for all (z,y) € R%,

This example is a useful warning before the inverse function theorem: invertibility of the derivative

guarantees local invertibility, not a global inverse on the whole domain.

8.4 Inverse and implicit function theorems

We now turn to two fundamental results describing the local structure of C'! maps: when a map
is locally invertible (inverse function theorem) and when a level set can be solved locally as a

graph (implicit function theorem).

8.4.1 Inverse function theorem

Theorem 8.36 (Inverse Function Theorem). Let Q be an open set in R™. Suppose f : Q C
R™ — R™ be a C! map such that det f'(xq) # 0. Then

(i) There exist open sets U and V C R™ such that f : U — V (= f(U)) is bijective.

(i) f~tis a C* map on V, and

(FY (fzo)) = (f (x0)) L.

Idea. Near xg, the map f is well-approximated by its linearization A = f’(xg). The hypothesis
det A # 0 means this linear approximation is invertible. The proof turns the equation f(z) =y
into a fixed-point problem whose solution follows from the contraction mapping principle,
uniformly for y in a small neighborhood of f(zg).

Proof. Let A = f'(xp). Since det A # 0, the matrix A is invertible. Step 0 (fixed-point

reformulation). For y € R", define

oy(z) =+ A7y — f(2)), x €. (8.8)

Then ¢y (x) = « if and only if f(z) = y. In other words, solving f(z) =y is equivalent to finding
a fixed point of ¢,. Step 1 (a uniform contraction estimate). Because f’ is continuous at

xq, for

1

e=—""->0
2 Al
there exists § > 0 such that

1
2 A1

lz = zoll <& = [If'(z) — A <
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Set U := Bs(xg) C Qand V := f(U). For z € U we have

loy (@) = I = A7 f' ()]
= [[A7H(A = f(@))ll

- 1
<[ATHHA - F@)l < 5

By the mean value estimate for C' maps on convex sets (applied to @y on U), it follows that
1
loy(21) = py(a2)l| < 5 llax —w2f]  forall 2y, 22 € U. (8.9)

Thus ¢, is a contraction on U (with contraction constant 1/2), uniformly in y. (i) f is one-

to-one on U. If f(x1) = f(ze) = y with x1, 22 € U, then both z; and x5 are fixed points of
¢y. By (8.9), a contraction has at most one fixed point, hence z1 = z5. (ii) V is open (and

f:U — V is bijective). Fix y* € V. Choose z* € U with y* = f(z*) and pick > 0 such that
the closed ball B,.(z*) C U. We claim that

" T
||y*y||<m — yeV (8.10)

Indeed, for such y we have
* * —1 * —1 * r
lloy(z") =™l = A7 (v =) < 1AMy — o7l < 5

If z € B,(z*), then using (8.9) we obtain

r

* * * * 1 *
ley(@) =27l < lloy(z) = @y (@) + llpy(2”) — 27| < Sllw =27 + 5

<r.

Hence ¢y (B,(z*)) C B,(z*). Since B,(z*) is complete and ¢, is a contraction there, the
contraction mapping principle gives a unique fixed point x € B,.(z*). This fixed point satisfies
fx) =y, s0y € f(U) =V, proving (8.10). Thus every point of V is an interior point, so V'
is open. Since V = f(U) and f is injective on U, the restriction f : U — V is bijective. (iii)

Differentiability of f~! at f(zg). Let yo = f(x0) and let k be small enough that yo + &k € V.
Set

hi=f"Yyo+k)—zo, sothat k= f(zo+h)— flzo)
Using (8.8) with y = yo + k, the fixed-point property ¢y 4x(xo + h) = x0 + h and @y 41 (20) =
zo + A7k yield

h— A7k = g0 + h) — @yesr(To)-

By the contraction estimate (8.9),
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_ 1
b~ A7'E] < 5 18]
Consequently,

1 _ _ _
g IRl < IATEI < AT IRN, so Il < 2 A7H|[1%]] (8.11)

Since f is differentiable at xg, we can write
f(zo+h) = f(zo) — Ah = ||h] p(h),  p(h) = O as ||h]| = 0.
But k = f(xo+ h) — f(z0), hence

k — Ah = |h| p(h),  and therefore ~ h— A"'k
= — A"l (k — Ah)
= —|[n] A p(h).
Divide by ||k|| and use (8.11):
1h = A Rl _ ([Pl A= ()
1] B 15|
<2 A7 [lp(m)]| — O

Thus f~! is differentiable at vy with

(F7Y (wo) = A7 = (f'(w0)) L.

(iv) f~!is C! on V. The above argument applies at any y € V with 2 = f~!(y) and A = f'(z)
(which is invertible on U by continuity of det f’). Hence

=0 W), yeV

The map y ~ f~1(y) is continuous, the derivative f’ is continuous on U, and the inversion
map A — A~! is continuous on GL,(R). Therefore y — (f~!)'(y) is continuous on V, i.e.,
fteckiv). O

Example 8.37 (A concrete Jacobian computation). Let f : R? — R? be defined by
f(l’,y) = (l‘ - e_ya Yy — em)‘

Then
1 1

-1 1

1/(0,0) = ( ) , det £/(0,0) = 2 # 0. (8.12)
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The non-vanishing determinant in (8.12) is precisely the inverse-function hypothesis. Therefore
f is locally invertible near (0,0), and

1

—1y/ Y 1 -1
rseo == (1 7).

This example is best read as a computational template: first verify invertibility of the Jacobian,
then obtain the derivative of the local inverse for free.

Example 8.38 (Local vs. global invertibility). Define F': R?> — R? by
F(x,y) = (e® cosy, e*siny).

Then F is C! and
det F'(z,y) = e** #0 for all (z,y) € R

Hence, by the inverse function theorem, F' is locally one-to-one (and locally onto its image) at
every point. Nevertheless, F' is not injective on all of R?, since

F(z,y+27m) = F(x,y) for all (z,y) € R%,

This illustrates that the inverse function theorem is inherently a local result.

8.4.2 Implicit function theorem

A motivating example. Consider f : R? — R defined by

fla,y) =2 +y* = 1.
The level set {(z,y) : f(z,y) = 0} is the unit circle.

y/\

Figure 8.8. Near (1,0), the circle 22 + y? = 1 is the graph z = \/1 — 2, but it cannot be written as a
single-valued graph y = ¢(z) near z = 1.
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We have f'(z,y) = (2z,2y), so at (1,0)

of

aof
=2 ZL
E 7 0,

=0.
(1,0) Jy

Lo

Because df /0x # 0 at (1,0), we can solve f(z,y) = 0 locally for x as a C! function of y:

r=p(y) =4/1-1y%, ly| <,

for some small » > 0. On the other hand, we cannot solve locally for y as a single-valued
function of x near x = 1, since for x slightly less than 1 the equation 22 + y?> = 1 has two
solutions y = £+v/1 — x2. This illustrates that which variable can be solved for depends on a
non-degeneracy condition on the relevant partial derivative.

A linear-algebra model. Let
A:R"xR™ - R"

be a linear map. Writing (h, k) = (h,0) + (0, k), we may decompose
A(h, k) = A(h,0) + A(0, k) = Azh + Ayk,

where A, : R" — R™ and A, : R™ — R" are linear.

Lemma 8.39. If A, is invertible, then for each k € R™ there exists a unique h € R™ such that
A(h,k) =0, namely

h=—A; Ayk.
Proof. The equation A(h,k) = 0 is equivalent to A,h + Ayk = 0. If A, is invertible, we can solve
uniquely for h: h = —A;1A k. O

Block form of the derivative. If 2 C R™ x R™ is open and f : 2 — R" is differentiable, then
for (z,y) € Q the derivative f'(x,y) is an n x (n +m) matrix. It is convenient to write it in

block form
f/(xa y) = (A33 Ay):

where
Ofi
A= () o A= () .

Theorem 8.40 (Implicit Function Theorem). Let Q be an open subset of R™ x R™ and let
f:Q = R" be a C' map. Assume that f(xg,y0) = 0 for some (zo,10) € Q and that the n x n
block

Ay = [ (z0,y0)],
is invertible (equivalently, det A, # 0). Then:

(i) There ezist open sets U C R™ x R™ with (zo,yo) € U and W C R™ with yo € W such that for
every y € W there exists a unique x € R™ with (z,y) € U and f(x,y) = 0.
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(ii) Writing this unique solution as x = g(y), we obtain a C* map g : W — R™ with g(yo) = xo

and f(g(y),y) =0 for all y € W. Moreover,

o) = —A;' A, where A= [f/(z0,30)],-

In particular, near (xo,yo) the zero set {(xz,y) € Q: f(x,y) = 0} is the graph of the function
z=g(y).

Geometric meaning. The equation f(z,y) = 0 describes a level set in R"*™. The invertibility

of the z-block of the Jacobian says that, near (xg,yo), the equation can be solved uniquely for x

as a C'! function of 3. In other words, the level set is locally the graph of a function x = ¢(y).

Proof. (i) Define F': Q — R™ x R™ by

F(z,y) == (f(z,9), ).

Then F is a C'! map and its derivative at (z0,yo) has block form

F/(l“ovyo) = [Ax Ay] :

0 I

Hence det F' (g, yo) = det(A,) # 0. By the inverse function theorem, there exist open sets
UCR"” xR™and V C R" x R™ such that

F:U—=V

is a C'! bijection and F~': V — U is C'. Let

W:={yeR": (0,y) e V}.

Since V is open, W is open in R™. For any y € W, we have (0,y) € V, and since F' is onto V'
there exists (z,y) € U such that

0,y) = F(z,y) = (f(2,9),9)-

Thus f(z,y) = 0. If also (2/,y) € U satisfies f(2/,y) = 0, then F(2',y) = (0,y) = F(z,y),
and injectivity of F' on U forces 2/ = x. This proves existence and uniqueness of z for each
yeW.

Define g : W — R" by declaring g(y) to be the unique x with (z,y) € U and f(x,y) = 0.
Then (¢(y),y) € U and
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Equivalently, F~1(0,y) = (g(y),y) for y € W. Since F~! is C!, it follows that g is C'. To
compute ¢'(yp), differentiate the identity f(g(y),y) = 0 at y = yo and use the chain rule:

d :
0=2, W) y)]y:y0 = A: ' (y0) + Ay.

Since A, is invertible, this gives ¢'(yo) = —A; 1 A4,.
[

Exercise 8.5. Prove that 22 + ye® — sin(xy) = 0 can be solved for y in a neighborhood of (0, 0),
but cannot be solved for z in any neighborhood of (0, 0).

F(z,y) = o + ye* —sin(zy)

(i) F(0,0) =0, %—5\(0’0) = 1 # 0. By the implicit function theorem, there exists a neighborhood
of (0,0) and a function g such that

Pz, g(z)) =0
for |x| < r, equivalently y = g(x) near 0.

(ii) ‘?)—I;|(070) = 0. Hence, the implicit function theorem cannot be applied.

On the contrary, suppose that = ¢(y) near y = 0. Then ¢(0) = 0, and

(6(y))* + ye™ — sin(¢(y)y) =0

for |y| < r for some r > 0. Then
26(0)¢/(0) + 17 +0 e?0¢/(0) — cos(¢(0)0) (¢'(0)0 + 6(0) - 1) =0
— 1=0 (contradiction)
Example 8.41. Let f: R x R? — R?
f(x,y,2) = (xe? +ye*, xe® + ze¥)
Then f is a C'-map.

z

e zeY ze® + e¥Y

f/(x,y,z) _ (ey ze¥ + e? ye? )

f(=1,1,1) = (0,0)
Let f = (f1, f2). Then

of of
0 0z |/ _ (0 e
of: 05 | “’”—(e o)
dy 0z
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By the implicit function theorem, there exists an open ball U in R and open ball V in R?, such
that
(y,2) = (¢(x),¥(x)), |z| <r for somer > 0.

