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Introduction

Fourier analysis is, at its core, the systematic study of how a function decomposes into
elementary oscillations. The guiding principle is that translation-invariant phenomena
are best understood in a basis of characters (complex exponentials), because translations
act diagonally on those building blocks. This idea originates in classical boundary—value
problems, where separation of variables leads naturally to eigenfunction expansions; it has
since become a central viewpoint in modern analysis, linking partial differential equations,
approximation theory, probability, signal processing, and geometry.

These lecture notes were prepared for the course MA746 (FOURIER ANALYSIS). They

develop Fourier analysis in three complementary settings:

o the periodic setting, where a function is described by a discrete spectrum (Fourier

series);

o the Fuclidean setting, where a non-periodic function is analyzed via a continuous

spectrum (Fourier transform);

o the distributional setting, which extends differentiation and Fourier methods beyond

classical functions.

A recurring theme is the interplay between physical space and frequency space: regularity,
decay, and localization of a function are reflected in corresponding properties of its Fourier
coefficients or Fourier transform, and conversely. Convolution appears throughout as
the natural operation encoding translation invariance, while summability kernels and
approximate identities provide a robust mechanism for recovering functions from their

spectral data.
Organization of the notes.

o Chapter 1: Fourier Series. We identify functions on the circle with 27-periodic
functions on R and develop the basic theory of Fourier series. After motivating
examples from PDE, we study Fourier coefficients, uniqueness, and the Riemann—

Lebesgue lemma. We then address the central question of reconstruction: in what
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sense does >_,,cz f (n)e™ recover f? This leads naturally to summability methods
(Abel/Poisson and Fejér/Cesaro means) and to Hilbert space techniques in L?(S'),

where orthogonality and completeness yield the cleanest theory.

o Chapter 2: The Fourier Transform. On R", the translation group is non-compact,
so the spectrum becomes continuous. We introduce the Fourier transform, establish
its elementary properties (translations, modulations, scaling), and prove foundational
results such as inversion and Plancherel’s theorem. We emphasize the role of good
kernels and approximate identities, which provide a unified framework for inversion
and convergence, and we develop the basic L” inequalities that govern convolution

and Fourier decay.

e Chapter 3: Distributions. We introduce distributions as continuous linear func-
tionals on spaces of test functions and develop the basic calculus: distributional
derivatives, multiplication by smooth functions, convolution with test functions, and
support. This framework clarifies how Fourier analysis interacts with weak notions
of differentiation and enables one to formulate and solve problems where classical

pointwise definitions are unavailable.

Prerequisites and conventions. The presentation assumes familiarity with Lebesgue
integration and LP spaces, basic analysis in R", and the language of normed and Hilbert
spaces. We adopt the standard identification S' ~ R/27Z and often regard a function on

St as a 2m-periodic function on R. Fourier coefficients are normalized by

_ 1
o

Foy =5 [ s@) s

This normalization makes the exponentials {e™?},cz an orthonormal system in L?(S?!)

with respect to the inner product

(f,9) = 217T /Ozﬂ £(0)g(8) ds.

For the Fourier transform on R™ we adopt the unitary (probability/signal-processing)

convention

flo = [ f@eritan,  f@)= [ Feyena,

whenever the expressions make sense (e.g. f € S(R") or f € L' N L?), and in particular
Ifll2 = 1l£ll> (Plancherel).

Syllabus roadmap. The selection of topics and the order of presentation are meant to

4



MAT46: Fourier Analysis Contents

match a standard first graduate syllabus in Fourier analysis. For quick navigation, the

main results appear in the following places:

« Fourier series on S' (Chapter 1): orthogonality and Fourier coefficients; Dirichlet
and summability kernels (Fejér and Poisson); reconstruction and convergence in
L? and at Lebesgue points; uniqueness; and classical applications (vibrating string,

harmonic extension, and a Fourier-analytic proof of the isoperimetric inequality).

 Fourier transform on R" (Chapter 2): definition and basic properties on L'; the
Riemann—Lebesgue lemma; approximate identities and “good kernels” on R"; Fourier
inversion and Plancherel; convolution estimates (Young); interpolation (Riesz—Thorin)
and Hausdorff~Young; Poisson summation; and selected applications (Gaussian

integrals and the heat kernel).

« Distributions (Chapter 3): the space of test functions and its locally convex
topology; distributions and their calculus (derivatives, multiplication, support);

tempered distributions and the Fourier transform on S'(R").

Each chapter ends with exercises designed both for practice and for extending the theory

beyond the core statements proved in the text.



Chapter 1

Fourier Series

Fourier series provide a canonical way to represent periodic functions as superposi-
tions of the basic characters of the circle group, namely the complex exponentials e,
n € Z. Beyond their striking applications to boundary—value problems in physics,
Fourier series form a central tool of analysis: they convert questions about a function

into questions about its frequency spectrum {f(n)}nez.

Chapter roadmap. This chapter moves from the spectral motivation coming
from classical PDE to the analytic machinery of Fourier series on the circle. The
logical progression is: define coefficients and partial sums; prove that coefficients
determine the function; study reconstruction through summability kernels; then pass
to the Hilbert-space framework, where orthogonality yields Parseval, mean-square

convergence, and a representative geometric application.

1.1 Motivation: eigenfunction expansions in PDE

A guiding principle of Fourier analysis is that translation-invariant linear problems diago-
nalize in a basis of exponential functions. On R/27Z these exponentials are precisely e,
n € Z. One classical route to this conclusion is separation of variables in boundary-value

problems.
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The vibrating string on an interval

Consider the one-dimensional wave equation on the interval (0, 7) with Dirichlet boundary
conditions,
U (2, 1) = Uga(, 1), u(0,t) = u(m,t) =0.

Seeking separable solutions u(z,t) = X (x)7T(t) and dividing by X7 yields

T// (t) _ X//(:L,)

() ~ X@)

for some constant A € R, hence
X"+ XX =0, T" + T = 0.

The boundary conditions force X (0) = X (m) = 0, so nontrivial solutions occur exactly for

A = n? with n € N, with eigenfunctions
X, (x) = sin(nz), n € N.

By linearity, one is led to expansions of the form

f(z) ~ > A,sin(nz),
n=1
where f(x) = u(x,0) is the initial displacement and the coefficients are determined using

orthogonality:
A, = 2 /7r f(x)sin(nz) dz.
7 Jo
A second initial condition w;(z,0) = g¢(z) determines the coefficients in front of
sin(nx) sin(nt) (or sin(nz) cos(nt)), and it already hints at a central theme: regularity of

the data controls decay of the coefficients.

The Dirichlet problem on the disc

A second motivation comes from the Laplace equation on the unit disc

Au=0 onD={(r0):0<r<1, 0<60<2n}, u(1,0) = f(0),
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the classical Dirichlet problem. Writing u(r,0) = F(r)G(0) leads to
G" + )G =0, r?F" +rF — \F = 0.

Periodicity in @ forces A = n? with n € Z, so G(6) = ™’ and boundedness at r = 0 selects

the radial solutions F(r) = r/"l. Thus a bounded harmonic function admits an expansion

u(r,0) =>_ a, rinlent so that F0) =u(1,0) ~ > a,e™.

nez ne”L

Question 1.1 (Central question). Given a function f on the circle (for instance f € L'(S?)

or f € C(S1)), in what sense does the Fourier series

1

T or

> e, = o [ @) ds

nel

recover f7

We now formalize the identification of functions on the unit circle with 2m-periodic

functions on R, and then develop the basic tools needed to answer the question above.

1.2 Functions on the circle

Throughout these notes we identify the unit circle
Sti={e":tcR}

with the quotient group R/27Z via the map t — e. Under this identification, a function
f: 8" — C may be viewed as a 27-periodic function (again denoted by f) on R.

The Lebesgue measure on S* corresponds to the usual Lebesgue measure dt on [0, 27)
and is the (unique) translation-invariant probability measure up to scaling (Haar measure)

on the circle. We use the normalization

27
[ f@dei= [" @, sothat [ vdt=om

In particular, for every ¢, € S' and every integrable f we have the translation invariance

| fe—tyar= [ fwa
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which follows immediately from the substitution s =t — t; and 27-periodicity.

A trigonometric polynomial of degree at most N is an expression
N .
Py(t) = Z ape*t,
k=—N

and a trigonometric series is a formal sum Y4z age*®.

Definition 1.2. Let f € L'(S') and n € Z. The nth Fourier coefficient of f is defined by

1

" or

Foy =5 [ fe

Definition 1.3. The Fourier series of f € L'(S') is the formal expansion

Z f(n)emt.

nel

Its nth partial sum is

SN0 = 3 Flkye,

k=—n

which is a trigonometric polynomial of degree at most n.

Example 1.4 (Model coefficients). For m € Z, the character /™ has a single nonzero

Fourier coeflicient:

—

() (n) = O
Consequently, for m > 1,

—— —— 1

cos(mt)(n) = ;(5,”1 + 5n7,m), sin(mt)(n) = 5 (6n,m - (5n,,m).

Thus the Fourier coefficients literally record the frequency content of the basic oscillations.

Remark 1.5. This elementary computation should be kept in mind throughout the chapter:
Fourier coefficients are coordinates with respect to the exponential basis, and the later
uniqueness and reconstruction theorems explain how much of the original function is

encoded by these coordinates.

Lemma 1.6. Let f,g € L'(S*). Then, for everyn € Z,
(i) T+ 9(n) = f(n) +3(n).
(ii) af(n) = af(n) for every a € C,
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=

(iii) T(n) = f(—n),
t)

(iv) if T, f(t) := f(t — to) with ty € ST, then

7, f(n) = e~ f(n),
n 1 2m
(v) [f)l = 5 Jo" [F(O)] dt = || fl]1-
Corollary 1.7. If f; € L*(S") and ||f; — flli — 0, then for each n € Z we have

}";(n) — f(n). The convergence is uniform in n after multiplying by any bounded sequence

of unimodular factors.

Theorem 1.8. Let f: [0,2n] — C. Then f is absolutely continuous if and only if f' exists
almost everywhere, f' € L'([0,2x]), and

f(x) = F(0) + /0 f)dt, 0<ax<or

Remark 1.9. A proof may be found, for example, in Carothers, p. 374.
Theorem 1.10. Let f € L'(SY) with f(0) =0, and define

F(t) := /Otf(s) ds.

Then F' extends to a continuous 2m-periodic function on R, F' is absolutely continuous on
0, 27], and

~

F(n) = (n)’ n # 0.

m

Proof. For t,ty € [0, 27| we have

@) - P < [ () ds,

min{t,to}

and the right-hand side tends to 0 as ¢t — ty. Hence F is continuous on [0, 27]. Since
t 2T
F(t+27r)—F(t):/ f(s)dS:/ f(s)ds =2mf(0) =0,
t 0

F is 2m-periodic and therefore extends continuously to S*.

Moreover, for every partition 0 =ty < t; < --- < t,, = 2,

S 1) = Py <3 [ ol = [T Il

10
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so F is absolutely continuous and F' = f almost everywhere on [0,27]. For n # 0,

integration by parts therefore gives

~

/0 " eyeint e — 1)

m

- 1
F(n) = —
(n) =5

21 .
/ F(t)e ™ dt =
0

2min
as claimed. n

Example 1.11. Let f(0) =0, —m < 6 < 7. Then

f(n) = 217r /7; fe~0dh = (_;):H, n # 0.
£(0) = 0. Thus,
_1\n+1 oo (__1\n+1
fO) ~> ( 131 e =2%" ( 12 sin(nd).
n=1

The series on the right converges for every 6, but identifying its sum with f requires
convergence theory; we return to this issue after introducing summability methods and
the Dirichlet /Fejér kernels.

Example 1.12. f(0) = " 0 < <2r

w2 & cosnb
0) ~ —
1) 12 +nz::1 n?

The Fourier Series is uniformly convergent, but it converges to f() is not easy.
Theorem 1.13 (Convolution and Fourier coefficients). Let f,g € L'(S') and define

(Feg)®) = - [ F(t = $)g(s) ds.

oo
Then f* g € L'(S") and
1 * gllzisy < I lleresy lgllzisy-

Moreover, for everyn € Z,

Proof. Tonelli’s theorem gives

/{)%\(f*g)(t)\dts ;T/Ozﬂ/o%lf(t—s)\ (g(s)] ds d.

11
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Since translation preserves the L!'-norm on S*,

2w 2m
[ = 9lde= [ rlde = 2x £l
0 0

for every s, and therefore

1 2m
1f*gllx < %/o @xllfll)1g(s)ds = [ Fl:llglls-

For the Fourier coefficients, Fubini’s theorem applies because the preceding estimate shows

the integrand is absolutely integrable. Hence

Fra) = [ (Feg)tye " di

2 27
42/ / f(t —s)g(s)e™™ dsdt
™
42/ zns(/ ft—S 'mtsdt)d
™ JOo

= o5 [ als)le ™ @nfn) ds = f(m)a(n).

472 Jo

]

Proposition 1.14 (Reconstruction operators are convolution operators). Let f € L'(S?).

(i) If P(t) = X0 _ x eme™ is a trigonometric polynomial, then
N ~ .
(Pxf)t)= > cmf(m)e™.
m=—N

In particular, P * f is again a trigonometric polynomial.

(ii) If . .
Dy(t):= Y €™, Sx(f)t):= > flm)e™,
m=—N m=—N
then
Moreover,

DN(t):W (t£0),  Dy(0) = 2N +1.

12
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(iii) For 0 <r <1, let

1—1r?

P.(0) := Im| gimé _ )
(9) Zr c 1 —2rcosf +r?

meZ

Then the series converges absolutely and uniformly, E(m) = rI™ and the Abel mean

of the Fourier series of f is

Arf(0) =3 ™ Fm)e™ = (P, % £)(6).

meZ

Proof. For a single exponential e,,(t) := ™™,

1
Y

(em s PO = 5 [ €™ (s) ds = e Fm).

By linearity this proves (i). Part (ii) is the special case P = Dy. The closed form for Dy
follows from summing a geometric series. For (iii), absolute and uniform convergence are

immediate from -
Sorlml=1+23% 1™ < oo,

meZ m=1
so termwise integration is legitimate and yields f’:(m) = rI™. Applying part (i) to the

uniformly convergent Fourier series of P, gives the formula for A, f. m

Remark 1.15 (Why kernels enter the reconstruction problem). Part (ii) identifies the
ordinary partial sums with convolution by the Dirichlet kernel, while part (iii) identifies
Abel means with convolution by the Poisson kernel. The reconstruction problem for
Fourier series is therefore the problem of deciding whether one can choose kernels K for

which f * K returns to f in a useful sense: pointwise, uniformly, or in L!.

Definition 1.16. A sequence of functions {K,,}22; is called a family of “good kernels” if
(i) o= /7 Ka(t)dt =1 for all n > 1;

(i) there exists M > 0 such that 5~ [ |K,(t)|dt < M for all n > 1;

(iii) for each § > 0,

/ Kn()]dt — 0 (n— o0).
o<|t|I<m

The point is that such kernels are normalized, uniformly L!-bounded, and asymptoti-

cally concentrated near the origin.

13
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Theorem 1.17 (Approximate identities on S*). Let { K, },>1 be a family of good kernels
on S, and let f € R|—n,n]. Then, at every continuity point x of f,

(f * Kn)(x) — f(2).
If f € C(SY), then in fact f * K,, — f uniformly on S*.

Proof. Fix a continuity point x of f and write

(f « K)w) — F0) = o [ Kaly)(Flz —9) — F(@)) dy,

"2 )oa

where we used property (i) of a good kernel. Let € > 0. By continuity of f at z, choose
d € (0,7) such that

[fz—y) = f@)]<e ([ <9)

Since f is Riemann integrable on a compact interval, it is bounded; write | f| < B. Splitting

the integral into the regions |y| < § and § < |y| < 7, we obtain

B
(K@) = S@I < o [ K+ 5 [ (Kl dy
<Me+ 2 [ (Kl dy,

where M is the uniform L!-bound from property (ii). Property (iii) sends the second term
to 0, so
lim sup | (f + K,)() — f(x)] < Me.

n—oo

Since € > 0 was arbitrary, (f * K,,)(z) — f(z).
If f is continuous on S!, then it is uniformly continuous, so one can choose the
same 0 for every z. The estimate above is therefore uniform in z, which yields uniform

convergence. O

Corollary 1.18. If {K,},>1 is a family of good kernels in L*(S') and f € L*(S'), then
Hf*Kn_fHLl(Sl) —0 (n—>oo)
Proof. Fix € > 0. By density of C(S') in L'(S'), choose g € C'(S') with

1f = glleisy) <e. (1.1)

14
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By Young’s inequality on S and the uniform L!-bound on K,

I(f = g) * Kally < [If = gl [l < Me

for some constant M independent of n. Since g is continuous, Theorem 1.17 gives uniform

convergence g * K,, — g, hence also
lg * K, — glli <27 ||g % K — glloo — 0. (1.2)
Therefore,

1f 5 K = flls SN (f = 9) * Kalli + lg * Ko — gl + [lg = flly < (M +1)e + [lg % K — g1

Letting n — oo and then € | 0 proves the claim. O

Remark 1.19 (The Dirichlet kernel is not a good kernel). The Dirichlet kernel

n_o sin( (n %t
D,(t)= > elktzgi(n(:/m)) (t #0)

k=—n

fails to satisfy the uniform L'-bound (ii). Indeed, since |sinu| < |u|, we have

m 2 dt 2 (47 |sin s
/ D) dt > = | sin((n + 3)t)| ; i ds
4 X1

-7 m S

> il ,

In particular, sup,, || Dy||r1(s1) = oo, although

! /W Do(t)dt = 1.

27 J

This explains why ordinary partial sums are much harder to control than averaged ones.

Fejér kernels and Cesaro summation

Define the Fejér kernel by

1 n—1

F.(t) := - > Dy(1), n>1.

15



MAT746: Fourier Analysis 1. Fourier Series

The associated Cesaro means are

1 n—1

on(F)@) = =3 Si(f)x) = (f * Fo)(x).
k=0
In general, for a sequence {a,},>o with partial sums S,, = ag + - -- + a,, the series

> on>0 0n is called Cesdro summable if the averages

St Sit 48
n n

converge.

Example 1.20. For the alternating series > 00 ;(=1)" =1—1+1—1+ -, the partial
sums satisfy S, € {0,1}, hence o, — 1.

Proposition 1.21 (Fejér kernel properties). For every n > 1 and x # 0,

_ 1sin®*(nz/2)

Ful) = n sin?(x/2)’

F,.(0) =n.

In particular, F,, > 0 on S*,
1 s
/ Fo(t)dt =1,

21 Jon
and {F, }n>1 is a family of good kernels on S*.
Proof. Write

n—1 ;

) 1 — eine
2 : ik
s 1—e

Taking absolute values and using

. 0
1 — 6 = 2lsin —
| e”| sin 2‘
gives
”z—:l - ? sin?(nx/2)
e p— e < .
= sin?(z/2)
On the other hand,
n—1 ) 2 n—1 o .
Shettrl = 3 Uhr = N (n — m)e™® = nF,(2),
k=0 4,k=0 |m|<n—1

16
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which proves the closed form and also shows F;, > 0. The value at x = 0 follows either by
continuity or directly from the definition.

Since Dy (0) = 1 for every k, we have F,(0) = 1, equivalently

1 ™
— [ E,(t)dt=1.
2T /—71' ( )

Fix 0 > 0. Because sin?(x/2) is bounded below by a positive constant on {z : § < |z| < 7},
there exists ¢5 > 0 such that

0< Fy(x) < (0 <|z| < ).

ncs

Hence
2(m — ) .

/ Fo(z)dz < > 0
§<|z|<n nesg — moo

Because F), > 0 and its normalized integral is 1, we also have

! [ IEwldr=1.

21 J
Thus {F,} satisfies all three good-kernel conditions. O

Corollary 1.22 (Fejér theorem). Let f € L'(S'). Then
on(f)=f*F, — f in L'(S").

If f € C(SY), then o,(f) — [ uniformly on S*; and if x is a point of continuity of f, then
on(f)(z) = f(2).

Proof. The pointwise and uniform assertions follow from Theorem 1.17 together with

Proposition 1.21. The L' statement follows from Corollary 1.18. m

Remark 1.23 (From uniqueness to reconstruction). Fejér’s theorem is more than a conver-
gence result: it is the structural bridge from uniqueness to reconstruction. If all Fourier
coefficients of f vanish, then every Fejér mean vanishes identically; but the Fejér means
also converge back to f. Thus the same averaged kernels that reconstruct the function

also prove that the coefficient data determine it uniquely.

17
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1.3 Uniqueness Theorem

We can now make the uniqueness principle conceptually clean: once Fejér kernels are

known to reconstruct L'-functions, uniqueness becomes an immediate corollary.

Theorem 1.24 (Uniqueness of Fourier coefficients). If f € L'(S") satisfies f(m) = 0 for

every m € Z, then f = 0 almost everywhere on S*.

Proof. For each n > 1, Proposition 1.21 shows that F}, is a trigonometric polynomial of

degree at most n — 1 with Fourier coefficients

_Im]
- — Im| < n,

0, |m| > n.

Hence, by the convolution theorem,

— ~ —

f*F,(m)= f(m)F,(m)=0 for every m € Z.

But f x F), is itself a trigonometric polynomial of degree at most n — 1. A trigonometric
polynomial is determined by its Fourier coefficients, so all of its coefficients being zero
implies

f*F,=0 (n>1).

Now apply Corollary 1.22: since f * F,, — f in L'(S"), we get

1l = Jim [[f = F 5 Bl = 0.

Therefore f = 0 almost everywhere. O

Remark 1.25 (Density of trigonometric polynomials). The same argument also clarifies
why trigonometric polynomials are dense. If f € C(S'), then Corollary 1.22 gives uniform
approximation by the trigonometric polynomials o, (f) = f * F,. If f € L'(S"), the
same corollary gives approximation in L!. Thus the Fejér means provide an explicit

reconstruction scheme, not merely an abstract density statement.

1.4 Riemann-Lebesgue Lemma

The next basic principle is a qualitative decay statement: integrability in physical space

already implies that high frequencies become negligible.

18
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Lemma 1.26. If f € L'(S"), then limy, ., f(n) = 0.