Exercise 8.6. Let f : R? — R be a C'-map such that f(0,0) = 0, f,(0,0) = 1. Let F(x,y) =
(f(x,y),y). Prove that F is injective in some neighborhood of (0,0). Does F' remain injective in
any neighborhood of (0,0)?

Remark: Condition in implicit function theorem or inverse mapping theorem on derivatives are

sufficient.

Example 8.42. f:R? = R, f(z,y) = 2% — >.

£(0,0) =0,

of,
@(0,0) - 07

but y = 2%/? is a solution of f(x,y) = 0 near (0,0).

Example 8.43. Let f: R? — R2, f(z,y) = (2,4%). Then det f/(0,0) = 0 but f is one-to-one,

onto.

8.5 Extrema, the Hessian test, and Lagrange multipliers

Many applications of multivariable calculus involve optimizing a function under no constraints
(unconstrained extrema) or under one or more constraints (constrained extrema). The correct
language is geometric: level sets and gradients.

8.5.1 Unconstrained extrema and critical points

Let f: R™ — R and let a € R™. We say that a is a local mazimizer of f if there exists r > 0
such that f(a) > f(x) for all z € B,(a). Local minimizers are defined analogously.

Theorem 8.44 (Fermat’s theorem for C! functions). Suppose f : R™ — R is differentiable at
a € R". If a is a local maximizer or local minimizer of f, then V f(a) = 0.

Proof. Fix any unit vector v € R™ and consider the one-variable function ¢(t) = f(a + tv) for ¢
near 0. If a is a local extremum of f, then ¢t = 0 is a local extremum of . Since ¢ is differentiable
at 0, we have ¢'(0) = 0. By the chain rule, ¢©'(0) = V f(a) - v. Because v is arbitrary, it follows
that V f(a) = 0. O

Points a with V f(a) = 0 are called critical points. Fermat’s theorem says that local extrema

can occur only at critical points (or on the boundary of the domain).
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8.5.2 The Hessian and the second derivative test

Assume f € C? in a neighborhood of a € R™. The Hessian matriz at a is

2 n
Hy(a) = [ S <a>]

ij=1

It is symmetric when f € C?, and thus determines a quadratic form g(h) = 3 h" Hy(a)h.

Theorem 8.45 (Second derivative test). Let f € C? in a neighborhood of a and assume
Vf(a)=0.

(i) If Hy(a) is positive definite, then a is a strict local minimizer.
(7i) If Hy(a) is negative definite, then a is a strict local mazimizer.
(7it) If Hy(a) is indefinite, then a is a saddle point.

Proof. By Taylor’s theorem with remainder (in R™),
fla+h)=fla)+ Vf(a)-h+3h Hy(@h+o(lh*)  (h—0).

Since V f(a) = 0, the sign of f(a + h) — f(a) for sufficiently small h is governed by the quadratic
form h"H(a)h, yielding the three cases. O

8.5.3 Constrained extrema and the Lagrange multiplier condition

We now optimize f subject to a constraint g(z) = 0. Geometrically, the constraint set M = {z :
g(xz) = 0} is (under mild hypotheses) a smooth hypersurface, and the gradient Vg is normal to
its level sets. At an extremum of f on M, the level set of f must be tangent to M, forcing the

gradients to be parallel.

y/\

P

Jevel set of f
\

/e,vg(fa()a)

g(z,y) =0

~< -

\
7
X

Figure 8.9. At a constrained extremum, the level set of f is tangent to the constraint set g = 0, so V f
is parallel to Vg.
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Theorem 8.46 (Lagrange multiplier condition). Let f,g : R* — R be C' in a neighborhood
of a € R™. Assume g(a) = 0 and Vg(a) # 0. If a is a local extremum of f restricted to the
constraint set M = {x : g(x) = 0}, then there exists A € R such that

Vf(a) = AVg(a).

Proof strategy. Use the implicit function theorem to straighten the constraint set into a graph.
After this reduction, the constrained optimization problem becomes an unconstrained problem
in one fewer variable, where Fermat’s theorem applies directly.

Proof sketch. Since Vg(a) # 0, at least one partial derivative of g is nonzero at a. By the implicit
function theorem, near a the constraint set M can be represented as the graph of a C!' function
over (n — 1) variables. Restricting f to this graph reduces the problem to an unconstrained
extremum in R"~!, where Fermat’s theorem applies. Translating the resulting equations back to
R™ yields the stated proportionality of gradients. ]

Remark 8.47. The condition Vg(a) # 0 is essential: without it, the constraint set may have a
corner or self-intersection at a, and the geometric tangency argument can fail.

Example 8.48 (A standard minimization problem). Minimize f(z,y) = 22 + y? subject to
g(z,y) =x+y—1=0. We have Vf = (2z,2y) and Vg = (1,1). The Lagrange condition gives
(2z,2y) = A(1,1), hence x = y. Imposing z +y = 1 yields x =y = % Thus the minimum of

11

2% 4+ y* on the line z + y = 1 occurs at (3, 3).

Exercises

Exercise 8.7. Prove that if f: R® — R" is differentiable at a, then f is continuous at a.

Exercise 8.8. Give an example of a function f : R? — R whose partial derivatives exist
everywhere but which is not differentiable at (0,0).

Exercise 8.9. Let f : R®™ — R be differentiable. Prove that the directional derivative in direction
v equals Df(a)wv.

Exercise 8.10. Prove the multivariable chain rule using linear approximation.

Exercise 8.11. Let f: R” — R be C2. Prove that if the Hessian at a is positive definite then a
is a strict local minimum.

Exercise 8.12. Compute the Jacobian determinant of the polar coordinate map (r,0) +—

(rcos@,rsinf) and deduce the change-of-variables formula for integrals over planar regions.

Exercise 8.13. State and prove the Implicit Function Theorem in R? (one equation, two
variables) and apply it to show that the unit circle is locally the graph of a smooth function away

from the points where y = 0.
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Exercise 8.14. Use the Inverse Function Theorem to prove that a C'!' map with everywhere
invertible derivative is locally open.

Exercise 8.15. Apply Lagrange multipliers to find the extrema of f(x,y) = xy subject to
2, ,2
e+ y = 1.

Exercise 8.16. Let g : R” — R be C! with Vg(a) # 0. Show that {z : g(x) = g(a)} is locally a
smooth hypersurface through a.

141



Chapter 9

Multiple Integration and Vector Calculus

This chapter develops the Riemann theory of double and triple integrals, repeated integration
and Fubini’s theorem, and change of variables. We then introduce surface and line integrals,
and conclude with Green’s theorem, the divergence theorem (Gauss), and Stokes’ theorem.

Learning objectives.

e Pass from one-variable integration to multiple integration with full control over iterated

integrals and geometry of domains.

e Compute line, surface, and volume integrals while keeping track of orientation and parametriza-

tion.

o Interpret divergence, curl, and the integral theorems of vector calculus as global manifestations

of local differential data.

9.1 A brief review of the Riemann integral in one variable

Let f : [a,b] — R be a bounded function and let P = {z¢, z1,...,2,} be a partition of [a, b],
where {a =z9 <z < -+ <z = b}.

Axq

a =z x1 T2 Tp_1 b=axn

Figure 9.1. A partition P of [a,b]. The mesh ||P|| = max;(z; — x;—1) measures the fineness of the
partition.

Let Az; = x; — xi—1. Define m; = inf{f(z) : ;-1 < x < z;} and M; = sup{f(z) : z;—1 <
x < x;} Write
L(P, f) = ZmiA:L‘i and U(P, f) = ZMlel
i=1 i=1
Since f is bounded, there exist real numbers m < M such that m < f(x) < M for all = € [a, b].

Hence

m(b—a) < L(P, f) < U(P, f) < M(b — a).

It is easy to see that if Py C Pa, then U(P, f) > U(P, f) and L(Py, f) < L(P, f). It is clear that
L(P, f) is an increasing function over the set of all finer partitions while U (P, f) is a decreasing

function of P.
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Definition 9.1. The function f is said to be Riemann integrable (or f € R]a,b]) if
irlgf UPf)= Sl]})pL(P, ).
Let w(P, f) =U(P, f) — L(P, f). From the definition, it follows that
infw(P, f) = mt{U(P, f) - L(P, f)} =0, (9-1)

where w(P, f) is known as oscillatory sum of f over the partition P. Hence, if f € R[a, b], then for
each € > 0, there exists a partition P such that w(P, f) < e. On the other hand, for e = %, n €N,
there exists a partition P, such that w(Py, f) < L. Thus, nll}rgo w(Pp, f) =0.

Theorem 9.2. Let f : [a,b] — R be bounded. Then f € Rla,b] if and only if there exists a
sequence {P,} of partitions of [a,b] such that Jim w(P,, f)=0.

Proof. We have already seen the forward implication. For the other one, if nlgrolo w(Py, f) =0,

then for each € > 0, there exists ng € N such that w(P,, f) < ¢, whenever n > ng. But, then

i%fw(P, f) S w(Ppy, f) < € for all € > 0. Since f is bounded, both i%f U(P, f) and sup L(P, f)
P

exist, and from (9.1) it follows that ir]%f U(P, f) =sup L(P, f). Hence f € R|a,b]. O
P

Example 9.3. Let f:[0,1] — R is given by

1 ifa=1,
f(x)z{ coe

0 otherwise.

Then f is bounded and for P, = {% : 1=0,1,...,n}, we have

W(Pn, ) =Y _(M; — m;)Az; < 2.% -0,
=1

1

since 5 can belong to two consecutive subintervals. Hence f € R[0,1].

Recall that if Py C P, then U(Py, f) > U(P, f) and L(Py, f) < L(Pa, f). Hence w(Py, f) >
w(Pa, f). Using this fact, it is enough to workout nh_)ngo w(Pp, f) =0, while {P,} is an increasing

sequence of partitions.

Theorem 9.4. Let f : [a,b] = R be bounded. Then f € Rla,b] if and only if there exists an

increasing sequence of partitions {P,} of [a,b] such that le w(Pp, f)=0.
n—oo

Proof. Since f € R[a,b], by Theorem 9.2, there exists a sequence of partition {P,} such that
nlLHgow(Pn,f) =0.Let Q1 =P and Q, = PLUP,U---UP,. Then w(Qn, f) < w(Py,, f) — 0.

The converse part is obvious from Theorem 9.2. O

: . . b
Remark 9.5. From Theorem 9.4 it follows that Jim U(Pp, f) = Jim L(Py, f) =[] f(z)dz.
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Theorem 9.6. If f : [a,b] — R is continuous, then f € Rla,b].

Proof. Since f is continuous on the closed interval [a,b], f is bounded and uniformly continuous.
For each € > 0, there exists § > 0 such that |z — y| < ¢ implies |f(z) — f(y)| < 35=ay- Choose
a partition P of [a,b] such that Ax; < J. Since f attains its infimum and supremum on each

subinterval, we get M; — m; < m. Hence

n

OJP, = Ml—mlAlﬁSn#
(P = Az <Y g

Ax; < e.
i=1 a)

O]

Example 9.7. Every monotone function f on [a, b] is Riemann integrable. Assume f is monotone
increasing. Let P, = {xz =a+ (b_Ta)Z :1=0,1,... ,n} . Then the oscillatory sum

oPar £) = Y05 = mi) Ay = 3 () — fleia)} % = {(8) — Fla))
=1

=1

— 0.

Hence by Theorem 9.4 we conclude that f € R|a,b].

Continuity like condition for Riemann integrability on [a, b].

We know that the oscillatory sum w(P, f) decreases over the set of finer partitions. And f is
Riemann integrable if and only if there is a sequence of partitions { P, } such that w(P,, f) — 0.
Using this fact, we derive a continuity like condition for Riemann integrability of bounded
function on [a, b]. For a given partition P = {xg, z1,...,x,} of [a,b], we define |P| = max Ax;,

1<i<n
where Ax; = x; — x;—1.