Proof. For € > 0, there exists a trigonometric polynomial P such that [|f — P||; < € (
where P = f % F,, etc.). Let |n| > deg P. Then

[f(m)] = 1f(n) = P(m)| < |If = Pl <&, if [n] > deg P.

That is, | f(n)| < € for large n. Hence, 1imy 00 f(n)=o0. O

Remark 1.27 (Decay versus regularity). The Riemann—Lebesgue lemma is qualitative rather
than quantitative. Extra smoothness produces faster decay: one derivative typically yields
O(1/|n]), k derivatives yield O(|n|~*), and analyticity leads to exponential decay. Much
of Fourier analysis can be read as a precise dictionary between smoothness in physical

space and decay in frequency space.

1.5 Abel Means Summability
A series >°0°  a, is said to be Abel summable to s if the series

A(r) =" a,r”
n=0

is convergent for each 0 <r < 1, and lim,_,; A(r) = s.

Example 1.28. Every convergent series is Abel summable. Consider

1-243—-445—---= i(—l)”(njtl).
Then - . )
AP = L 4t = s =

Show that the above series is not Cesaro summable.

Now, consider the Fourier series of f € R[—m, 7] as

f~ S e

n=—oo

Let -
A= 3 e

n=—oo

19
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then
A f(0) = (f = P:)(0)

where

[e's] ] 1_7,2
P’r 9) = [n| ’L7L9:
() Z e 1—2rcosf +r?

n=—oo

Lemma 1.29 (Poisson kernels form an approximate identity). For 0 <r < 1, the Poisson

kernel
P(9) 1—7?
1 —2rcos b+ r2
is nonnegative and satisfies
1 s
— P.(0)dd =1
2 /—7‘(’ ( )

Moreover, for every § > 0,
/ P0)dd —0  (r—17).
6<[B|<m

Consequently, { P }o<r<1 s a good-kernel family indexed by r — 1~.

Proof. The closed form shows immediately that P,(6) > 0. Since P,(0) = 1, we have

! /ﬂ P.(0)d6 = 1.

21 J

Because P, > 0, this also implies || P, ||z1(s1y = 1 for every r.
Now fix 6 > 0. For |f] > § and r € [1/2,1),

1—2rcosf+7>=(1—7)2+2r(1 —cosf) >1—cosd =: cs > 0.

Hence
1—17?
0< P(0) < (6 < |0 <),
Cs
and therefore 5 Y1 2
/ poyas < 2T =00=r)

s<lol<n Cs 1

This is exactly the concentration property required of a good kernel. O

Theorem 1.30 (Abel summation via the Poisson kernel). Let f € L*(S') and define the

Abel means

A f(0) = (Box £)(0) =Y rM f(n)e™,  0<r<l.

neL
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Then A,f — f in LY(SY) asr — 17. If f € C(SY), then A.f — f uniformly on S*.
Moreover, if 0 is a point of continuity of f, then A,f(0) — f(0).

Proof. Assume first that f € C'(S'). Fix ¢ > 0. By uniform continuity of f, choose
d € (0,7) such that

[fO—t)—fO)I<e (tl<o 08
Using the normalization of P, and splitting the convolution integral,

ASO) = SO < 3= [ POLIO-0 - O] ds
o [ RO - @) d

1 7 1
<e— [ P(t)dt+2 007/ P.(t) dt.
<eo [ PWdt+2flay [ PO

<[t|<n

The first term equals e, while the second tends to 0 by Lemma 1.29. Because the estimate
is uniform in #, we obtain A, f — f uniformly.

If f e L'(S"), fix e > 0 and choose g € C(S') with ||f — g||; < e. Since ||P.]|; = 1,
Young’s inequality yields

I(f = 9)* Bl < I = gla [ Bl < e

Also, the continuous case shows g * P, — ¢ uniformly, hence in L'. Therefore

[Af = flh < N(f = 9) = Pl + llg * P = glls + llg = £l

and the right-hand side is eventually at most 2¢ + o(1). This proves A,f — f in L'
Finally, if # is merely a continuity point of f, the same -6 decomposition as above,

now with § chosen only for that point, gives A, f(0) — f(0). O

Corollary 1.31 (Abel summability). For every f € L'(S'), the Fourier series of f is
Abel summable to f in L'(SY). If f € C(SY), it is Abel summable to f uniformly.

Theorem 1.32 (Poisson integral and the Dirichlet problem). Let f € C(S') and define
U(r0) = (P f)(8),  0<r<1, 6€|-mn]

Then U € C*(D) is harmonic on the unit disc D and extends continuously to D with

boundary values lim,_,;- U(r,0) = f(0) uniformly in 0. Moreover, if v is a bounded
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harmonic function on D such that v(r,0) — f(0) as r — 1= wuniformly in 6, then v = U
on D.

Proof. Since
Ur,0) = 3 M f(n)e™,

nez
the series converges absolutely and uniformly on {(r,6) : 0 < r < 1o} for each ry < 1,
and the same holds for all 9, and 0y derivatives. Termwise differentiation therefore yields
AU =0on D.
The boundary convergence statements are exactly those of Theorem 1.30.

For uniqueness, let v be as in the statement and define the Fourier coefficients

1 .
an(r) == Py /_Wv(r, 0)e=" dp, neZ, 0<r<l.

Differentiating under the integral sign gives

1 7 02 4
2—/ g;;(r, 0) e~ df = —n2a,(r).
mwJ—m

Using Av = v, + %vr + T%Ugg = (0 we obtain the ODE

TL2

1
) +a(r) = panr) =0, 0<r<l

For n # 0 the solutions are of the form a,(r) = A,r" + B,r~"l; boundedness of v on D
forces B, = 0, 50 a,(r) = A,r"l. For n = 0, the ODE reduces to aj + aj = 0, hence ay is
constant.

The hypothesis v(r, §) — f(6) uniformly implies a,(r) — f(n) as r — 1~ for each fixed

A

n, and therefore A, = f(n). Consequently

o(r,0) = 3 an(r)e™ =3 f(n)rMe™ = U(r,9),
nez nez
as claimed. 0

~

Remark 1.33 (Regularity gain by integration). The condition f(0) = 0 is exactly the
compatibility condition needed to integrate a periodic function and remain periodic. On
the Fourier side, passing from f to its primitive F' divides the nonzero coefficients by n;
this is the first concrete manifestation of the principle that integration improves spectral

decay.
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Exercise 1.34. If {J,,}22, and {K,}°°, are two families of good kernels for L'(S?), then
{J, * K,}°°, is a good kernel for L'(S!).

(1)
27r/ Jo ¥ fen 217T/W217T/_7; Jn(t = 5)kn(s)dsdt
- Qlﬂ/z 217T (;W /7; Jn(t — S)dt) ky(s)ds
T ks (s

(ii)
1 1
f/ [T,y ko (1)t < 7/ Mlkn(s)|ds < MN < o0
21 J—n 21 J—x

(iii) Let 6 > 0, then

/ ]Kn*Jn(t)|dt§/7r </ ]Kn(t—s)]dt> 1T (s)|ds
o<|t|I<m s=—7 o<|t|I<m

Let |s| < 0/2, thenr =t —s € (=§/2,6/2). Now

() /|s|<5/2 </6/2<r|<7r |Kn(7’)|dr> [Jn(s)lds = 0 as n = oo,

since [5/ocs—tj<r [Kn(t — s)[dt — 0 as n — oco. (Exercise)

Since |s| < §/2, (use the fact that 7, f — f is continuous on L'(S')). That is, if
/ (K, (t)|dt — 0 forall § >0,
<|t|<m

then

‘/kltlsﬂ(TSK”(t) — Kalt)dt) < /5<|t|§7r (7K (t) — Kn(t))] dt < e

For € > 0, there exists ng € N, such that [, .5 [K,(t)|dt < € for all n > ng and for small

|s| < §'. However,

/ / Wt — )| Jn(s)|ds dt < M| Jn(8)|ds — 0 as n — oo.
[s|>d/2 J|t|>6 |s|>d/2
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Lemma 1.35. Let f : [—m, 7] — C be such that

[f (@) = f(y)l < Mlz —y|  forallz,y € [,

for some M > 0. Then S, (f) — f uniformly. Note that |x—y| = min{|z—y|, |t —y£27|},

that is, the distance between x and y modulo 2.

Proof. Calculate

S,(@) ~ 1(@) = o [ (Fla— )~ F@) Do)
Since . Ny
D, (t) = W t+£0,
[Su(f)(z) — f(z)] < 7 |/ (x —t) — f(x ))costg sinntdt‘
‘/ flx —1) (x))cosntdt‘.
Let . ,
g(t) = UG +t;2_ /() co8 o, t#0.

Then |g(t)| < 2M|=Y2_|, if t # 0.

sint/2

Since lim;_,g = 1, it follows that g is a bounded function on [—, 7] and continuous

_t2
sin(t/2)
on [—m, 7]\ {0}. Hence, g € R[—m,7].

Let h(t) = f(z —t) — f(x). Then
| / " g(t) sin(nt)dt| + 217T\ L 7; h(t) cos(nt)dt]
9(n) — §(—n)| + ;|fb(n) + h(—n)| = 0 (by R-L Lemma)

whenever z € [—m, 7. O

Corollary 1.36. If f € R[—m, x| and f is differentiable at xq, then S,(f)(xzo) = f(xo).

f(@o—t)—f(z0) .
{otoﬂg £ 0;

—f"(zo), otherwise

Define ¢(t) =

Corollary 1.37. If f € C'[—n, x|, then S,(f) — f uniformly. (Hint: Use MVT.)
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Notice that if f is piecewise C'-function, then S, (f) — f uniformly too.

Question 1.38. Does every continuous function f on S' have a Fourier series which

converges to f at each point of S'?
To discuss this, we need the following lemma.

Lemma 1.39. Let f € R|—n, 7| and f is bounded on [—m, 7| by M. Then there ezists a

sequence f, of continuous functions on [—m, | such that
(i) |fu(z)| < M foralln € N, x € [—m, 7).
(i) |™ | fo(x) — f(z)|de — 0 as n — 0.

Proof. First consider f as a real-valued function. For € > 0, there exists a partition P of
[—7, 7] such that
U(Paf)_L(Paf) <€,

where

P={-r=x<z< - <z;<wip1 < - <xy=T}

For x € [x;_1, 4], define g(z) = sup{f(y) : z;_1 <y < z;}. Then g is bounded by M.

| lo@) = f@)lde = [ (g() = f@))dz < e (by (1))

—T —T

Let § > 0 and x € (z; — d,z; + §), define §(z) be the linear function joining g(x — §) and
g(x +6), and g = 0 near —7 and . Then § is a continuous periodic function which differs
with ¢ on N many intervals, each of length less than 20 surrounding the partitioning

points. Hence,
[ lo@) = g@)] dz < 2M)N (29).
For ¢ sufficiently small,
[ lgta) = gl da < e
— [ 1f(@) - §lw) da < 2.

For 2¢ = %, take g = f,,. Thus

/7r |f(z) — fu(x)|dz — 0 as n — oo.

—T
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Remark 1.40. If f € R[—m, ] has only finitely many discontinuities, then g,(z) — f(x)
pointwise.

Now let X = C(S') and define A, : X — C by

Then each A,, is a bounded linear functional and
[An ()] < Dl 1l flloos hence [Anll < ([ Dnlls-

We claim that in fact ||A,|| = || Dall = 7, |Dn(t)] dt.
To see this, let g(t) = sign(D,(—t)). For fixed n, the function g has only finitely
many discontinuities. By the previous lemma there exists a sequence g, € C|—m, | with

lgm(t)] <1 and g,,(t) — ¢g(t) pointwise. Hence, by dominated convergence,

™

lim A,(g,) = lim gm (=)D, (t) dt

m—r0o0 m—oo J__

— /’;g<—t)Dn<t) dt

= [ 1Du(®)ldt = | Dl

Therefore ||A,,|| = ||Dnll1. Since || D,||1 — oo, the sequence {A,,} is not uniformly bounded.
By the Uniform Boundedness Principle, there exists f € C([—m,n]) such that

sup |5, (f)(0)] = 0.

In particular, the Fourier series of f does not converge at 0.

By translation, the same conclusion holds at every prescribed point x € [—7, 7]: for
each such x there exists f € C[—n, 7| whose Fourier series fails to converge to f(z) at z. In
fact, for each x one can construct a dense subset £, C C[—m, x| such that S, (f)(z) — oo

for every f € E,; see Rudin, Real and Complex Analysis.

1.6 Hilbert space methods and L’-theory

The space L*(S!) is a Hilbert space with inner product

(F.oh =5 [ SO G@ 0, fl = (1)
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For each n € Z set e,(f) := ™. A direct computation shows that {e,},cz is an
orthonormal set in L2(S"), and the Fourier coefficients may be written as f(n) = (f, e,).
For N > 0 we denote by

Tn :=span{e, : |n| < N}

the space of trigonometric polynomials of degree at most N, and we recall the Nth partial

sum

= > f(n)e™.

[n|<N

Lemma 1.41 (Best approximation / orthogonal projection). For each N > 0, the map
Sy : L*(SY) — Ty is the orthogonal projection onto Ty. Equivalently, for every P € Ty

one has

1f = Sn()ll2 < If = Pll2
with equality if and only if P = Sn(f).

Proof. Write P(0) = >,<n cne™’. Then

A

f=P=(f=5Sn(N)+ X (fn) —ca)e™.

The second term on the right lies in 7Ty, while f — Sy(f) is orthogonal to every e, with

In| < N. Hence the two terms are orthogonal in L? and Pythagoras’ theorem gives

2

If = Plz=1If = Sn(N)lz +

)

2

= (0 -a)e

In|<N

which immediately implies the claimed inequality and the equality condition. O

Corollary 1.42 (Bessel inequality). For every f € L*(S') and every N > 0,

> 1F )P < 111115

In|<N

Theorem 1.43 (Parseval and mean-square convergence). For every f € L*(S') one has

Iz =11 = SNz + X [fm)P, N =>o0. (1.3)

In]<N
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In particular,

1115 = Z;f(n)ﬁ (1.4)

and Sy(f) — f in L*(S') as N — oo.

Proof. Tdentity (1.3) is the Pythagorean identity coming from the orthogonal decomposition
f=Sn(f)+ (f = Sn(f)), together with | Sx ()|} = Lu<n [ /().

To prove L2-convergence, fix ¢ > 0. Since trigonometric polynomials are dense in

L*(S1), there exists a trigonometric polynomial P € Ty, such that ||f — P|s < . For
every N > M we have Sy(P) = P, and therefore

If = Sn(H)ll2 < Nf = Pllz + 158 (f = P)ll2 < 2[[f = Pll2 < 2e,

since Sy is an orthogonal projection and hence a contraction on L2. Thus || f—Sx(f)|l2 — 0.
Taking the limit N — oo in (1.3) yields (1.4). O

1.7 Isoperimetric problem

Theorem 1.44 (Isoperimetric inequality). Let v be a simple closed curve in R? of length

l enclosing an area A. Then

with equality if and only if v is a circle.

Proof. By scaling we may assume [ = 27; then the claim becomes A < 7. Parametrize ~y
by arclength: ~(t) = (x(t),y(t)) for t € [0, 27] with

7' (t)? +y(t)*> =1 ae. on 0,27 (1.5)
Since v is closed, z and y are 27-periodic. Write their Fourier series in L2,

o(t) ~ Y ane™, y(t) ~ Y bue™,

nez neL

so that 2'(t) ~ 3,cz(in)a,e™ and similarly for 3. Applying Parseval’s identity (1.4) to

a2 and y' and using (1.5) gives

>0 (lanf? + [ba]?) = 1. (1.6)

neL
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By Green’s theorem, the signed area enclosed by v satisfies

A==

. /027r (x(t)y/(t) _ y(t)aﬂ(t)) dt’ '

Using the bilinear form of Parseval’s identity yields

A=

Z n(ana - bncTn) )

neL

For each n we have
@by = baTin| < 2lan|[bn] < [an|* + by,

and therefore, from (1.7),

A <m0l (lanf + [ba?) <730 0% (Janl* + [baf?) = 7,
nel

nel

where the last equality uses (1.6). This proves A < for curves of length 2.

If equality holds, then equality must hold in each of the preceding inequalities. In

particular, |n| = n? whenever |a,|* + [b,|*> # 0, hence a,, = b, = 0 for all |n| > 2. Thus

x(t) = ap + are’ + che_it, y(t) = by + bet + bre .

Moreover, equality in 2|a;||b;| < |a1|*+|b1|? forces |a;| = |b1|, and equality in ‘ala—blﬁl’ <

2|ay||b1| forces a phase difference of +7/2 between a; and b;. Consequently, after a

translation and a rotation of the plane, one may write

x(t) = ag + cos(t + ), y(t) = by + sin(t + ),

which parametrizes a circle of radius 1.

Rescaling back to a curve of length [ completes the proof.
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1.8 Problem Sets (Chapter 1: Fourier Series)

Conventions. Throughout these problem sets, S' = R/27Z. Unless otherwise specified,

Fourier coefficients are

Fmy= 5 [ roye

27 —

and convolution on S! is normalized so that m(n) = f(n)g(n).

Problem-set architecture. The problems are arranged in four tiers. Tier I builds
fluency with coeflicients and basic estimates; Tier II develops kernels, convolution,
and operator bounds; Tier III centers on convergence and summability; and Tier
IV collects synthesis problems and applications. A first pass through the chapter
should prioritize Tiers I-III in order; Tier IV is ideal for take-home assignments,

oral-exam preparation, or project work.

Tier 1. Fourier coefficients: identities, estimates, and examples

1. Determine whether each statement is TRUE or FALSE, and justify your answer

rigorously.
(a) Let D, be the Dirichlet kernel on S'. Must the identity D,, * D,, = D,, hold
(with the normalized convolution used in these notes)?

(b) Does there exist f € L'(S') such that 3,5 n ]?(n)|2 = 007

2. Suppose f € C'(S'). Prove that

~

fi(n)=inf(n)  (ne),

~

and deduce that |f(n)| < C/|n| for all n # 0. Does the same conclusion remain

valid if f is merely absolutely continuous?

3. Let f be of bounded variation on [—m,7|. Prove that

S Var())

fl < Goep (e o)),

4. For f € L'(S'), establish the identity

F(n) ! /7r {f(x) — f(:v—i— W)}e_im’dx (n #0),

A J—x n
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and use it to prove the Riemann-Lebesgue lemma on S*.

5. Let f € L'(S") satisfy the Holder condition

|f(z4+h) = f(x)| < M|h]®, O0<a<l.

~

Show that f(n) = O(|n|™®).

6. Compute the Fourier series (and identify the pointwise limit) for each of the following

2m-periodic functions:
(a) f(t) =t on (—m, ) (sawtooth wave).
(b) f(t) =sgn(t) on (—m, ).
(c) f(t) =t[ on (—m,m).

Describe the Gibbs phenomenon at a jump discontinuity (no quantitative estimate

required).

7. (Parseval and classical sums.) Assume f € L?(S'). Prove Parseval’s identity and

use it to evaluate:

>~ 1 e 1 00 (_1)7171
;E’ ;(Qn—l)w n;l n?

Tier II. Kernels and convolution on the circle

1. (Fejér kernel as a Fourier multiplier.) Show that Fejér’s kernel F,, satisfies

- 1Y e

Fy(t) = 1 ift,

m=3 ( LY,
and deduce that F,(j) = max{1 — |j]/(n + 1), 0}.

2. Prove that F,,(t) > 0 for all t, 5= [T F,(t)dt = 1, and that {F,,} is an approximate
identity on S*.

3. Given f € L'(S') and m € N, define f,,(t) = f(mt). Prove that

~

f(n/m), m|n,
0

: m{n.

fonln) =
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4. For 1 < p < oo, let 7.f(y) = f(y — z). Prove that x — 7, f is continuous from
St into LP(SY), ie. ||7of — fll, = 0 as * — 0. Does the same conclusion hold for

p=o00?

5. Let f € L'(S') and define Ty(g) = f x g on L'(S'). Prove that T} is bounded and
that [|Ty[| = [[f]]x.

6. (Bernstein inequality.) Let P be a trigonometric polynomial of degree at most n.
Prove that
[P [loc < Cn || Pl

for an absolute constant C' (identify the best constant if you wish).

7. (Dirichlet kernel growth.) Show that || D,||1(s1) — 0o and prove the estimate
| D1 =~ log(n + 1)

(up to absolute multiplicative constants).

Tier III. Summability, convergence, and qualitative phenomena

1. Let f € L*(S") and g € L>=(S"). Prove that

tim o [ (0 gtnt)dt = F(0)3(0).

n—oo 2 J_r

2. Let f be bounded and monotone on [—m, 7| (extended periodically). Show that
f(n) = O(1/n]).

3. Let f be Riemann integrable on [—, x]. Prove that 3,c, |f(n)|* < oo. Conclude

~

that f(n) = o(1).

4. Prove that if >°, - a, converges, then it is both Cesaro and Abel summable to the

salne sumn.

5. Prove that if 3°,~ a, is Cesaro summable to o, then it is Abel summable to o. Give a

counterexample showing that Abel summability does not imply Cesaro summability.

6. Let P, be the Poisson kernel on the unit disk and define A,(f) = f * P,.

(a) If f has a jump discontinuity at 0, prove that lim, ;- A,(f)(0) = w.

(b) Prove the analogous statement for Fejér means o, (f) = f * F,,.
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10.

Show that there exists f € L'(S!) for which the partial sums S, (f) = D,, * f do not

converge to f in L'-norm.
Let f € L'(S'). Prove that ||S,(f)/n|l1 — 0 as n — oo.

Suppose f is Riemann integrable and differentiable at ¢,. Prove that S,(f;ty) —
f(to).

Suppose f € L>®(S?) satisfies |f(n)| < k/|n| for all n # 0. Prove that

150 (F)Y)] < ||l +2k  forallt e S

Tier IV. Applications and synthesis problems

1.

2.

3.

(Heat equation on the circle.) Let u; = ugg on S* with initial data u(0,0) = f() €
L?(S'). Use Fourier series to construct a solution u(t, ) and prove that u(t,-) — f
in L?(S1) as t | 0. What additional regularity does u(t,-) gain for t > 07

(A rigidity problem.) Suppose f € C'(S!) satisfies

(f=@+MNO =11 (tesh.