Theorem 9.8. Let f : [a,b] — R be a bounded function. Then f € R([a,b]) if and only if for
each € > 0, there exists § > 0 such that for each partition P with |P| < 0 implies w(P, f) < e.

Proof. Since f is Riemann integrable, for each € > 0 there exists a partition P of [a,b] such
that w(P, f) < e. Let § > 0 be small enough and P’ be a refinement of P such that |P’'| < §. As
P C P, it follows that w(P’, f) < w(P, f) < e. The other implication is obvious by definition of
R([a,b]). O

Corollary 9.9. Let f : [a,b] = R be a bounded function. Then f € R([a,b]) if and only if for
each sequence of partitions { Py} with |P,| — 0 implies w(P,, f) — 0.

Question*. Think about, how far can be a Riemann integrable function from continuous

function.

9.2 Double integrals

Section overview.
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e The passage from one variable to two variables introduces geometry of domains as an essential
part of integration.

o Iterated integrals are not merely computational tools; they encode the structure of the domain
through slicing.

e Sketching the region before computing is part of the proof-oriented method, not an optional

extra.

We know that the Riemann integral of a non-negative function of one variable on a finite interval
is the area of the region under the graph of the function. In a similar way, the double integral
of a non-negative function f(z,y) defined on a region in the plane is the volume of the region
under the graph of f(x,y).

First, we discuss double integral on the rectangular region, and later we consider more general
region with curvilinear boundary.

Let D = [a,b] X [¢,d] and f: D — R be bounded. Let P = {xg,z1,...,x,} be a partition
of [a,b] and Py = {yo,¥y1,-.-,Ym} be a partition of [c,d]. Note that the partition P = P; X Py
decomposes D into mn sub-rectangles (or cells). Let D;; = [zj—1, 2] X [yj—1,y;]. Let my; =
inf{f(z,y) : (z,y) € Dj;}. Define

3

i=1j=1

Similarly, we can define
n m

UP f)= ZZMZ']A%A?JJ»

i=1j=1
where M;; = sup{f(z,y) : (x,y) € D;j}. The lower integral of f is defined by sup L(P, f). The
P

upper integral of f is defined by ir}gf U(P, f). Note that both the integrals exist because f is

bounded. We say that f is integrable on D (or f € R(D)) if both lower and upper integrals of f
are equal. If the function f is integrable on D, then the double integral is denoted by

//f(:z:,y)dxdy or //f(:v,y)dA.
D D

Example 9.10. Let f: D =[0,1] x [0,1] — R is given by

1 ifz, 0,1],
f(%y)_{ y€Qnlo,1]

0 otherwise.

Then f is not integrable on D, because for any partition P of D defined as above, we get
U(P, f)=1#0=L(P, f).

Theorem 9.11. Let f : D = [a,b] X [¢,d] = R be bounded. Then f € R(D) if and only if for
each € > 0 there exists a partition P of D such that w(P, f) = U(P, f) — L(P, f) < e.
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Theorem 9.12. Let f: D = [a,b] X [¢,d] — R be bounded. Then f € R(D) if and only if there
exists an increasing sequence of partitions {P,} of D such that nh_)rgo w(Pp, f) = 0.

Since the proof of Theorem 9.12 is similar to Theorem 9.4, we omit here.

Example 9.13. Let f: D =[0,1] x [0,1] — R is given by

0 ifzx
f(x,w—{ ez
1 ifz=uy.

Then [[ f(z,y)dady = 0. Let P, = {£: i=0,1,...,n} x {: i =0,1,...,n}. In this case,
D
Ax; = Ay; = % The oscillatory sum of the function f on D satisfies

me ZZ ij — Mij szij ZZ(sz

i=1j=1 i=1j=1 i=j, j=1
Theorem 9.14. Let D = [a,b] X [c,d]. If f: D — R is continuous, then f is integrable on D.

Proof. Since f is continuous on the closed rectangle D, it follows that f is bounded and uniformly
continuous on D. Hence for given ¢ > 0 there exists § > such that for (z,y), (z/,y’) € D with
Ve =22+ (y —y)? < § implies | f(x,y) — f(«,y)] < 55, where A is the area of the rectangle
D.Let P={Dj; : i=12,...,nand j = 1,2,...,m}, where D;; = [z;—1,2;] X [y;—1,;].
Write d(D;;) = \/(xl —xi—1)%2 + (yi — yj—1)?. Now, suppose P satisfies d(D;;) < ¢ for all i =
1,2,...,nand j = 1,2,...,m. Since f attains its infimum and supremum on each closed cell

€
D;j, we get M;; —m;; < 55. Hence

w(P, f) :ZZ ij — mij) Az Ay, <ZZQAAmZAyJ < €.
i=11=1 i=11=1

Hence by Theorem 9.12, we conclude that f € R(D). O

Continuity like condition for Riemann integrability

Let P = {D;; : i =1,2,...,nandj = 1,2,...,m} be a partition of D = [a,b] X [¢,d],
where Dj; = [z—1,2;] X [yj—1,y;]. Write d(D;;) = \/(l'l —zi—1)? + (i — yj—1)?. Define |P| =
max{d(D;;): i=1,2,...,nand j =1,2,...,m}.

Theorem 9.15. Let f : D = [a,b] X [¢,d] — R be a bounded function. Then f € R(D) if and
only if for each € > 0 there exists 6 > 0 such that for each partition P of D with |P| < ¢ implies
w(P, f) <e.

Since the proof of Theorem 9.15 is similar to Theorem 9.8, we omit here.

Corollary 9.16. Let f: D = [a,b] X [¢,d] — R be a bounded function. Then f € R(D) if and
only if for each sequence of partitions {P,} of D with |P,| — 0 implies w(P,, f) — 0.

Note that in order to show f & R(D), it is enough to show that there exists a sequence of
partitions {P,} with |P,| — 0 but w(P,, f) 4 0.
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Geometric interpretation. If f: D = [a,b] X [¢,d] — [0,00) is integrable, then

//f(x,y)dxdy
D

represents the volume of the solid bounded by the planes x = a, x = b, y = ¢, y = d, and the

surface z = f(x,y).

9.2.1 Repeated Integrals

The next result shows that a suitable double integral can be evaluated by means of repeated
integrals. This is the content of Fubini’s theorem. Before stating the theorem, let us examine

two instructive examples.

Example 9.17. Consider the function f: D =[0,1] x [0,1] — R defined by

1, ifzeQnlo,1],
f(z,y) :{ ,
2y, ifxeQ°nlo,1].

Then

/01 (/Olf(x,y)dy>d:r:1.

However, f is not integrable on D. (Hint: Use Corollary 9.16 to deduce that f ¢ R(D).)

Example 9.18. Consider the function f: D = [0,1] x [0,1] — R defined by

0, ifx;é%,
flz,y) =141, ifxz%andyé@ﬂ[o,l],
-1, ifxz%andyé@cﬁ[o,l].

For z = %, the inner integral fol f(z,y) dy does not exist. Nevertheless, the double integral
[ f(z,y) dxdy does exist.
D

Theorem 9.19 (Fubini’s Theorem). Let f : D = [a,b] X [¢,d] — [0,00) be integrable. If for each
b
€ [e,d], the function f(-,y) € Rla,b], then the function F defined by F(y) = [ f(z,y)dx is

J[ f@dzay = | ‘ ( / bf(x,y>d:c> dy.
D

Proof. Since f € R(D), for each € > 0 there exists a partition

integrable on [c,d] and

P:P1><P2:{Dij: i:1,2,...,nandj:1,2,...,m}
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of D such that U(P, f) — L(P, f) < €. Recall that m;; = inf{f(z,y) : (x,y) € D;;} and
M;; = sup{f(z,y) : (z,y) € D;j}. Let us define k; = inf{F(y) : y;—1 < y < y;} and
K; =sup{F(y): yj—1 <y <wyj}. Since m;; < f(x,y) < M;; for each (x,y) € D;j, it follows that

Zngﬁﬂfz < L(P, f(y / f(@,y)de = F(y) <> MijAz; (9.2)

=1 =1

for each y € [y;j—1,y;]. Note the first inequality in (9.2) follows due to the fact that infimum
mi; of f on D;j is smaller than the infimum of f over [z;_1,2;] % {y}.
From the above it follows that

L(P, f) =YY mjAzAy; < Z kjAy; = L(Py, F) < U(Py, F)
i=1j=1 Jj=1
and . .
U(Py, F)=> KjAy; <> Z M;jAz;Ay; = U(P, f).
j=1 1=17=1
Hence

Since U(P, f) — L(P, f) < ¢, from (9.3) we get U(P», F) — L(P, F) < e. That is, F' € R]e, d],
and hence once again from (9.3) we infer that

0P ) < [ Py <UE 1) and 1P, ) < [[ 5 )drdy < U, ),
D

Thus,

—e< [[ 1 wydedy ~ [ Figyay <
D
//f(x,y)d:vdy—/ch(y)dy
D

This completes the proof. ]

for each € > 0. Hence

If we instead define G(z) = [ f(z,y) dy, then an analogous statement also holds.

O —a,

Corollary 9.20 (Fubini’s Theorem). Let f : D = [a,b] X [¢,d] — R be a continuous function.

Then
/ f(z,y)dvdy = /Cd (/abf(:v,y)dw> dy = /ab (/Cdf(w,y)dy> dx.
D
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Example 9.21. Let f(z,y) = xe™ for (z,y) € D = [0,2] x [0,1]. Then f is continuous and
hence by Fubini’s theorem

// f(z,y)dzdy = /02 (/01 xexydy) dx = /02 [e™]y dx = /02(63” —1)dz = €* - 3.
D

9.2.2 Bounded functions with discontinuities

We know from Theorem 9.14 that if f is continuous on D then f is integrable. In this section,
we discuss that the integral of a function f also exists if the set of discontinuities of f is not too
large. In order to measure discontinuities, we introduce the following concept.

Definition 9.22. Let A be a bounded subset of R?. We say that A has content zero if, for every
€ > 0, there exist finitely many rectangles {R;}!_; such that

AC U R; and Area(LnJ Ri> <e.
‘ i=1
Example 9.23. (i) Any finite set of points in R? has content zero.
(ii) Every subset of a set of content zero has content zero.
(iii) The union of finitely many bounded sets of content zero is also of content zero.
(iv) Every line segment has content zero.
Exercise 9.1. Any bounded subset of R? having nonempty interior cannot have content zero.

Theorem 9.24. Let f : D = [a,b] X [¢,d] — R be a bounded function. If the set of discontinuities

of f in D is a set of content zero, then f is integrable.

Proof. Let M > 0 be such that |f(z,y)] < M for all (z,y) € D. Suppose E is the set of
discontinuities of f in D. Let

P ={D;: D; is a subrectangle of D}
be a partition of D, and write

m; = iBf 1, M; = sup f, A(D;) = Area(D;).
i D;

Since E has content zero, we can choose finitely many subrectangles D, ..., D,, such that
m m €
EcC|)D; d AD;) < —.
grom Ry
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On each of the remaining closed subrectangles D; (i = m+1,...,n), the function f is continuous
and hence uniformly continuous. Therefore, by refining the partition if necessary, we may arrange
that

(t=m+1,...,n).

Hence

w(P, f) = > (M —m;)A(Dy)

i=1

= S (M —m)AD) + Y (M; —my)A(D;)
i=1 i=m+1
< SoMAD)+ S A,
B Z + z:;—l QA(D) ( )
e A(D)
< 2Mm + 5@ = €.

Thus, for each € > 0 we have constructed a partition P of D such that w(P, f) < e. This implies
f € R(D). O

9.2.3 Double integral over general bounded regions

Let D be a bounded region in R?, and let f : D — R be bounded. Choose a rectangle Q with
D C Q, and extend f to a function f : Q — R by

" {f(ﬂc,y)» if (v,y) € D,
0, if (z,y) € @\ D.

If f is integrable over @, then we say that f is integrable over D and define

[ty dedy= [[ Fa.y)dody.
D Q

Theorem 9.25. (Fubini’s Theorem) Let f be a bounded continuous function over a bounded
region D in R2.

(i) f D ={(z,y):a <z <band fi(z) <y < fa(x)} for some continuous functions fi, fo :

[a,b] — R, then
b fa(z)
J[ 1yziy= | (/ f(x,y)dy) .
i) a fi(z)
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(ii) If D = {(z,y) :c <y <dand g1(y) <z < go(y)} for some continuous functions gi, g2 :

[c,d] — R, then
d 2(y)
//f(x,y)dxdyz/ (/g ’ f(sv,y)dﬂc> dy.
o c 91(y)

For a proof of Theorem 9.25, we refer to Chapter 11, Calculus Vol. II, by Apostol.
Example 9.26. (i) Let D be the region bounded by the lines joining the points (0,0), (0,1) and
(2,2). Evaluate the integral [[(x + y)%dzdy.

D

2 (1

(73) Evaluate the integral [ (f erdI) dy.
0 Yy
2

Riemann integrable functions on D satisfy the following basic algebraic relations.

Theorem 9.27. Let f and g be Riemann integrable functions on the region D in the plane and
c € R. Then

(i) ¢f +9 € R(D), {)f{Cf(wvy) + g(,y) dady = C{)f f(x,y)drdy + lf)f g(z,y)dxdy.

(ii) If f(z,y) < g(x,y) for all (x,y) € D, then %f f(z,y)dzdy < y g(z,y)dxdy.

(iii) |f] € R(D) and ‘éff(x,y)dﬂfdy < 1f>f | (z,y)|dzdy.

9.2.4 Change of variable

Change of variables formula is one of the most important results in multivariable calculus. The
reason that many problems have a natural coordinate system, and if we look from the right
perspective, the calculation gets considerably simplified. As an effect, making the function and
the domain of integration simpler.

9.2.5 Change of variable in single integral

Let f : [a,b] — R be an integrable function. Suppose g : [¢,d] — [a, b] is continuously differentiable
function (C*! - function) such that ¢'(t) # 0 for all ¢ € (¢,d). Then g is one to one (by Mean
Value Theorem) and hence monotone. We also assume that g is surjective. Put x = g(¢). Then

dx = ¢'(t)dt. If g is monotone increasing, then

g~ (b)
[ t@as=[" " staond e = [ sao)g o

In case, if g is monotone decreasing, then [c,d] = [¢71(b), g~ !(a)]. Thus, we have the formula

b d
| f@de= [ flao)lg @lat.
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9.2.6 Change of variable in double integral

We now extend the one-variable change-of-variables principle to the setting of double integrals.
A complete proof in higher dimensions requires additional material from advanced analysis and

differential calculus, so we state the result here and focus on its interpretation and use.

Suppose S is a bounded region in the uwv-plane which is transformed onto the bounded
region D in the zy-plane by = = ¢(u,v) and y = ¥ (u,v). Now, consider mapping 7" from D
to S which is bijective, continuously differentiable and it’s inverse 7-! : S — D is defined by
T u,v) = (¢(u,v),¥(u,v)). See fig. 9.2.

Y v

T

Y

A

T—l
Xz u

Figure 9.2. A bijective C' change of variables T : D — S and its inverse.

Assume further that 7! is also continuously differentiable and that its derivative (7~!) is

invertible (that is, nonsingular) on the interior of S. Then

do Do
det(T™1) = ‘ gj gi; ‘ = J(u,v) #0 ,
ou  Ov

where function J is known as Jacobi of the transformation. In this way, the function f(x,y)
defined on D can be thought of as a function f(¢(u,v),(u,v)) defined on S.

Theorem 9.28. Let f(x,y) : D — R be continuous function and J be as defined above. Then
the integral of f(x,y) over D and the integral of f(p(u,v),(u,v)) over S are related by

//f(:n,y)dxdy = //f[go(u,v),d)(u, V)] |J (u, v)|dudv.
D S

Example 9.29. Find the area of the region D bounded by the hyperbolas xy = 1 and zy = 2
and the curves zy? = 3 and zy? = 4.
Note that the area of the region is given by 1f)f dzdy. Let u = zy and v = 2y?. Then = = “72 and

2 4
y=2. Also J(u,v) = 2. Thus, [[dzdy = [ [ dvdu=1log(}).
D

u=1v=3

Example 9.30. Evaluate the double integral [[ %dwdy over the region D bounded by
D

the lines x +y = £1 and ¢ — y = £1.
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Let u =24y and v =z — y. Then z = “3¥ and y = “5*. Here J(u,v) = —%. Also, v = +1 and

v = £1. Hence we have

é/ dedy = ;/1:_1 /u1:_1 ﬁdudv.

Polar coordinates: In this case the variables x and y are changed to r and 6 by the following
two equations

x =rcosf and y = rsiné.

We assume that 7 > 0 and 6 lies in [0,27) so that the mapping T~1(r,0) = (rcosf,rsin @) is

bijective. Then

J(r,0) cos —rsind
7"’ =
sin@ rcos6

‘zr.

Hence the change of variable formula in this case is

é/ flz,y)dzxdy = é/ f(rcosf,rsinf)rdrdd.

Example 9.31. Let D = {(x,y): 2> +y? <a®} and f : D — R is given by f(z,y) =

2v/a? — 22 — y2. Then
a 27
// f(z,y)dzdy = 2/ / Va2 — r2rdfdr
Js 0o Jo
= 47r/ rva? — r2dr
0

a

47ra®

3

2 —7“2)%

-3

:47r(

9.3 Triple integrals

The concept of double integrals can be extended to functions defined on D = [a, b] X [c,d] X [e, f].
Consider the partition P of D is of the form P = P; X P, x P3, where Py, P, and P3 are partitions
of [a,b], [b, c] and [e, f], respectively. For a given partition P and a bounded function f defined
on D, we can define ir]gf L(P, f) and sgp U(P, f), lower integral and upper integral of f. If lower

and upper integrals are equal, then we say f is integrable and the integral is known as triple
integral. It is denoted by

/// f(z,y, z)dxdydz or /// flx,y,z)dV.
D D
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Remark 9.32. Note that most of the results related to the integrability test of the function of
two variables will analogously hold true in the case of the function of three variables. Hence we
avoid mentioning those results over here.

Theorem 9.33. (Fubini’s Theorem) Let R be a bounded region in R? and let D be a bounded
domain in R? given by D = {(z,y,2) : (z,y) € R and  fi(z,y) < 2z < fa(w,y)}, where f1, f2

are continuous functions on R. If f is continuous on D, then

f(z,y,2)dV = el f(z,y,2)dz | dA.
H 5 fi(zy)

9.3.1 Change of variable in a triple integral

The change of variable formula for a double integral can be extended to triple integrals.

/// f(z,y, z)dxdydz = ///f[gp(u, v,w), Y(u, v, w), n(u, v, w)]|J(u, v, w)|dudvdw,
S T

where
9o 9o Op
gu gv gw
J(u,v,w) = a—zﬁ a—f 8%
on On On
ou Ov Ow

Example 9.34. Consider the integral [[[zdzdydz, where D is the region in R? bounded by
D

=0,y =0,z = 2 and the surface 2 = 22+ y%. Here D = {(z,9,2) : (z,y) € R, 2> +y*> < 2 < 2}
and R = {(x,y) 0<z<V2,0<y< \/2—952}. Therefore

[ v [ ([ o)

V2 pN2=22 2
= / / / x dzdydz
0 0 2492
8v/2

5
Cylindrical co-ordinates: In this case the variables x,y and z are changed to r,0 and z by
the following three equations

r=rcosf,y=rsinf and z=z,

where r > 0 and 6 € [0,27). The Jacobian is

cos@ —rsinf 0
J(r,0,z) =| sinf® rcosf 0 |=r.
0 0 1
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Therefore the change of variable formula is

/S// flz,y, z)dxdydz = /T//f(r cosf,rsiné, z) r drdfdz.

Example 9.35. Consider [[[ (2222 + 22y?) dwdydz, where D is the region determined by x? +
D

y2 < land —1 < z < 1. We can describe D in cylindrical coordinates by 0 <r <1,0<6 <27
and —1 < z < 1. Therefore,

1 r2m f1
/// <22x2 + z2y2) drdydz = / ) /0 /0 (z27"2) rdrdfdz
) _
/1 oyl 1
pu— Z —
“1Jo 4

Spherical co-ordinates: In this case the variables x,y and z are changed to r, 0 and ¢ by the

following three equations
r=rsin¢cosf, y=rsingsinf, 2z =rcosap.

We assume r > 0,0 < 0 < 27 and 0 < ¢ < 7 to get mapping of transformation one-to-one. The

Jacobian is

J(r,0,¢) = —r’sin ¢.

Hence the change of variable formula is

/S// f(z,y, z)dxdydz = /T// f(rsin ¢ cos 6, rsin ¢ sin @, r cos @) r sin ¢ drdfde.

9.4 Surface area and surface integrals

A surface is the locus of two points moving in the space (R?) with two degrees of freedom. A
surface can be represented in several ways, however, we discuss some of them.

Parametric surface: A parametric surface is the graph of a continuous function of two variables
that taking values in R3. That is, given a continuous function r : T C R? — R3, defined by
r(u,v) = f(u,v)i+ g(u,v)j + h(u,v)k, the set r(T) = {r(u,v) : (u,v) € T} is called parametric
surface determined by r. We assume that the function r is one-to-one in the interior of 1" so

that the surface does not cross itself. The equations
z = f(u,v), y=g(u,v), z = h(u,v),where (u,v) € T

are called parametric equations of the surface (7).
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Example 9.36. (i). Let T = {(z,y) : 2% + y*> < 1}. Consider the function r : T'— R? given by

r(z,y) = xi + yj + /22 + y2k. This represents a cone of height 1.
(3). For fixed a > 0 with 0 < 8 < 27w and 0 < ¢ < 7, the equations

r=asingcosf, y=asingsinf, z=acosqp

represent a sphere. Here the parameters are 6 and ¢.

Note that a parametric surface can degenerate to a point or curve. For instance, if x =
flu,v), y = g(u,v), z = h(u,v) are constant, then r(7) is a point. On the other hand if
r=u+v,y=(u+v)?and z = (u+v)3, by letting t = u + v, r(T) becomes a curve in R3.

If at (u,v) € T, gz and ar are continuous and the fundamental product g 8’" gz # 0, then the
point r(u,v) is called a regular point of the surface r(T'). If one of ‘97" and BZ is not continuous

or or _

or 5o x 5o =0 at (u,v,) we say (u,v) is a singular point. A surface r(T) is called smooth if

each point of the surface is regular.

9.4.1 Area of a parametric surface

Let S = r(T) be be a smooth parametric surface defined on the domain 7. That is, 373 and g—z

are continuous and 87" X gg is never zero on 7.

If we fix v and allow u to run, then the image of r reduces to a curve in R3. Hence the
distance travel along the curve r(-,v) in a small time interval Aw is || d’” ||Au. Similarly, if we fix
u, then the graph of r is a curve in R3, and the distance traveled along this curve in a small time
interval Av is || 92| Av. See fig. 9.3.

v

7y Av

Au Av —T>y

7w Au

domain T 2
U

l
Figure 9.3. A small rectangle in the parameter domain maps to a parallelogram on the surface, with

area element do = ||r, x 7| dudv.