Prove that f is a trigonometric polynomial.

(Optional/advanced.) Let f € L*(S') with f' € L?(S') in the distributional sense.
Show that

—~ > 1
oo < 1O +24) >0 —5 1f'll2-
n=1
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Chapter 2

The Fourier Transform

On R", translations form a non-compact abelian group, so the Fourier expansion
of a non-periodic function is no longer discrete. The Fourier transform replaces
the Fourier coefficients {f(n)}nez by a continuous frequency variable & € R™. It
linearizes convolution, converts differentiation into multiplication, and provides the

natural L? isometry (Plancherel).

Chapter roadmap. The chapter begins by identifying the characters of R™ and
using them to motivate the definition of the Fourier transform. We then develop
its basic functorial rules, decay properties, and interaction with convolution. Good
kernels provide the bridge to inversion; Plancherel and interpolation place the
transform in the LP framework; and the final sections gather model computations,

Poisson summation, and derivative criteria that tie the theory together.

Fourier analysis can be viewed as the study of functions through the symmetries of the
ambient space. For Fourier series, periodicity reduces the problem to a single fundamental
interval, and the function is encoded by a discrete sequence of Fourier coefficients. On R™,
however, translations form a non-compact group, so one expects a continuous rather than
a discrete frequency parameter. The relevant building blocks are again the eigenfunctions
of translations.

Suppose that a nonzero function f satisfies

flx+y) =w(@)fy), ()| = 1.

Setting y = 0 gives
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so f is completely determined by the scalar factor ¢. Substituting this back into the

relation yields

p(x+y)f(0) = flz+y) =) f(y) = p(x)p(y) f(0).

Since f # 0, we obtain the multiplicative identity

p(r+y) = o(@)p(y).

Thus the problem reduces to describing measurable unimodular characters of R”.

Theorem 2.1 (Characters of R"). Let ¢ : R® — C be measurable and satisfy

plzt+y) =e@ely), le@)=1 zyeR"
Then there exists & € R™ such that

o(x) = ™, x e R".

Proof strategy. The substantive point is that measurability already forces regularity.
Averaging ¢ over a short interval recovers ¢ from an absolutely continuous primitive, so the
functional equation upgrades from a purely algebraic identity to a first-order differential
equation. The n-dimensional statement is then obtained by restricting to the coordinate

axes.

Proof. We begin with the case n = 1. Since |p| = 1, the function ¢ belongs to L} (R).
There must exist a € R such that

/Oagp(t)dtyéo.

Indeed, if this integral vanished for every a, then the primitive A(z) := [ ¢(t) dt would

be identically zero, which would force ¢ = 0 a.e., contradicting || = 1. Set

cti= /Oa o(t) dt.

Using the multiplicative law p(z +t) = p(z)p(t), we obtain

r+a

gp(x):c/oa@(:l:—i—t)dt:c/m o(u) du.

35



MAT746: Fourier Analysis 2. The Fourier Transform

The right-hand side is a difference of values of an absolutely continuous primitive of ¢, so

 is continuous. Differentiating the displayed identity gives

() = c(p(z+a) — p(x)).

Applying the functional equation once more,

p(z +a) = p(r)p(a),

and hence
¢'(z) = c(pla) — 1)p(x) = Bop(a).

Thus ¢ satisfies the linear ODE ¢’ = By, so

since ¢(0) = ¢(0)? and |¢(0)| = 1 imply (0) = 1. Finally, |p(z)| = 1 for all z, so RB = 0;
therefore B = 2mi for some £ € R, and

gO(I) — 62m£m.

For general n, let ey, ..., e, denote the standard basis of R” and define
p;(t) = plte;),  teR
Each ¢; satisfies the one-dimensional hypotheses, so there exists {; € R such that
py(t) = >t

If v =377, zje;, repeated use of the functional equation yields

e?ﬂ'ifj zTj eQﬂ'ixf ’

o(x) = ¢ (z mjej) - f[lmjej) -

n

7j=1

where £ = (§,...,&,). This proves the theorem. ]

Corollary 2.2. If ¢ : T — C is measurable, satisfies p(x + y) = p(x)e(y), and has
lo(x)| =1, then
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for some n € Z.

Proof. By the theorem, p(x) = > for some £ € R. Since ¢ is defined on T = R/Z, it

must be 1-periodic. Hence
e’ = (1) = p(0) = 1,

so & €. m

Exercise 2.3. If ¢ : T" — C is measurable, |p(x)| = 1, and

p(s+1) = p(s)p(t),

show that

o(t) = e*mite for some o € Z".

Therefore the relevant model eigenfunctions for translations are precisely the exponen-
tials
T — 62771'3:-{’ 5 cR"”

(and, on the torus, £ € Z™). These are the basic building blocks that will appear in the

Fourier transform.

2.1 Definition of the Fourier transform

Definition 2.4. Let f € L*(R"). We define its Fourier transform by

@)= [ flayem=tan.

Example 2.5 (A first transform). For f = xpo 1) on R, a direct computation gives

J?(f) = /01 eI g — emfsin?i?gf)7

with the value at £ = 0 understood by continuity. This example already displays two
recurring themes: compact support in physical space creates oscillatory decay in frequency

space, while the jump discontinuities of f prevent rapid decay.

Lemma 2.6. Let f € L*(R"). Then
(i) (1)) = "V f(&), where 7, f(v) = f(z —y).
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(ii) If g(x) = > f(x), then (&) = (& — a).
(iti) If g(x) = f(=x), then §(&) = F(€).
(iv) If g(x) = (%) with X # 0, then §(&) = |A[* F(AE).
(0) [FE < I fll (uniformly bounded).
(vi) If f,g € L'(R"), then (f * 9)"(&) = F(£)3($).

(Hint: use Fubini’s theorem and change of variable.)

Lemma 2.7. Let f € LY(R™). Then f is uniformly continuous on R™.

Proof. For h € R™ and £ € R™ we have

Fle+m) = F&) = [ flaye2miee(e2eh —1) da,

SO

o~

Fe+m = FOI< [ 1F@)e" 1] da.

Fix € > 0. Choose R > 0 so that

13
/QM f(@)]dz < <.

On the compact ball {z : |z| < R}, the function z — e~27@" converges uniformly to 1 as

h — 0. Hence there exists § > 0 such that

hl<é6 = suple ™" _]|<_—T .
" |x|§R| | 2 fll+1
For such h and every £ € R,
fe+n—JOI< | F@le™" —1ldat | |f@)]le™™" —1]de

2/ )| dx <
_||f||12Hf” 1 |>R x)| dr < e.

The estimate is uniform in &, so f is uniformly continuous.

Lemma 2.8. Let f € L*(R) and suppose that f is uniformly continuous on R. Then

lim f(z) =

|z|—o00
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Proof. Argue by contradiction. If f(x) 4 0 as |z] — oo, then there exist g9 > 0 and a
sequence (zg)g>1 with x| — oo such that |f(zx)| > &¢ for all k. Uniform continuity yields
0 > 0 such that

Tyl <6 = 1f@) - f)l < 3

In particular, for every k and every x € (v — 6, 2 +9) we have |f(z)| > ¢/2. Passing to a

subsequence, we may assume the intervals (x; — 0, x; 4 0) are pairwise disjoint. Therefore,

I = 3 7 a2 ST = o

contradicting f € L'(R). Hence f(z) — 0 as |z| — oc. O
We use this fact to prove the following result.

Theorem 2.9. Let f € LY(R) and assume that z f(z) € LY(R). Then [ is differentiable

and

%ﬂ@:—%uEXa

Proof strategy. Differentiate the oscillatory factor rather than the function f itself. The
hypothesis 2 f € L' supplies exactly the integrable majorant needed to pass the limit
through the integral.

Proof. For h # 0,

f(g + h / f 727r1:p§ € 2meh —1

N dz.

—2mixt

By the mean value theorem applied to t +— e ,

6727rmh o

— | < 2mla],

and, for each fixed =,
—2mixh __

h
Since 27|z||f(x)| € L'(R), dominated convergence yields

— —2mix (h — 0).
/ Fl@)e~ 2™ (—2miz) da = —2mi (21)(€).
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Theorem 2.10. Let f € L*'(R) and define
Fla):= [ f()dy.

If F € LY(R), then for every & # 0,

F(&) = o— [(&).

Equivalently, if f, f' € L'(R), then

Proof. Since

the function F' is absolutely continuous on bounded intervals and uniformly continuous on
R. Because F € L'(R), Lemma 2.8 implies

Now fix £ # 0. Integration by parts gives

F(m)e—%rixf

ﬁ@:émm%M@:[_%%

F/ —27rz:c§d )
]OO + Imie /R (x)e T
The boundary term vanishes because F'(z) — 0 at both ends, and F’ = f almost everywhere

by the fundamental theorem of calculus. Therefore

1

=5l ©, €20

F(¢)

Applying this identity with F' = f whenever f, f' € L*(R) yields

o~ ~

J'(&) = 2mi & f(§).

Lemma 2.11. The space C°(R) is dense in L*(R).

Proof. Fix f € L'(R) and € > 0. Since C.(R) is dense in L'(R), choose g € C.(R) such
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that
1f =gl <e.

Let ¢ € C°(R) satisfy [ ¢ =1, and for ¢ > 0 set
pe(x) =t p(a/t).
Then g * ¢, € CX(R) and

(9% ¢0)(@) - g(a) = |

R(g(m —tz) — g(x))gp(z) dz. (2.1)

By Minkowski’s integral inequality,
g+ ee=glh < [ lIrieg = gl lo(2)] dz.

Since translations are continuous in L'(R) and g € C.(R), the integrand tends to 0 for
each fixed z as t — 0, and it is bounded by 2||g||1|¢(z)|, which is integrable. Dominated

convergence therefore gives
lg e =gl =0 (t—=0).
For sufficiently small ¢ > 0 we obtain
lg @ = fllt < llg* e — gl + llg = fll < 2e.

Thus C°(R) is dense in L'(R). O

Exercise 2.12. For 1 < p < 0o, show that

Ce(R) = L*(R),  C=(R) = Co(R).

(Hint: use Minkowski integral inequality in (2.1).)

2.2 Riemann-Lebesgue Lemma

Theorem 2.13. If f € L'(R), then

~

lim f(£) =0.

|§|—o0
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Proof strategy. Approximate f in L' by a smooth compactly supported function. For
the smooth approximation, one integration by parts produces explicit |£|™! decay; the L!

approximation error controls the difference of the Fourier transforms uniformly in .

Proof. Fix ¢ > 0. By the preceding lemma, choose g € C2°(R) such that
If =gl <e
Since ¢’ € L'(R), Theorem 2.10 gives
2mi§g(&) = g'(§),

and therefore

ol <1 Lo (g5 o0,

2m¢|
Also,
F©-a@I<If—glh<e foralleRr
Hence
limsup | f(§)] <.
|§|—o00
Since € > 0 is arbitrary, it follows that f(£) — 0 as |¢| — co. O

Remark 2.14 (The range of F : L}(R) — Cy(R) is proper). Every Fourier transform of an
L'-function belongs to Cy(R) by the preceding theorem, but the inclusion is strict. Indeed,
suppose g = ffor some odd function g and some f € L'(R). Then

x) = —i/ f(t)sin(2wtx) dt.
R
Consequently, for 1 < A < B < o0,

/ sm(27rt:1:) de| dt

o < [ 150

After the change of variables u = 27tx, the inner integral becomes

/ du,
2ntA u
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which is bounded uniformly in ¢, A, B because the sine integral is bounded on R. Hence

T
1+ [x]) log(e + [x])

sup < 00.