Thus, we see that a small rectangle in T" of area AuAv in the uv-plane is transferred to a
I Ay x ar Av‘ =

parallelogram on the surface r(7T') with area ‘
Note that the point, where 2 Gu X gz =0, the parallelogram on r(T') will collapse to a curve or a

point. Now at each regular point of 7(7T'), the vectors 8 ~ and gz determine a plane having 2 5 gz

as the normal vector to the surface at the point (u,v). We know that BT % = ’ gz ‘ or

where 7 is the unit normal to the surface r(T) at (u,v) € T. Hence, the plane determined by g—u

sin 6 7,

and % is called tangent plane of the surface. Note that the continuity of % and % implies the
continuity of % ar . Hence the tangent plane varies continuously on the smooth surface. Thus,

the continuity of ar and ‘9’" . prevent the occurrence of sharp edges or corners on the surface.
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Let us denote the area of small parallelogram obtained by transferring the small rectangle

of areas AuAw in the domain T by do. Let r, = gTZ and r, = %. Then do = ||ry X ry|| AuAv.

Hence the surface area of 7(T") denoted by a(S) is given by

= // |7y X 7| dudv.
T

Area of a surface defined by a graph: Suppose a surface S is given by

z = f(z,y), for (z,y)€T.

That is, S is the graph of the function f(z,y). Then S can be considered as a parametric surface
defined by:

r(z,y) =xi+yj+ flz, )k, (v,y) €T.

In this case, 7, = @ + fok, 1y = j+ fyk. Further, r, x ry, = = —foi — fyj + k.

S =
= O >
ok g5h T

Hence the surface area becomes
= //,/1+f§+fy2dxdy.
T

Example 9.37. Let us find the area of the surface of the portion of the Sphere a?2 +y? + 22 = 4a?
that lies inside the cylinder 22 4+ y? = 2ax. Consider f = /4a? — , then

— _y

fx: fy:

4a? — 22 — 2 4a2 — 22 — 42

4a?
’/1+f3+f5:’/—4a2—x2—y2'
=2 \/
// 4a2—:c2 dxdy

2a cos 6
—9 %2 / / mdrd@.

Then

Remark 9.38. Note that

7 X 7oll? =7l o |* sin? 0
= [rull? fIro]* (1 = cos?6)

2 2 2
= [lrall” 7ol = (ru - 70)
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Let E=ry -7y, G=1y -1y and F = r, - r,, then

a(S) = // VEG — F2dudv.
T

9.4.2 Surface integrals

Let S be a parametric surface defined by r(u,v) over T. Suppose r,, and r, are continuous. Let
g : S — R be bounded. The surface integral of g over S, denoted by [[ gdo, is defined by
S

J[ sz = [[ strtw o) r vl dudo = [[ gtrtu, ) VEG = FPaudo
S T T

provided double integral in the RHS exists.
Remark 9.39. ().

//gda = //g(r(um))\/mdudv.
T

S
(73). If S is defined by z = f(x,y), then

gdo = [ glz,y, f(z,y)|\/1 + fZ+ f2 dxdy,
Ty

where T is the projection of the surface S over the xy-plane.

1/2

Example 9.40. Let S be the hemispherical surface z = (a? — 22 — y?) /", Evaluate

do
é/ 22 + 92 + (2 + a)?]

Consider
S:=7r(0,¢) = (asinpcosb, asinpsinfb, acos @),

where 0 <0 <27, 0 < ¢ < 7. Note that

1/2
VEG — F? = a%sin ¢ and {x2+y2+(z+a)2} / =2acos§.

do B 2m /2 o2 Sin(bd "
// [22 4+ 2+(z+a)2]1/2 _/0 /0 2a cos 2 $db.
g Yy

2

Hence
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9.5 Line Integrals

Let R : [a,b] — R? be a differentiable function and the curve C' is parameterized by R(t). Suppose
f: C — R?is a bounded function. The line integral of f along C is denoted by the symbol

J [+ dR and is defined by
C

b
| 1-ar= [ 1(mw) - mod
c a

provided the integral in the right-hand side exists. See fig. 9.4.

[a, ]

I xr

Figure 9.4. A curve C parameterized by R : [a,b] — R3; the line integral fc F - dR is defined as
[P F(R(t)) - R'(t) dt.

Remark 9.41. Suppose f = (f1, f2, f3) and R(t) = (x(t),y(t), 2(t)). Then the line integral [ f-dR

is also written as
| fida+ pody+ oz or [ fiGas 2o+ folay 2)dy + fal. v, 2)d

Example 9.42. Let f = 2% + yj+ (zz — y)k. Compute the line integral [ f - dR, along the
curve C joining (0,0,0) with (1,2,4).

(i) C is the straight line joining theses points,

(i) C is the curve given by R(t) = (t2,2t,4t?).

The second FTC for line integral: We know that if f : [a, b] — R is continuously differentiable
on [a,b], then f(ff(t)'dt = f(b) — f(a). Since f is continuous, F'(x) = [ f(t)dt is differentiable
and by FTC it follows that F(x) = f(x), where a € [a,b]. Hence f;’ F'(z)dx = f; f(z)dz =
folj f(z)dz — [} f(x)de = F(b) — F(a). This says that the value of integral of continuously
differentiable function depends only on end points and not on the points inside the interval.

We generalize the above second FTC to the line integral.

Theorem 9.43. Let D be a solid domain in R3, and f: D — R be continuously differentiable.
Suppose A, B are two points in D. Let C = {R(t) : t € [a,b]} be a curve lying in D and joining
the points A and B. If R(t) is continuously differentiable on [a,b], then

/C Vf-dR = f(B) - f(A).
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Proof. Let h(t) = f(R(t)). Then by chain rule, we get h'(t) = (f o R)' = Vf(R(t)).R'(t). Hence

b b
| VFedR = [ VF@R@).ROd = [ Wi =he) - ha) = F(B) - F(A).
C a a
]

Remark 9.44. Line integral of gradient of a function is independent of the choice of path joining
the points A and B in the domain D.

Definition 9.45. Let R : [a,b] — R3 be a continuous function that represents a curve C. The
curve C is said to be

(i) simple if R is one-to-one on (a, b].

(ii) Closed if R(a) = R(b).

(iii) Smooth if R’ exists and continuous.
)

(iv) Piecewise smooth if the interval [a, b] can be partitioned into a finite number of subin-
tervals and in each of which the curve is smooth.

Theorem 9.46. (Green’s Theorem) Let C be a piecewise smooth simple closed curve in the
xy-plane and let D denote the closed region enclosed by C. Suppose M, N, g—li and ‘98—]\;[ are real
valued continuous functions in an open set containing D. Then

ON oM ) )
é/ ((% _ 6y> dxdy_j{C(MerN])dR_jéMd:rJrNdy, (9-4)

where the line integral is taken around C' in the counterclockwise direction.

Since the identity (9.4) holds true for every choice of M and N ( satisfying the assumption
of Green’s Theorem), by letting M = 0 and N arbitrary and vice-versa, the identity (9.4) is
equivalent to two identities [[ &Ndxdy = § Ndy and — [f %—lzfdxdy = § Mdy. We shall present

D C D C

the proof of Green’s Theorem for two special cases I and II as shown in fig. 9.5.

Y Y

=3 |

Type I: y-simple Type II: z-simple

Figure 9.5. Two standard classes of planar domains used in the proof of Green’s theorem.
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Proof. (i) Let D = {(z,y) : a <z <band f(z) <y < g(x)}, where f and g are continuous

functions on [a, b]. Since %1;//[ is continuous, by Fubini’s Theorem, the double integral

/ [ Py - [ [ / (;) %Mdy] do= [ Mz j@lde ~ [ Mz gl (09

On the other hand, we can write

/ Mdx = | Mdx+ [ Mdz, (9.6)
C C1

Co

since the line integral along each of vertical segment is zero. Note that C; and Cs can be

represented by ri(t) = ti 4+ f(t)j and ro(t) = ti + g(t)j respectively. Hence
b b
/ Mdz = / M, f(£))dt and / Mdz = — / M, g(b)]dt. 9.7)
& ¢ s ¢

Negative sign appeared in the second equation since the curve Cy traverses in the reverse direction.
Thus, from (9.5-9.7) we conclude that the identity (9.4) holds for the type I region. Similarly, we
can obtain the result for the type II region. Further, we can obtain the result for any region
which can be decomposed into finitely many regions of the above two types. ]

Area expressed as a line integral: Let C be a simple (piecewise smooth) closed curve and D
be the region enclosed by C. Let M(x,y) = —4 and N(x,y) = §. Then by Green’s Theorem the
area of D is

b 1
a(D) = //d:cdy :/ (No — My) dady :/ Mdx + Ndy = 5/ —ydz + zdy.
D D a ¢
Example 9.47. Note that the integral

/C zy’dr + (mQy + :):) dy = / dxdy = Area(D)
D

(By Green’s Theorem), where D is the region enclosed by C. Hence the integral is depending
only on the region enclosed by C' but not its location.

Example 9.48. Find the area bounded by the ellipse C = {:” + ¥ =1}
Consider the parametric form of C' = {(acost,bsint) : 0 <t < 27.} Then the area is

1 1 2m 1 2m
= / —ydx + xdy = ~ / —(bsint)(—asint)dt + (acost)(bcost)dt = f/ abdt = abr.
2 Jc 2 Jo 2 Jo

Example 9.49. Let Cy and Cs be two simple (piecewise smooth) closed curves as shown in
fig. 9.6.
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Co

Figure 9.6. A multiply connected domain D bounded by an outer curve Co and an inner curve C
(annular-type region).

Consider the region D bounded by the curves C7 and Cs. Note that D = Dy U Dy and D is
enclosed by the curves v;; @ = 1,2, 3,4 and D> is enclosed by curves v;; i =1, 3,5, 6.

//(W_W)dmdy—//<8N_a]\;>dxdy+//<8N_W>dxdy
(oo o L) o e f o )~ o

where o = Mdx + Ndy.

Example 9.50. Let C] be unit circle and Cy be any simple closed curve as shown in fig. 9.7.

Co

Figure 9.7. An inner unit circle C; and an outer simple closed curve Cy bounding a multiply connected
domain.

Find f02 f”jgjrg;“ Let D be the domain lies between C; and Cy. A simple calculation shows

that N, — M, = 0 on D. By applying Green’s Theorem for multiply-connected domain D, we get

fCQ(Md:c+Ndy) —fcl(dethdy) é/ (N, — M) dzdy = 0.
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Since C1 = {(cost,sint) : 0 <t < 27}, we get

/ —ydx + xdy /27T sin?t + cos? ¢
o, x22+y?2  Jo sin?t+cos?t

Hence,
f (Mdz + Ndy) = 2.
Co

9.5.1 Exactness of the line integral

Let Q be a cube in R3. Suppose C is a curve in @ which is parameterized by R(t) =

(2(t),y(t), 2(t)), where R : [a,b] — R? is continuously differentiable. Now, is there a func-

tion F : Q C R® — R such that [ f-dR = [dF for every curve C in Q? Suppose there exists F
C C

such that [ f-dR = [ dF for every curve C in Q. Then by Theorem 9.43 (second FTC for line
c C

integral), it follows that
/ f-dR = F(R(b)) — F(R(a)) = F(B) — F(A) = / VF-dR.
C C
That is,
/C(f—VF)-dRZO

for all curves C' in Q. It is easy to see that f = VF on Q.

Remark 9.51. Note that it is difficult to prove that f = VF on a general domain D. However,

the following exercise can be done with small effort.

Exercise 9.2. Let D = {(z,y) : 22 +4?> <1}. If f: D — R? is a continuously differentiable
function such that [ f-dR =0 for every curve I' in D, then f constant.
r

Example 9.52. Show that the line integral
/ 2xsiny dx 4 (22 cosy — 3y*)dy
C

is path independent joining the points (—1,0) and (5, 1).

9.6 Curl and Divergence
Let F : R? — R? be a vector field given by F(z,y,2) = P(z,y, 2)i + Q(x,y, 2)j + R(x,vy, 2)k.

Definition 9.53. (Curl of F') The curl of F is another vector field denoted by curl ' and defined
by the vector

i ik
curl F' = 8% 6% % =V x f,
P Q@ R
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where V = Zi+ &j+ LF.

Definition 9.54. (Divergence of F') The divergence of F' is a scalar valued function denoted by
div F' and is defined by div F = %—I; + % + %. We can rewrite the div F' as div F =V - F.

Now, we recall Green’s Theorem to get a motivation for Stokes” Theorem. Let C be the
piece-wise smooth curve which encloses the domain D in R?. Let F': D — R? be a vector field in
the plane given by F(z,y) = M(x,y)i + N(z,y)j + Ok. By Green’s Theorem

//(Nm—My)d:cdy:% Mdx + Ndy,
C
D

where C = {R(t) : t € [a,b]}. The above identity can be represented as

// curl F - k dedy = j{ F -dR, (9.8)
C
D

where curl F' = (%—g — %—]\;) k. Stokes’ Theorem is a generalization of the identic (9.8) in R3.
Before we make a formal statement for Stokes’ Theorem, we discuss unit normal vector on some
special surfaces.

(i) Suppose the surface S is given by f(z,y,z) = ¢, where f is differentiable function on some

domain D in R3. See fig. 9.8.

Vf
| @

Figure 9.8. A level surface f(z,y, z) = ¢ with normal direction given by V f(P).

xT

Consider a smooth curve C given by R : [a,b] — R? which lies on the surface S and passes

through a point P on S. Then f(R(t)) = c. By the chain rule, we get f/(R(t)).R'(t) = 0.
That is, Vf(R(t)).R'(t) = 0. Since R/(t) is the tangent vector at point P, the vector V f(R(t))
is the normal vector at P. Hence the unit normal vector 7 is given by n = %. Note that
f: D C R — R3. If # is continuous and never vanishes on D, then the surface S is called
orientable.
(ii) Let D be a domain in R?. Let F : D — R3 given by F(s,t) = x(s,t)i +y(s,y)j + 2(s,t)k is a
parametrization of surface S, where F' is smooth (continuously differentiable). Let P = F(s,,t,)
be a point on the surface S. Then F'(s,t,) and F(s,,t) are curves on S passing through P as
shown in fig. 9.9.

Recall that the fundamental product Fy x F} is the normal to the surface S at P. Hence unit

Fy

normal vector to the surface S, in this case, is given by 1 = H?ﬁ Note that 7 : D ¢ R? — R3.
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Figure 9.9. Coordinate curves on a parametrized surface F'(s,t); the tangent vectors F and F} span the
tangent plane, and Fs x F; is normal.

(iii) If the surface S is given by the graph of smooth function f : D C R? — R3. That is,
F(x,y) = zi+yj + f(z,y)k. Then unit normal vector is given by

h= FxXFy N _fzi_fyj+k __fxi_fyj""k

IFex Byl 1= foi = fyd +FI  fisf24p2

Definition 9.55. A surface S is called orientable if unit normal vector to the surface S is

continuous and never vanishes.
Hence orientable surface is a two-sided surface. M&bius strip is not an orientable surface.

Theorem 9.56 (Stokes’ Theorem). Let S be a piecewise smooth orientable surface and C be
the piecewise smooth boundary of S. Let F(x,y,z) = P(x,y,2)i + Q(z,y,2)j + R(x,y, 2)k be a
vector field such that P,@Q and R are continuously differentiable on an open set containing S. If

7l 1s a unit normal vector to S, then

//CurlF-ﬁdazf F -dR, (9.9)
C
S

where the line integral is evaluated around C in the direction of the orientation of C with respect
to .

See fig. 9.10.

Figure 9.10. Stokes’ theorem relates the circulation along the oriented boundary C = 05 to the flux of
curl F' through S.

(i) The value of the surface integral in (9.9) depends only on the boundary C and not on the
particular shape of the surface S.

165



Real Analysis 9. Multiple Integration and Vector Calculus

(ii) If S is a plane surface, then identity (9.9) reduces to identity (9.8). Thus, Stokes’ theorem
may be viewed as a direct extension of Green’s theorem.

(iii) If S is a closed smooth surface, such as a sphere or a torus, then 9S = &, and therefore
//curlF -ndo = 0.
S

(iv) Stokes’ theorem extends to smooth surfaces whose boundary consists of more than one

simple smooth closed curve.

Remark 9.57. If a surface S is given by the graph of a smooth function f defined on a domain
D C R?, then

ch'dRzé/(—fmi—fyj-i-k) -curl F'dz dy.

Example 9.58. Let S be the portion of the surface z =1 — 22 with 0 < 2 < 1 and —2 < y < 2.

Let C = 0S5, and let F(z,y,2) = yi + yj + k. Use Stokes’ theorem to compute the line integral
[F-dR.
C

Here curl F = —k. Write z = f(x,y) =1 — 22 Then the upward unit normal to S is

— fl — fﬁ%—lg B 2wi + k
\/1+f§+fy2 V14 4z?’

n =

and the surface element is

do(x,y) = \/1+ f2 + f2 dxdy.

See fig. 9.11.

boundary C

\ — =2 T

Figure 9.11. A schematic portion of the cylinder-like surface z = 1 — 22

(z,y)-plane; its boundary curve C' is oriented consistently with 7.

over a rectangle in the

By Stokes’ theorem and Remark 9.57,

]{CF-dRzé/(—fmi—fyj—i—k;)-curle:z:dy:/_22/01(—1)dxdy:—4.
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Let us return to Green’s theorem in the plane. Let F(x,y) = M(z,y)i+N(z,y)j be smooth on
the domain D C R?, where D is enclosed by the simple and smooth curve C = {R(t) : t € [a, b]}.
Then R'(t) = 2/(t)i + v/(t)j is the tangent vector to the curve. Hence n = y/(t)i — 2/(t)j is a
normal vector to the curve C. By Green’s Theorem

andt 7{Mdy Ndx-//( ( ))dxdy//(WJraN)dxdy.

Hence
/ div F' dzdy = f (F -n)ds. (9.10)
C

The generalization of the identity (9.10) is known as the divergence theorem.

Theorem 9.59 (Divergence Theorem). Let D be a solid region in R® bounded by a piecewise
smooth orientable surface S. Let F(x,y,z) = P(x,y, 2)i + Q(z,y,2)j + R(x,y, 2)k be a vector

field that is continuously differentiable on an open set containing D. If i denotes the outward

/D//dideV:é/F%da.

unit normal to S, then

See fig. 9.12.

S =0D

>

Figure 9.12. A bounded domain D with boundary surface S = 9D and outward unit normal 7 (Gauss—
divergence theorem).

Example 9.60. Let F(x,y,2) = (x 4+ y)i + 22§ + 2%k. Let 7 be the outward unit normal to the
hemisphere
S ={(z,y,2) :2* +y* + 22 =1, 2 > 0}.

Compute the surface integral [[ F' - i do using the divergence theorem.
S

Write F(x,y,2) = (z +y, 2%,2%). Then div F = 1. Since S is not closed, let
S1={(z,9,0) : 2® +y* < 1}.

Then S U S is a closed surface, so the divergence theorem applies; see fig. 9.13.
By the divergence theorem,

2
//F-ﬁda%—//F‘ﬁldal:///dideV:?ﬂ.
S S1 D
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nn
>

Figure 9.13. A hemisphere S closed by the base disk S7 to form a closed surface, enabling the divergence
theorem.

Here

/F'ﬁldalz // F(z,y,0) - (k) dz dy.

S1 z2+y2<1
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Problem Sets

These problem sets are designed in three layers: a first pass of diagnostic questions that test

command of definitions, a second pass of proof-oriented exercises that consolidate the main

theorems, and a final pass of synthesis problems that ask you to combine ideas across sections.

A productive workflow is to attempt each set in that order, returning to the later questions only

after the structural lemmas and standard examples have become familiar.

Problem Set 1

Problem-set architecture.

Begin with Item 1 and Item 3 to audit your command of the definitions and to build a bank

of counterexamples.

Use the middle part of the set to compare genuine metric phenomena with artifacts of particular

norms or coordinates.

Reserve the later questions for synthesis: these require you to combine completeness, continuity,
and structure of function spaces rather than treating them separately.

. State whether each of the following statements is true or false, and justify your answer.

(a) There does not exist a monotone function f : R — Q which is onto.

(b) There exists a monotone function f : (0,00) — R such that each ¢ € (0,00) satisfies
|[f(et) = flem)] = ¢
(c) There exists a sequence of differentiable functions f,, on (0,00) such that f}, is uniformly

convergent on (0,00) but f, is nowhere pointwise convergent.
(d) There exists a metric space having exactly 36 open sets.

(e) It is impossible to define a metric d on R such that only finitely many subsets of R are
open in (R, d).

(f) If A and B are open (closed) subsets of a normed vector space X, then A+ B ={a+b:
a € Abe B} is open (closed) in X.

(g) If A and B are closed subsets of [0,00) (with the usual metric), then A + B is closed in
[0, 00).

(h) It is possible to define a metric d on R such that the sequence (1,0,1,0,...) converges in
(R,d).
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(i) It is possible to define a metric d on R? such that ((1, 747)) is not a Cauchy sequence in
(R?, d).

(j) It is possible to define a metric d on R? such that in (R?d), the sequence ((1,0))

1

converges but the sequence ((1, 1)) does not converge.

(k) Let A C (1,00) be a closed set. Then A% := {a?:a € A} is a closed set.

o0
(1) Let A, = {(z,y) € R?: 0 < 1 <y < 1} Determine whether the set (| A, is open or
n=1
closed.

(m) There exists a set A C (R, u) such that §(A°U{0}) = 0 but §((A4)°) = 1, where § denotes
the diameter.

(n) If (z,,) is a sequence in a complete normed vector space X such that ||z,11 — x| — 0 as
n — oo, then (x,) must converge in X.

(o) If (fn) is a sequence in C[0, 1] such that |f,41(x) — ( )| < -z for all n € N and for all
x € [0, 1], then there must exist f € C]0, 1] such that f |fn(z) — f(z)]dx — 0 as n — oo.
0
(p) If (zy) is a Cauchy sequence in a normed vector space, then 1Lm ||z, || must exist.
n—oo

(@) {f€C[0,1] : || f]1 <1} is a bounded subset of the normed vector space (C[0, 1], || - ||oo)-

(r) For z,y € £, let d(x,y) = min{1, limsup,,_, . |Zn —Yn|}. Determine whether this defines

a metric on ¢*°.
(s) The sequence f,,(t) = e~ ™ converges uniformly to 0 on (0,1).

(t) If the sequence (x,) in R satisfies
0 <infx, <supz, < 00,
determine whether (z,,) must have a convergent subsequence.
(u) If f: R — R is continuous, bounded, and monotone, must the limits lirf f(z) be finite?
T—>T 00

2. What is the cardinality of the set {f : R — R, f is nowhere continuous}?

3. For a monotone increasing function f : [a,b] — R, define g(x) = sup{f(y) : y < =}. If f has
limit at ¢, then show that f(c) = g(c).

4. Examine whether (X, d) is a metric space, where

(a) X =R and d(z,y) = 1i| y‘l for all z,y € R.
(b) X =Rand d(z,y) =]z —yP forallz,y e R (0 <p < 1).
(c) X =R and d(z,y) = min{\/[z — y], |z — y|?} for all z,y € R.

1 — if t1 f dyi iti
(d) X = Rand forallz,y € R, d(z,y) = + |z —y| if exac : y one of x and y is positive,
|z — y| otherwise.

(e) X = R? and d(z,y) = (|z1 — 1| + |22 — y2|%)% for all x = (z1,22),y = (y1,42) € R2,
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(f) X =R"and d(z,y) = [(z1—y1)*+5(z2—y2)*+- -+%(wn—yn)2]% for all z = (21, ..., xy),
y= (1, yn) ER™.
min{|z| + |w|, |z — 1| + |w — 1|} if z # w,

0 if z=w.

(g) X =C and for all z,w € C, d(z,w) = {

|z — wl ifé:ﬁj—',

(h) X =C and for all z,w € C, d(z,w) =
|z| + |w| otherwise.