1<A<B<oo

Now consider

go(x) == (

Then gg € Cy(R) and go is odd, but

B B (
/ dex/ BN (B — 00).
2 T 2 xlogw

Therefore gy cannot be the Fourier transform of any L!-function.

o~

Example 2.15 (The Gaussian is a fixed point of F). Let f(x) = e ™" and set F(€) := f(£).
Then F(§) = e ™ for all £ € R.
Indeed, f,zf € L'(R) and differentiation under the integral sign gives

() = [ (~2miz) f(z) e do = —2mi (2])(€).
Since f'(z) = —2mz f(z), we have zf = —(27)~!f’, hence
F'(&) =i (&),
Using the differentiation rule f/(€) = 2mi € f(€) we obtain the ODE
F'(€§) = —2m¢ F(€).

Finally F(0) = fpe ™ dz =1, s0 F(£) = e ™.

Remark 2.16. For § > 0, let fs(z) = 6"/2¢7™*/%. Then fs(z) = e ™" — 0 as § — 0,
however, fs(x) — 1 as § — 0. Hence, we cannot see both f5 & fg exist together. That
is, fs and ﬁ; cannot be localized together. (This is known as the Heisenberg uncertainty

principle; we elaborate later.)

Example 2.17. If f(z) = =™ then show that |f(z)| < e

Lemma 2.18. Let f,h, H € L'(R) and assume that

hz) = /]R H()eX € de  (z € R).
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Then
/ H 27mm§ df

Proof. Since H € L*(R) and |f(€)| < ||f]l1, the right-hand side is absolutely integrable.

Using the assumed representation of h and Fubini’s theorem, we compute

(h (@) = [ hla—y)f () dy
= [ [ H@)em =% p(y) de dy

= [ H(ee ( [ e dy ) de

_/H 27rwc£ dé

2.3 The Schwartz space and rapid decay

For many structural results (Fourier inversion, Poisson summation, and later the passage
to tempered distributions) it is convenient to work first with a class of functions that is
simultaneously: smooth, closed under differentiation, and rapidly decaying together with
all derivatives. The standard choice is the Schwartz space.

Notation 2.19 (Multi-index notation). For oo = (ay, ..., ) € Nj we write |o| = a; + -+ +

ap, ¥ =z - xS and 0% = Ot - - - 0.
Definition 2.20 (Schwartz space). The Schwartz space S(R™) consists of all C'* functions

f : R™ — C such that for every pair of multi-indices «, 8 € N,

sup |2 0° f(x)] < oo.
T€R"

Equivalently, S(R™) is the Fréchet space whose topology is generated by the seminorms
Pas(f) = supyegn |2%0° f ()]

Lemma 2.21. If f € S(R"), then f € LP(R"™) for every 1 < p < oo. Moreover,
O°f € LP(R™) for every multi-index 3 and every 1 < p < oco.

Proof. Fix § and choose N > n/p (with the convention n/oco = 0). Since f € S(R"),
we have |07 f(z)| < (1+ |z])™", and (1 + |z|)™" € LP(R") for such N. The L™ case is

immediate from the defining seminorms. O
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Proposition 2.22 (Fourier transform preserves S). If f € S(R"), then f € S(R™). More

precisely, for all multi-indices a, 3,

— . _ il
IO = e O, 1O = (5) ofe©. (22)

Proof. For f € S, all integrals below are absolutely convergent and differentiation under the
integral sign is justified by Lemma 2.21 and dominated convergence. The first identity in
(2.2) follows by integrating by parts in each variable. For the second identity, differentiate
]?(f) = [ f(z)e 2™ dx with respect to ¢ and use that 85j6*2”i1'5 = —2mix e "L,

To see that f is Schwartz, fix o, 8. Using (2.2) and the uniform bound [g(¢)| < ||g/lx
valid for g € L', we obtain

sup (€2 0°F(O)] £ X || 0°f]|, < oo,

n
SeR lI<lal

since 270°f € S C L' by Lemma 2.21. O

Remark 2.23. We have C°(R") C S(R"™). In particular, whenever a statement is first
proved for Schwartz functions, it can often be extended to larger function spaces by density

arguments (for example, C2° is dense in LP(R") for 1 < p < o0).

2.4 Good Kernels on R

In the non-periodic setting, the role of averaging kernels is played by approzimate identities

(also called summability kernels).

Definition 2.24 (Good kernels / approximate identities). A family {K)}xso C L'(R) is

called a family of good kernels if

(i) / Ky(z)dx =1 for all A > 0;
R
(i) sup ||Kxllrrm) < 00;
A>0
(iii) for every ¢ > 0, / |K\(z)|dz — 0 as A — 0.
lz|>d

Example 2.25 (Standard construction). Let K € L'(R) satisfy [p K(x)dx = 1, and
define
Ky(z) == AK(\z), A > 0.

Then {K)},>0 is a family of good kernels.
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Theorem 2.26 (Approximation by good kernels). Let {K)} be a family of good kernels
and let 1 < p < oo. Then for every f € LP(R),

If* Ky = fllorwy — 0 (A — 00).

If, in addition, f is bounded and uniformly continuous, then f * K(x) — f(z) uniformly
i x € R.

Proof. We prove the LP-convergence. Fix ¢ > 0. By the continuity of translations in
LP(R), there exists ¢ > 0 such that

N7y f = fllermy < € whenever |y| < 4, (2.3)

where 7, f(x) := f(z — y). Using Minkowski’s integral inequality and (2.3),

If Ky = fllp = H/RKA@/) (s = 1) d?/Hp

=< (AW Iy f = [fllp dy + ‘y|>§\KA(y)| Iy = fllp dy

— Jyl<s

<l + 2l [ 1K) d

ly

By Definition 2.24(ii)—(iii), the first term is < esup, ||K,||1, while the second term tends
to 0 as A — oco. This proves the claim. O

2.5 The Fejér Kernel on R

A particularly important approximate identity is obtained by taking a compactly supported

multiplier in the frequency domain. For A > 0, define the triangular cutoff

6x(e) = (1- 5.

and set

Ki(z) = /R G (€) €277 e (2.4)

Then Ky € L'(R), [z Kx(z)dz = 1, and {K)} is a family of good kernels. Moreover,
K, = Gh.
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In fact, writing G(§) = (1 — |£])+, one has the explicit formula

™

K(z) = (Sm(”)>2, Ky(z) = \K(\2).

2.6 Fourier uniqueness theorem

Theorem 2.27 (Uniqueness). If f € L*(R) and f(€) =0 for all £ € R, then f =0 almost

everywhere.

Proof. For each A > 0, we have ]ﬁ = ff(: = fG,\ = 0. Hence f x K, = 0. Since
{K,} is a family of good kernels, Theorem 2.26 gives f * K) — f in L*(R), and therefore
f=0ae. O

2.7 Fourier Inversion

Proof strategy. The kernels K simultaneously localize frequency and approximate the
identity in physical space. The inversion formula emerges by computing the same quantity

f * K in these two complementary ways and then letting A — oo.

Theorem 2.28 (Inversion). Let f € LY(R) and assume f € L*(R). Then for almost every
reR,

= [ Fey e,
R
Proof. Using (2.4) and the convolution theorem,
% Ky(z / F(€) Ga(€) €27 e

Since 0 < G, < 1 and G\(§) — 1 pointwise as A — oo, dominated convergence (with
f e LY) yields, for every fixed ,

Jim [ Ky (o / F(€) e2mio€ g

On the other hand, Theorem 2.26 implies f * Ky — f in L'(IR), hence along a subsequence

also pointwise a.e. Therefore,

— lim / F(6) G(€) 2% de

A—00
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for almost every x, and the right-hand side equals [ f (£)e?™¢ d¢ by dominated convergence.
O

Remark 2.29. The conclusion is stated almost everywhere because an L' function is only
defined up to null sets, and approximate identities recover such a function at Lebesgue
points in general. If f is continuous and f € L', then the inversion formula holds pointwise

for every .

2.8 Plancherel theorem

The Fourier transform maps L!'(R) into the space of bounded uniformly continuous
functions. On L?(R), however, it admits a much stronger extension: it becomes an
isometry, and after the inverse transform is identified on a dense class one sees that it is in

fact unitary. More precisely, for f € L*(R) one has

1Fll2 = 11£1-

We first establish this on the dense subspace L' N L?, and then extend by continuity.
Later, using the Riesz—Thorin interpolation theorem, we shall obtain the Hausdorff-Young
inequality for 1 < p < 2 and see how the Fourier transform extends further in the

distributional setting.

Theorem 2.30. There ezists a unique operator F : L*(R) — L*(R) having the following
properties:
Ff=Fffor fe'NL*R),

17 fll2 = | £1l2-

Proof strategy. On the dense class L' N L?, the key identity is that the transform of f f
equals |f|2. Evaluating this relation at the origin converts convolution into the L? inner

product and yields the isometry from which the extension to all of L? follows.

Proof. For f € L' N L*(R), set

7©) = [ f@)e dr.

Let f(x) := f(—x) and define g := f % f. Then g € L'(R) and

= ~

&) (&) =1F©)".
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Moreover,
9(0) = [ F)FG)dy = 11£15.

Let K denote the Fejér kernel on R, with Fourier transform

GA(€) = (1 - |§|)+

Since g € L}(R) and § = |f|2 > 0, the inversion formula applied to g x K, at the origin
gives

(95 K)(0) = [ GA(&) IF(©) de.
Because g € L'(R) N C(R) and {K)} is a family of good kernels,
(9% Kx)(0) = g(0) = [If]13-

On the other hand, 0 < G, 1 1 pointwise, so the monotone convergence theorem yields

L IF@©FRds = 171

Thus the Fourier transform is an isometry on L' N L*(R).
Now let f € L*(R). Choose a sequence f, € L' N L?(R) such that f, — f in L?. The

isometry just proved implies

||ﬁl - fAmHQ = ||fn - meQv
so (f,) is Cauchy in L2(R). Define
Ff= Jgroloﬁl in L*(R).

This definition is independent of the approximating sequence, extends the classical Fourier

transform on L' N L?, and satisfies

17 fll2 = I f]l2-

Uniqueness follows from the density of L* N L? in L?. O

Remark 2.31. Once the inverse transform is identified on a dense class (for example

on Schwartz functions), the same construction applied to that inverse shows that % is
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surjective as well; equivalently, .Z is unitary on L*(R).

Remark 2.32. If f € L*(R), then x{_nnf € L*(R) N L*(R). Writing

Pn = X[—n,n}f?

we obtain
1@n — Z fll2 = |lon — fll2 = 0.

Thus the L?-Fourier transform may be recovered as an L2-limit of the classical truncated

Fourier integrals.

Example 2.33. For H(x) = el one computes directly that

2

H _ / —|¢| ,—2mit€ df = — =
€3] Re € 1+ 4r2¢2

In particular, the Plancherel identity extends the familiar polarization formula:

| f@e@de = [ FHOFg@ds,  fge L(®)

2.9 A model computation: the Gaussian and the heat

kernel

A single explicit computation already illustrates several recurring themes: rapid decay in
physical space, rapid decay in frequency space, and the way Fourier analysis diagonalizes

constant-coefficient PDE.

Proposition 2.34 (Fourier transform of a Gaussian). For a > 0 define go(x) = e~ ™’

on R™. Then g, € S(R") and
Ga(§) = o™ e (g e RY),

In particular, g, is an eigenfunction of the Fourier transform: gy = g;.

Proof. By Fubini and the product structure, it suffices to treat the one-dimensional integral

I,(§) = / e~ o =2t o
R
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Complete the square:

a

z§>2 B ¢2

—max? — 2mixé = —7a (x + —
a

Shifting the contour in the complex plane (justified since the integrand is entire and
rapidly decaying in horizontal strips), or equivalently differentiating I, with respect to
¢ and solving the resulting ODE, gives I,(£) = a~'/2e~™"/%, Taking products over the n

coordinates yields the stated formula. O]
Corollary 2.35 (Heat kernel on R"). Let ug € S(R™) and consider the Cauchy problem
O = Au, u(+,0) = up.

Then the unique solution in S(R™) is
u(- t) =prxug,  px) = (Art) 2 e BP0 (5 0),
Equivalently, in frequency space
(g ) = eI g ).
Proof. Taking Fourier transforms in z and using 8/32&(5 1) = —(27&;)%u(€, t) gives the ODE
Oqu(é,t) = —Am*|¢* a (s, 1),

whose solution is @(&, 1) = e 47 g;(€). By Proposition 2.34, the inverse transform of

—472t|¢)?

e is precisely p;, and the inversion formula yields u(-,t) = p; * uy. H

Remark 2.36. The kernel (p;);~o forms an approximate identity as ¢t | 0 and satisfies
Jgn pe = 1. In particular, u(-,t) — uo in LP(R") for 1 < p < oo whenever uy € LP and the

convolution is defined.

2.10 More on Convolution

Theorem 2.37. Let f € LP(R), g € LY(R), and suppose % +é = 1. Then fxgisa

bounded, uniformly continuous function on R and

1F % glloo < 17 11nll9la-
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In particular, if 1 < p < oo, then f* g € Cy(R).

Proof. Holder’s inequality gives, for every x € R,

|f*g(a)] < /]R [f (@ =)l gl dy < lI7afllpllglla = 1F1lp e

so f x g is bounded. Moreover,

(F+9)y+2) = (£ = | [(f+3-0 = - )9 de

< lmaf = Flip llglly.

Taking the supremum in y yields

172 (f * ) = (f * Dlle < I7ef = Fllp lgllq-

Since translations are continuous on LP(R), the right-hand side tends to 0 as x — 0; hence
f * g is uniformly continuous.

Assume now that 1 < p < 00, so also 1 < ¢ < co. Choose sequences f, € C>(R) and
gn € C°(R) such that

an_pr—>07 Hgn_qu_>0'

Each f,, * g, belongs to C°(R) C Cy(R). Furthermore,

I fn* g — f * glloo < N1(fr = f) * Gnlloo + 1. * (g — )00
< | fo = Fllp llgnlle + 1f 1l 190 — gllq-

Since (g,) is bounded in L4, the right-hand side tends to 0. Thus f, * g, — f * g uniformly.

Because Cy(R) is closed in L*(R), it follows that f g € Co(R). O

2.11 Riesz-Thorin Interpolation Theorem

Theorem 2.38. Let (X, S,u) and (Y, T,v) be two o-finite measure spaces. Let p;, q; €
[1,00], i = 0,1 and define

1 1-¢t ¢t 1 1-t ¢
= —’—7 )

ygs Do h qt qo0 q1
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where 0 <t < 1. If T is a linear map from
L () + D7 () — L®(v) + L (v)

such that

ITf

qi S]\41||f 2% i:0717

then
1T fllq < My~ M| £,

(For a proof, see Real Analysis by G.B. Folland.)

Using R-T theorem we see that the Fourier transform of a function f € LP(R), 1 <

p < 2, exists as a function in L4, 110 + % =1.

2.12 Hausdorff-Young Inequality

Theorem 2.39. Let 1 < p < 2. Then for f € L(R), f € LI(R), with || f|l; < ||f|l,, where
1411,
p q

Note that if 1 < p < 2, then q € [2,00].

Similarly, if f € LP(SY), 1 < p <2, then f € 19(Z), with % + % =1 and || fll, < If]l,-

Proof. We know that F : L*(R) — L>(R) satisfies

IF (Moo < 1f1n
and F : L*(R) — L*(R) with || F(f)|l2 = ||f]|2-
Let
L _1-t ¢t 1 1-t
Dt 1 27 qt o0
Note that
1 1 1
- 7:1’7—’——:1

Dt qt p q

so we can choose t € (0, 1) such that % =L and I ==t 4+ L. Hence by R-T inequality, we

2 p
get
IF(Pllq < 11l
Thus, the Fourier transform is a bounded linear function from L to L9. O]
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2.13 Young’s Inequality

Theorem 2.40. Let 1 < p,q,r < oo and % +% =1+ % If f € L?” and g € L9, then
fxge L and
1+ glle < [1fllllgllq

Proof. We prove the endpoint estimates first.
Case 1: p=1 and r = q. By Minkowski’s integral inequality,

17 gllg < 17111 llglla

Case 2: r = o0 and % + % = 1. This is exactly the previous boundedness theorem:

1S * glloo < £l Nlgllg-
For the general case, fix g € L? and consider the linear operator
Ty(f) == f*g.
By Case 1 and Case 2,

T, : L' — L7 with norm at most ||9||q=

and, writing ¢’ for the conjugate exponent of g,
T,: L7 — L>® with norm at most | g|,.

Apply the Riesz—Thorin interpolation theorem with

/

po=1 q =gq PL=¢q, @ =00

Then for 0 <t <1,

I 11—t t I 1t
Pt 1 q"’ T q
Eliminating ¢ gives precisely
1 1 1
Rl T T
2 Tt
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Therefore, for every triple (p, q,r) satisfying

1 1 1
o =1+-,
p 9 r
we obtain
1 glle < 115 llglly:
This is Young’s inequality. [

Notice that, by the Hausdorff-Young inequality, if 1 < p < 2, then for f € LP(R),
f € LY(R) where % + % = 1. Hence by continuity we can define

f(f) :LQ lim 3 2mx£f( )

n—o0

However, if 1 < p < 2, we do not know how the f looks like. For example, if f € L'(R),
then

T (1 5 Ky — fll =0
and

— lim / G (6) (€)X de

P
holds in L'(R).

For 1 < p < 2, we can generalize (*). For this, we need to verify the following: If
fe L' (R)and g € LP(R),1 <p < 2,then fxge LP and (f *g)" = f4. Since CP(R) is
dense in LP(R), for € > 0, there exists g, € C§°(R) so that ||g — gu|lr < €.

Note that g, € L*(R) (since second derivative of g satisfies g2, (2) = (iz)2§,(z)) and

Flgn [) = Flgn) F(f)-
As F : LP — L9, is a continuous linear map, from (**) it follows that
Flg*f)=F9)F(f).
Now, consider f = K (Fejér kernel on R), then
(Kxxg)" = K\ = Gag,

where

GA(&) = (1 = IE]/ M x-am (§)
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Since § € LY(R), ¢ > 2, it is easy to see that G,g € L*(R). By inversion formula,

Kyrgla) = [ Ga€)g(e) e de.
and Ky x g € L*(R). Since K} is a good kernel and K x ¢ — g in LP(R), we can write
the following result:

Theorem 2.41. Let 1 <p <2 and g € LP(R). Then

gle) = fim [ Gr(€)g(€)e " dg

A—yo0
in LP(R).
Corollary 2.42. {fe L’ 1<p<2 supp f is compact }, is dense in LP(R).
Notice that, if f,g € L*(R), then F(f * g) = F(f)F(g) where F is the Fourier

transform.
Question 2.43. Does F is unique that satisfies F(f * g) = F(f)F(g)?

Note that if we write

F(f) = / Fla)e2mitordy = F(ty),

then F is a continuous linear functional on L'(R). We then shall see that such any

continuous linear functional is only the Fourier transform

2.14 Riesz Theorem

Theorem 2.44. Let 1 < p < oo and (X, S, u) be a o-finite measure space. Then for
every continuous linear functional T on LP(u), there exists a unique g € LX), where
1/p+1/q=1, such that

Tf= [ fg
Fourier transform is unique. Suppose ¢ is a continuous linear functional on L*(R) with
]l <1 and

o(f*g)=e(f)elg),  f.geL'(R)

By the Riesz representation theorem, there exists 5 € L*°(R) such that

o) = [ F@)B(a) dr.
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Hence, using Fubini’s theorem,

o(fr9)= [9We(f)dy,  fy(2) = fla—).

On the other hand,

o(f+9) = o(Delo) = #(F) [ 9)BLy) dy.

Therefore,

[(o5) = o(D8w)sw)dy =0 forall g € L'(R),

so uniqueness in the Riesz representation theorem implies

o(fy) =e(f)Bly)  forae. y.

Since y — f, is continuous from R into L'(R) and ¢ is continuous, the function y — ¢(f,)
is continuous. Replacing 8 by this continuous representative, we may therefore assume
that [ is continuous.

Now replace y by = + y to obtain

o(f)B(x +y) = o(fary) = 0((f2)y) = ©(f2)B(y) = ©(f)B(x)B(y).

Because ¢ is nonzero, there exists f € L'(R) with ¢(f) # 0, and hence

Bz +y) = Bx)B(y).
By Theorem 2.1, there exists ty € R such that 3(x) = e~ *™* Hence
p(f) = [ Fla)e 0 do = Fito)

O

Notice that for every ¢ (except ¢ = 0), there exists unique ¢ € R such that ¢(f) = f(t),

~ ~

because if s # t, then there exists f € L'(R) such that f(t) # f(s).
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2.15 Poisson Summation Formula

One of the most useful bridges between Fourier series and the Fourier transform is the

Poisson summation formula. With our Fourier transform convention

— [ f@)e =t d,
R

the cleanest statement is obtained for rapidly decaying functions.

Theorem 2.45 (Poisson summation, period 1). Let f € S(R) and define its periodization

(PAH) =D flt+k), teR

kEZ

Then P [ is 1-periodic and admits the Fourier series expansion

SN ft+k) =Y Ffn)e*™  (teR). (2.5)

kEZ nez

In particular, at t = 0 one has Z f(k) = Z f(n)

keZ neL

Proof. Since f € S(R), the series defining P f converges absolutely and uniformly on
compact sets, so Pf € C°(R) and termwise integration is justified. For n € Z, the n-th

Fourier coefficient of Pf is

(Pf) /0 (Zf (t+ k) ) —2mint gy — Z/ flt+k)e —2mint gy

k€EZ keZ

With the change of variables x =t + k we obtain

= / f(z) e 2™ dz = f(n).
R
The Fourier series of P f is therefore (2.5), and uniqueness completes the proof. n

Remark 2.46 (A 2m-periodic version). If one prefers 2m-periodic functions, set ®(t) :=
27 Y ez f(t + 2mk). Then @ is 2m-periodic and

Zf(%r) ’ teR,

neL

which is exactly (2.5) after the change of variables ¢ +— ¢/(27).
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Example 2.47. Using Poisson summation one can derive the classical identity

1 2

> = r ¢ 7.