0)X:CaMdQAOZVﬁ%%%iﬁhumaweC.

(j) X = The class of all finite subsets of a nonempty set and d(A, B) = The number of
elements of the set AAB (the symmetric difference of A and B).

5. Let 1 < p < oo and let d;, ¢ = 1,2, be two metrics on a nonempty set X. Show that
dy = (d} + db)/? is a metric on X for 1 < p < co. Determine whether d, = max{dy,ds} is a

metric on X.

6. Examine whether || - || is a norm on R?, where for each (z,y) € R?,

1
(@) [[(z,y)[| = (|z[” + |y[")», where 0 < p < 1.

(b) [l y)ll = /% + 2.
Vot +y?  ifay >0,
(©) [l(z,y)ll =

max{|z|, |y|} if zy <O.
7. Let || f]| = min{|| f||oo, 2|/ f||1} for all f € C[0,1]. Prove that || - || is not a norm on C10, 1].

8. Let X be a normed linear space. Prove that norm of any z € X, can be expressed as
|z|| = inf {|o| : @ € C\ {0} with ||z|| < |a}.

9. Let (X, || - ||) be a normed linear space. Show that ||z| = sup {|a|: |a| < ||z]}.

10. Let (X, ||-||) be a normed linear space and let p be a seminorm on X. Show that p : (X, [|-][) = R
is continuous if and only if there exists a > 0 such that p(z) < a||z|| for all x € X.

11. If 1 < p < g < oo, then show that ||z||; < ||z||, for all z € ¢P.
12. If x € R™, then show that lim [|x||, = ||X|lcc. And if € ¢, then show that lim inf ||x||, >
pP—00 P—00
1% co-
13. Let d be a metric on a real vector space X satisfying the following two conditions:
(i) d(x + z,y + z) = d(x,y) for all z,y,z € X,
(ii) d(az,ay) = |ald(z,y) for all z,y € X and for all o € R.
Show that there exists a norm || - || on X such that d(z,y) = ||z — y|| for all z,y € X.

14. Let f be a non-negative function on a linear space X such that f(ax) = |a|f(x) for all a € C.
Show that f is norm on X if and only if f is a convex map which can vanish at most at one
point.
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Let f: (X,d) — [0, 1] be continuous map. Show that f~1(0) is a closed Gy set.

Let (x,,) be a sequence in a normed linear space X which converges to a non-zero vector
x € X. Show that % — « if and only if @« = 1. What are admissible values of « if
z, — 07

o

For z = (x,) € 12, write ||lz|| = (2 an|z,|?)/2. Find all possible sequences (a,) such that
n=1

|| - || is a norm on 2.

Let R*° be the real vector space of all sequences in R, where addition and scalar multiplication

are defined componentwise. Let d((x,), (yn)) = § 5 % for all (zy,), (yn) € R™.
nfl n n

Show that d is a metric on R but that no norm on R* induces d.

Let (X, || - ||) be a nonzero normed vector space. Consider the metrics dy,ds and d3 on X:

d1($,y) = min{la ||£L‘ - yH}v

|z —yl
d =

14 ||z —y|| ifx#uy,
da(.y) :_{ 0 ” ” ifr =y

for all x,y € X. Prove that none of dy,ds and d3 is induced by any norm on X.

Let X be a normed vector space containing more than one point, let z,y € X and let £,6 > 0.
If B.[x] = Bsly], show that © = y and ¢ = §. Does the result remain true if X is assumed to
be a metric space? Justify.

Let A= {(x,y,2) € R®: 22 +y? <1} and B = {(z,y,2) € R®: 2 = 0}. Examine whether
AN B is a closed/an open subset of R? with respect to the usual metric on R3.

Let F), be a sequence of closed sets in R such that F,, C (n,n+ 1] and F,, N F,,, = (), whenever
oo

m # n. Show that F' = |J F, is a closed set in R.
n=1

For all z,y € R, let di(x,y) = |z — y|, d2(x,y) = min{l, |z — y|} and d3(z,y) = lflgﬁ'y‘ IfG

is an open set in any one of the three metric spaces (R, d;) (i = 1,2,3), then show that G is

also open in the other two metric spaces.

Let X be a normed vector space and let Y (# X) be a subspace of X. Show that Y is not
open in X.

Let (z,) and (y,) be Cauchy sequences in a metric space (X, d). Show that the sequence
(d(zp,yn)) is convergent.

Let d, be the discrete metric on non-empty set X. Show that (X, d,) is complete.

o0
Let (z,,) be a sequence in a complete metric space (X,d) such that > d(xn,zn41) < 00.
n=1

Show that (x,) converges in (X, d).

172



Real Analysis 9. Multiple Integration and Vector Calculus

28.

29.

30.

31.

32.

33.

34.
35.
36.
37.
38.

39.

Let (x,) be a sequence in a metric space X such that each of the subsequences (z2y,), (T2,—1)
and (xs3,) converges in X. Show that (z,) converges in X.

Show that the following are incomplete metric spaces.

(a) (N,d), where d(m,n) = |-+ — f\ for all m,n € N

(b) ((0,00),d), where d(x,y) - — f] for all z,y € (0, 0)
(¢) (R,d), where d(z,y) = |%‘x| - T\yl| for all z,y € R
(d) (R,d), where d(x,y) = |e* — eY| for all z,y € R

Examine whether the following metric spaces are complete.

(a) ([0,1),d), where d(z,y) = |{Z; — $%;| for all 2,y € [0,1)

(b) ((=1,1),d), where d(z,y) = |tan &f — tan Z| for all z,y € (—1,1)

(C) ((Oa 2]7d) where d(l’ y) - ‘7 - i

For X(# () C R, let d(x,y) = 1_'&;32” for all z,y € X. Examine the completeness of the
metric space (X, d), where X is

(a) [0,1]NQ.
(b) [=1,0] UL, 00).
(c) {n?:n € N}

Let X = C|0, 1] be the space all the continuous functions on interval [0, 1]. Prove that norms

Il . |loo and || . ||1 on X are not equivalent.

Let C'[0, 1] denote the space of all continuously differentiable functions on [0,1]. For f €
C[0,1], define || f]| = || flloo + I |loo- Show that space (C'[0,1],]| . ||) is a Banach space.

The space (C1[0, 1], ]| . [I) , where [[£]| = (I/1I3 + //I3)? is complete.

Let f € C'0,1] and [|f]| = ||f'l2 + || fllco- Then verify if (C*[0,1],] . ||) is complete.

Let f € C[0,1]. Then verify if || f|| = min (|| f'||2, || f]lc) defines a norm on C1[0, 1].

Let X = {f € C'[0,1] : £(0) = 0}. Then ||f|| = ||f'||2 is a norm on C*[0, 1] but not complete.

Let D = {z € C: |z| < 1}. Let X be the class of all functions f which are analytic on D and
continuous on D. Define || f|| = sup{|f(e®)] : 0 <t < 27}. Show that (X, || . ||) is complete.

Examine whether the sequence (f,) is convergent in (C[0,1],ds ), where for all n € N and for
all t € [0,1],

(a) falt) = 225

(b) fu)=1+t+5 +-- &
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40.

41.

42.

43.

44.

45.
46.

47.

48.

49.

50.

ol.

nt ifo<t<?i

n(t) = L

(c) fu(t) {;t 1f%<t§1-
nt ifo<t<i
d) fult) = P
(d) ful®) {71”(1—75) if L <t<1.

—nt

Find the pointwise limit of the sequence f,(t) = e * sin nt. Examine for uniform convergence

of f, on R.

Let fn, f : R — (0,00) be such that f, — f uniformly on R. Examine for e/» — ef uniformly
on R.

Let f,(t) = Vt? + n. Examine for the uniform convergence of f! on R.

Let X be the class of all continuous functions f : R — C such that for each € > 0, there
exists a compact set K C R such that |f(z)| <€, for all z € R\ K. Show that (X, || . ||) is
complete.

Let 1 < p < oo. Let X, be a class of all the Riemann integrable functions on [0, 1]. Prove that

1
N fllp = (fol |f|p)p < o0o. Prove that (X, || . ||p) is a normed linear space but not complete.
Show that {(z,) € 1% : |2,] < L for all n € N} is a convex set with empty interior.

Suppose that 2 € /P for some p > 1. Show that liprgiorolf llz|l, > ||z]|sc. Prove/disprove that

Tim [zl = o/l

Let M be a subspace of a normed linear space X. Then show that M is closed if and only if
{ye M : |ly|| <1} is closed in X.

Let T': (C[0, §], I loo) = (C[0, 5], [|-/loc) be defined by (T'f)(z) = [;= f(s) sin sds. Show that
T is not a contraction but 72 is a contraction.

Let f: R™ — R" be continuous and let there exist a > 0 such that ||f(x) — f(y)]| > a|x —y||
for all x,y € R". Show that f(R™) is complete.

Let f : R® — R" be a contraction and let g(x) = x — f(x) for all x € R®. Show that
g : R* — R" is one-to-one and onto. Also, show that both ¢ and g=! : R® — R” are

continuous.

Find a neighborhood of x = 0 in which initial value problem 3y’ = 14?7 with y(0) = 0 has a

unique solution.

Problem Set 2

Problem-set architecture.

Start with the true/false diagnostics to separate completeness, compactness, and total bound-
edness cleanly in your mind.
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e The next tier asks for proofs that should explicitly invoke the correct compactness criterion
rather than an informal heuristic.

e The final questions are best approached after revisiting Arzela—Ascoli, uniform convergence,
and the basic examples of noncompact bounded families.

1. State whether each of the following statements is true or false, and justify your answer.

(a) If X is a finite metric space, then C'(X), the space of continuous functions on X, is a

finite-dimensional normed linear space.
(b) If every countable closed subset of a metric space (X, d) is complete, then X is complete.
(c) Total boundedness is preserved under homeomorphisms.

(d) Let fy:[0,1] — R be defined by f, = Xx[0,1/n), and suppose that f,, converges pointwise
to f. Then the set {f, f, : n € N} is compact in B|0, 1].

(e) Let f, € C'0,1]. Then the set {f, : n € N} is compact in C[0, 1].
(f) Determine whether the set {z = (x1,22,...) € £? : |z,| < 1/n} is totally bounded in ¢2.
2. Prove that if every countable closed subset of a metric space X is complete, then X is complete.

3. Show that a subset A of a metric space X is closed if and only if AN K is compact for every
compact subset K of X.

4. Find a subset of £*° that is closed and bounded but not totally bounded.

5. Show that a subset A of a metric space (X, d) is totally bounded if and only if every sequence
() in A has a subsequence (z,, ) satisfying

d(wnk7mnk+1) S 27]{ (k S N)

6. Let K and F' be nonempty subsets of a metric space (X, d). If K is compact and F is closed,
show that dist(K, F') > 0 whenever K N F' = (). Does the same conclusion remain valid if K
is closed but not compact?

7. A function f : (X,d) — R is called lower semicontinuous if, for each @ € R, the set
{r e X : f(x) > a} is open in X.

(a) Show that f is lower semicontinuous if and only if
£(@) < lmin £(w,)

whenever z,, — x.

(b) If X is a compact metric space, prove that every lower semicontinuous function on X is

bounded below and attains its minimum.
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8.

10.

11.

12.

13.

14.

15.

Let f: (X,d) — R be lower semicontinuous. Show directly that for every x € X and every
sequence T, — x,
f(z) < liminf f(x,).

n—o0

Let X be a compact metric space, and let f: X — X satisfy d(f(z), f(y)) = d(z,y) for all
z,y € X. Show that f is onto. Is compactness of X necessary?

Let X be a compact metric space, and let f: X — X satisfy d(f(x), f(y)) > d(x,y) for all
xz,y € X. Show that f is an onto isometry.

Let X be a compact metric space, and let f : X — X be bijective with

d(f(x), f(y)) <d(z,y)  (z,y € X).

Show that f is an isometry.
Let X be a compact metric space, and let F C C(X).

(a) Prove that an equicontinuous family F is pointwise bounded if and only if it is uniformly
bounded.

(b) Prove that F is pointwise equicontinuous if and only if it is uniformly equicontinuous.
Let X be a compact metric space, and let (f,,) be a sequence in C'(X).

(a) Suppose that (f,) is equicontinuous and converges pointwise. Show that (f,) converges

uniformly.
(b) If (f,) decreases pointwise to 0, show that (f,) is equicontinuous.

(c) If (fy) is equicontinuous, show that the set
{r € X : (fn(x)) converges}

is closed in X.

For fixed k > 0 and 0 < o < 1, define

Lipy o = {f € C[0,1] : | f(2) = f(y)| < kle —y["}.

Show that {f € Lipy , : f(0) = 0} is a compact subset of C[0,1]. Determine whether the set
{f € Lipy 4 : fol f(t)dt =1} is compact.

Let K(x,t) be continuous on the square [0,1] x [0,1]. For f € C[0, 1], define

Tf(z) = /01 FOK (2, 1) dt.

Show that 7" maps bounded sets into equicontinuous sets.
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16.

17.

18.

19.

20.

21.

22.

Let f,, € C|0,1] satisfy || fn]lcoc < 1. Define

Fo() = /0 "0 dt.

Show that (F},) has a convergent subsequence.
If f € B[0,1], show that B,(f)(z) — f(x) at each point of continuity of f.

Give an example of a sequence of functions f, € C|0,1] that decreases pointwise to a limit

function f, but not uniformly.

For a given polynomial p and € > 0, show that there exists a polynomial ¢ with rational
coefficients such that ||p — ¢|lcc < € on [0, 1].

Let (z;) be a sequence in (0, 1) such that
converges for each kK =0,1,2,.... Show that

converges for every f € C10,1].

For f € C1[0,1] and € > 0, show that there exists a polynomial p such that

[f—pllo<e and  [|f' —p/[lec <e.

Let f:[1,00) — R be continuous, and suppose that lim,_, f(x) exists. Given ¢ > 0, show
that there exists a polynomial p such that

[f(@) =p(1/z)| <& (z=1).

Problem Set 3

Problem-set architecture.

» Read this set in two tracks: first the separation/connectedness questions, then the continuity

and image-of-an-interval consequences.

e Many problems can be solved elegantly by choosing the right continuous map and pushing

connectedness through the image.

e The later questions are deliberately synthesis-heavy and reward a clear stock of standard

examples, especially subsets of R2.
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1.

10.
11.

12.

13.

14.

15.

State whether each of the following statements is true or false, and justify your answer.

(a) It is possible to write R? as a countable union of path-connected sets.
(b) The set of all real polynomials whose zero-set complement is connected is countable.

(¢) There exists a nonempty open connected set A C R™ such that every real-valued function

on A is continuous.

(d) If a metric space X is path-connected, then there exists a continuous map f:[0,1] — X

that is onto.

e) Let f:(X,d) — R be such that the graph G = {(x, f(x)) : © € X} is connected. Does
(e) g f
this imply that X is connected?

(f) There exists a discontinuous function f: R — R such that the graph G is connected in
R2, while int(G;) # 0.

Let A be a connected subset of a metric space X, and let B be a clopen subset of X such
that AN B # (). Show that A C B.

If F is a connected subset of a metric space X and E C AU B, where A and B are disjoint
open subsets of X, show that either E C A or £ C B.

. Prove that E C X is disconnected if and only if there exist nonempty open sets A and B such

that E=AUB, ANB=0,and ANB =0

If every pair of points in X is contained in some connected subset of X, show that X itself is

connected.

If E and F are connected subsets of X with E N F # (), show that E'U F is connected.

If E and F are nonempty subsets of X such that £ U F is connected, show that ENF # ().
Show that the complement of any countable subset of R? is path-connected.

Prove that X is disconnected if and only if there exists a continuous function f: X — R such
that f=1({0}) = 0, while both f~!((—00,0)) and f~1((0,00)) are nonempty.

If X is connected and has at least two points, show that X is uncountable.

Let f : [a,b] — R have the intermediate value property, and assume that f~!({y}) is closed
for every y € R. Show that f is continuous.

If f:[a,b] — [a,b] is continuous, show that f has a fixed point.

Let f:]0,2] — R be continuous with f(0) = f(2). Show that there exists « € [0, 1] such that
f(@) = flz+1).

If f:R — R is continuous and open, show that f is strictly monotone.

If f:R — R is continuous and one-to-one, show that f is strictly monotone.
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16.

17.

18.

19.

20.

21.

22.

Prove that there does not exist a continuous function f : R — R such that f(Q) C R\ Q and
FRNQ) CQ.

If A and B are closed subsets of X such that both AU B and AN B are connected, show that
A and B are connected.

Let I = (R~ Q)N[0,1] and @ = QN [0, 1]. Show that there exists a continuous map from I
onto @, but that there does not exist a continuous map from [0, 1] onto Q.

Suppose that f : R — R has the intermediate value property. If its graph G is closed, show
that f is continuous.

If f:R — R is differentiable, show that f’ has the intermediate value property.

Show that the set
{(z,y) eR?: 22 4¢3 eRNQ}

is disconnected in the usual topology of R2.

Show that GL,(C) is path-connected, using the fact that every polynomial over C has only
finitely many zeros. Is GL,(C) open in M,(C)?

Problem Set 4

Problem-set architecture.

Begin with the differentiability diagnostics and small Jacobian computations before attempting

the inverse/implicit function problems.

Several questions are most transparent if you first identify the correct linearization and only

then compute coordinates.

The final tier emphasizes local invertibility, homogeneous maps, and geometric applications;
these are intended as capstone problems for the chapter.

. State whether each of the following statements is true or false, and justify your answer.

(a) There exists a one-to-one continuous function from {(x,y) € R? : 22 + y? < 1} onto R2.
(b) There exists a function f : R? — R? which is differentiable only at (1,0).

(c) Let f:R? — R be such that f,(0,0) = 0. Then there exists some ¢ > 0 such that f(z,0)
is continuous on (-4, 6).

11
(d) If f: R? — R? is differentiable with f(0,0) = (1,1) and [f’(0,0)] = [ L1 ], then

there cannot exist a differentiable function g : R? — R? with g(1,1) = (0,0) and
(fog)(z,y) = (y,x) for all (z,y) € R%.
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10.

11.

12.

13.

(e) A continuously differentiable function f : R? — R? cannot be one-to-one and onto if
det[f'(z,y)] = 0 for some (z,y) € R,

(f) The equation sin(zyz) = z defines x implicitly as a differentiable function of y and z
locally around the point (z,y,2) = (3,1,1).

Let ©2 be an open subset of R® and let f :  — R™ and g : 2 — R™ be continuous at

xp € Q. If for each € > 0, there exist x,y € Bs(x¢) such that f(x) = g(y), then show that

f(x0) = g(x0)-

Let A(# 0) C R™ be such that every continuous function f : A — R is bounded. Show that A
is a closed and bounded subset of R".

Let T : R™ — R" be linear and let f(x) = T'(x) - x for all x € R™. Find f’(x), where x € R™.

. Examine the differentiability of f at 0, where

(a) f:R"™ — R satisfies |f(x)| < [|x||3 for all x € R™.

(b) f:R™ — R is defined by f(x) = ||x||2 for all x € R™.

(¢) f:R™ — R"™ is defined by f(x) = ||x]|2x for all x € R™.
Let 2 be a nonempty open subset of R™. Let f :  — R be differentiable at xg € €, let

f(xp) = 0 and let g : @ — R be continuous at xg. Prove that fg : @ — R, defined by
(fg)(x) = f(x)g(x) for all x € Q, is differentiable at xq.

Let © be a nonempty open subset of R™ and let g : 2 — R" be continuous at xg € Q. If
f:Q — Ris such that f(x) — f(x0) = g(x) - (x — x¢) for all x € Q, then show that f is
differentiable at xq.

The directional derivatives of a differentiable function f : R? — R at (0,0) in the directions of
(1,2) and (2,1) are 1 and 2 respectively. Find f,(0,0) and f,(0,0).

Let A € GL(R") and « > 2. If f : R" — R" satisfies ||f(z)] < k|z||*, for some k > 0.
Determine whether the map g = f + A is continuously differentiable at 0 and ¢ is invertible
in the neighborhood of 0.

Let f : R? — R be differentiable such that f(1,1) = 1, f;(1,1) = 2 and f,(1,1) = 5. If
g(x) = f(z, f(z,z)) for all x € R, determine ¢'(1).

Let A € GL,(C). Show that the set E = {B € L,(C) : |B—A| < M} is open in GL,(C).
Hence deduce that E is path-connected in L, (C).

Prove that a differentiable function f : R™\ {0} — R™ is homogeneous of degree oo € R (that
is f(tx) = t*f(x) for all x € R™\ {0} and for all ¢ > 0) if and only if f'(x)(x) = af(x) for all
x € R™\ {0}.

Suppose f : R™ — R” is satisfying f(rz) = r%f(x) for all (z,7) € R™ x (0,00). Determine
whether f is differentiable at 0.
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

Let f : R? — R be continuously differentiable such that f,(a,b) = f,(a,b) for all (a,b) € R?
and f(a,0) > 0 for all @ € R. Show that f(a,b) > 0 for all (a,b) € R

Let f:R™ — R™ be such that f(tx) = t2f(x) for every t > 0 and x € R™. Does it imply that
f is differentiable at 07

Let Q be an open subset of R™ such that a,b € Qand S = {(1—-t)a+tb:tec [0,1]} C Q.
If f:Q — R™ is differentiable at each point of S, then show that there exists a linear map
L :R™ — R™ such that f(b) — f(a) = L(b —a).

Let f(x,y) = (2ye?®, zeY) for all (z,y) € R2. Show that there exist open sets U and V in R?
containing (0, 1) and (2,0) respectively such that f : U — V is one-to-one and onto.

Let f(z,y) = (32 —y?, 2z +y,zy +v3) and g(z,y) = (2ye®*, zeY) for all (z,y) € R?. Examine
whether (fog™!)/(2,0) exists (with a meaningful interpretation of g~') and find (fog~')(2,0)
if it exists.

For n > 2, let B = {x € R" : ||x||2 < 1} and let f(x) = ||x||3x for all x € B. Show that
f : B — B is differentiable and invertible but that f~!: B — B is not differentiable at 0.

Let f: R — R™ be a differentiable function with || f'(z)|| < 1. Show that f satisfies || f(z) —
F@W < |z —y| for every x,y € R. (Hint. Use the one-dimensional mean value theorem.)

Let f : R? = R be continuously differentiable. Find a suitable condition under which the
equation f(x,y) = 0 can be solved for z in a neighborhood of (0, 0).

Let f : R — R be continuously differentiable and f’(0) # 0. Show that F(z,y) = (v —
yf(y), f(y)) is locally invertible in some neighborhood of (0,0). Does there exist some f for
which F' is globally invertible?

Using implicit function theorem, show that the system of equations
2y’ +2%) =0,
(x_y)3_22:77
can be solved locally near the point (1,—1,1) for y and z as a differentiable function of x.

Using implicit function theorem, show that in a neighbourhood of any point
(0, Yo, uo, vo) € R* which satisfies the equations

x —e“cosv =0,
v—eYsinr =0,
there exists a unique solution (u,v) = p(z,y) satisfying det[¢'(z,y)] = v/=.

Show that around the point (0,1, 1), the equation zy — zlogy + ¢ = 1 can be solved locally
as y = f(x, z) but cannot be solved locally as z = g(x, ).

Find the 3rd order Taylor polynomial of f(z,y,z) = 2%y + 2 about the point (1,2, 1).
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27. Let f: R? — R be continuously differentiable. Show that f is not one-to-one.
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