= (n+x)?  sin*(mx)’

Hint: apply Theorem 2.45 to the “tent” function g(x) = (1—|z|)+, whose Fourier transform

: 2
is g(&) = (%) , and differentiate an appropriate Fourier series identity.

2.16 LP-Derivative of a Function on R
For h € R and f a function on R, define

fa+h) — f(w)

Dyf(z) = 3

Definition 2.48. A function f € LP(R) is said to be differentiable in L? sense if there
exists g € LP(R) such that

tiy D1 = g1, = 0.
Lemma 2.49. Let 1 < p,q < o0 and % + % = 1. Suppose f € L, has derivatives f' in LP

sense , then (f % g)' exists in the ordinary sense when g € L7 and
(fxg9) =f*g.

Proof. We know that f % g is continuous and f’ € LP, therefore [’ * g is also continuous.
Thus

[Dn(f # g)(x) = [ g(a)| = [(Duf = f) % g(@)] < I1Dwf = Flpllglly — 0 as [a] =0

Hence
(fxg) =f*g
O
Theorem 2.50. Let 1 < p < oo and f € LP(R). Then f has an LP-derivative if and only

if, after modifying f on a set of measure zero, the resulting representative is absolutely

continuous on every bounded interval [a,b] and its classical derivative belongs to LP(R).

Proof of Theorem 2.50. Assume first that Dy f — g in LP(R) as h — 0. Let (¢.) be a

standard mollifier and set

fei=f*e..
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Then f. € C*°(R) and, by the previous lemma,
fe=g%*¢e.
Fix a bounded interval I = [a, b]. Since mollifiers approximate the identity in L?, we have
fe—f and fl—g  in LP(I),

hence also in L!(I) because I has finite measure. Passing to a sequence ¢ | 0, we may
assume that f., (z) — f(x) for a.e. € I. Choose a Lebesgue point zo € I of f; then
fer (o) = f(xg) as well. For every x € I,

fol@) = foloa) + [ f1, 0

Letting k — oo and using the L'(I)-convergence of f! to g, we obtain for a.e. z € I,

Fla) = o) + [ glt)at

Therefore f agrees almost everywhere on I with the absolutely continuous function

Filw) = f(ao) + | glt)de

whose classical derivative is g a.e. on [. Since [ was arbitrary, f has an absolutely
continuous representative on every bounded interval and that representative has derivative
g € LP(R).

Conversely, suppose that f is absolutely continuous on every bounded interval and

that its classical derivative f’ belongs to LP(R). Then for almost every x and every h # 0,

Dy f(x) h/ fla+t)— (@) dt.
Applying Minkowski’s integral inequality yields
! 1 ‘h‘ / !
100 = £l < 1 ) s s = £ .

Translations are continuous in LP(R), so the integrand tends to 0 uniformly for 0 < ¢ < |A|
as h — 0. Hence
1Dnf = f'llp = 0,
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which shows that [’ is the LP-derivative of f. O]

2.17 (C* form of Urysohn lemma

Lemma 2.51. Let K be a compact set that is contained in an open set O C R. Then
there exists f € CX(R) such that 0 < f <1, flx =1 and suppf C O.

Proof. Let 6 = d(K,O°). Then § > 0, and let
V={x:d(z,K) < §/3}.
Suppose ¢ € C*(R) such that [¢ = 1,¢(x) = 0 if |z| > §/3. Write f = xv * ¢. Then

flk =1,0< f <1, and supp(f) C {z : d(z,K) < 20/3} C O, and f € C*(R). Note

that ¢ can be constructed by choosing

exp (—ﬁ) lz] <1
plz) =
{O |z] > 1
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2.18 Problem Sets (Chapter 2: The Fourier Trans-

form)

Conventions. The Fourier transform is

)= [ s@)e= =,

with inverse (when valid) given by

f@) = [ e e,
Unless stated otherwise, functions are complex-valued.

Problem-set architecture. These problems are organized from local technique
to global structure. Tier I treats basic identities and decay; Tier II focuses on
convolution and approximation; Tier III develops inversion, density, and spectral
localization; Tier IV contains model computations and uniqueness arguments; and
Tier V gathers synthesis problems involving periodization, Poisson summation, and

LP differentiability. For a clean progression, work through the tiers in order.

Tier I. Basic properties and quantitative decay

1. True/false with justification.
(a) Let f € C°(R) be nonzero and let P be a polynomial of degree n > 1. Is
P(€) () necessarily bounded on R?
(b) Is the subspace {f € L2(R) : supp f is compact} dense in L2(R)?

2. Suppose [ is continuously differentiable on [—R, R]. Prove that there exists C' > 0

such that o
f©)] < i

What changes if f is absolutely continuous on [—R, R] with f' € L*([-R, R])?

(& #0).

3. Let f € L'(R) satisfy f(z) > 0 for all . Prove that there exists § > 0 such that

~ ~

[F(©] < f(0)  forall [¢] > 4.
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4.

d.

Let f € L'(R) with f > 0. Show that
1l = F(0) = || flIr-

Let f € L'(R) be continuous at 0 and assume f(£) > 0 for all £. Prove that
f € LY(R) and that
— [ Fie)ae
R

6. (Compact support = analyticity.) If f € L*(R) has compact support, prove that f

is real-analytic on R. Is it true that f € L'(R) necessarily? What additional decay
can you prove if f € C%(R)?

Tier II. Convolution, kernels, and approximation

1.

Let f,g € L*(R). Show that f x g admits a bounded continuous representative and

that
lim (f*g)(x)=0.

|z| =00

For n € N, define F,, = x[-1,1] * X[-nn)- Verify that F,, € C.(R) and ||F,|/» = 2.
Does F,, — 2 uniformly on R? Does F,, — 2 pointwise?

For 1 < p < oo, let f € LP(R) and define F(z) = [*T' f(¢) dt. Show that F' € Cy(R).
Does this remain valid for f € L>(R)?

For f € L'(R), prove the identity

2f(€) = [ [ @) = £z = T)|e e (£ 0

and deduce the Riemann-Lebesgue lemma on R.

(Good kernels.) Let {ky} C L'(R) be a family of good kernels. If f € L>(R)NC(R),

prove that f % k), — f uniformly on every compact subset of R.

(Fejér kernel on R.) Let f be of moderate decrease and define

FxK(z = / ( |§|> Fle) e de.

Show that f * K) — f uniformly as A — oo.
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Tier III. Inversion, density, and spectral localization

1. Let f,g € LY(R). Prove the duality identity

| fwiaw dy = [ F©g(©) de.

If f € L'(R), deduce Fourier inversion for f.

2. For 1 < p < 2, prove that
{f € LP(R) : supp f compact}

is dense in LP(R).
3. Show that X = {f : f € L'(R)} is dense in Cy(R) (with the uniform norm).
4. Let f € C?(R). Prove that there exists g € L'(R) N L>=(R) such that g = f.

5. (Cyclic translations in L?.) For f € L*(R), let 7.f(y) = f(y — x). Show that
{7of : x € R} is dense in L2(R) if and only if f(£) # 0 for a.e. £.

6. (A sharp obstruction in L'.) For n € N, let g, = X[~1,1] * X[=n,n]- Show that g, is

the Fourier transform of

_ sinz sin(nz)

fulz) = € L'(R),

w22
and that ||f,]l1 = oo. Conclude that the Fourier transform maps L'(R) into a
proper subspace of Cy(R).

Tier IV. Gaussians, uniqueness, and model computations

1. For n € N, define f(x) = j—%e*ﬁ/z. Show that f(£) = P,(€)e /2, where P, is a

polynomial of degree n. (Identify P, in terms of Hermite polynomials if you wish.)

2. A continuous function f : R — C is of moderate decrease if |f(x)| < A/(1 + z?).

Suppose f is of moderate decrease and satisfies

/Rf(y) eV W dy =0 Vz € R.

Prove that f = 0.
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3. (Optional/advanced: uncertainty principle.) Prove the Heisenberg inequality

2lf@)Pde) ([ elFerde) > — 7|
</R ) (/R ) 167

for f € S(R), and identify (up to the Fourier normalization) the extremizers.

Tier V. Periodization, Poisson summation, and differentiation in

P

1. For f € L*(R), define fy(x) = Af(Ax) and

oa(t) =21y falt + 2mj).

JEZ

Show that ¢y € L'(S!) and

lim [loallpisy = [1fllzm-

. For f € L'(R), define g(t) = 273 ,.cz f(t + 27n). Show that g is 2r-periodic and

llgllzr(sty < ||fllz1 ). Derive a Poisson summation identity for sufficiently nice f

from this periodization.

3. (Difference quotients in LP.) For 1 < p < oo, let f € LP(R) and define

S+ )~ )

Apf(x) = h

Show that there exists g € LP(R) such that ||Anf — g|l, — 0 as h — 0 if and only if
f has an absolutely continuous representative on bounded intervals (modulo null
sets) with f’ € LP(R). Discuss what fails for p = oco.

4. (A clean L* substitute.) Suppose f € L>°(R) admits a representative (still denoted

f) for which
sup [|Ap floe < o0.
h#0

Show that f has a Lipschitz representative and that its a.e. derivative belongs to

L*>*(R). Conversely, show that any Lipschitz function satisfies the displayed bound.

. Give an example of f € L*(0,00) such that f’ exists pointwise on (0,00) but

f" ¢ L>(0,00).
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6. For f € L'(R") and g € LP(R") with 1 < p < 2, prove that f x g € LP?(R"), and
deduce (by density) that m = f§ whenever both sides make sense.
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Chapter 3

Distributions

Many operations in analysis — differentiation, convolution, Fourier transformation
— extend well beyond smooth functions. The language of distributions (generalized
functions) provides a precise framework for these extensions while remaining com-
patible with classical calculus whenever the latter makes sense. In this chapter we
introduce test function spaces, distributions, and their basic operations, with an eye

toward applications in Fourier analysis.

Chapter roadmap. We first build the locally convex topology on spaces of test
functions, since continuity is part of the definition of a distribution. With this
topological background in place, we introduce distributions, derivatives, multiplica-
tion, support, and convergence. The chapter culminates in the tempered setting,
where the Fourier transform extends naturally by duality and the formal identities

of harmonic analysis become rigorous statements.

In the previous section we saw that some LP-functions possess derivatives in the LP

sense: there exists g € LP such that
IDuf —glly 0 as |a] 0.

However, many important functions are neither classically differentiable nor differentiable
in this L” sense. The theory of distributions provides a broader notion of derivative, defined
through its action on a distinguished class of smooth compactly supported functions, called

test functions.
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The guiding identity is the integration-by-parts formula. If f is differentiable and g is

a compactly supported differentiable function on R, then

/O:O flg= —fg\io - /o:o fg =— /o:o fq,

because g vanishes outside a compact set. This suggests a definition that continues to

make sense even when f’ does not exist classically. For f € L{ (R), define

Z/fg, g € C(R).
R

We then define the derivative of Ay by
- / fg'.
R

D*Ay(g) / f DFg,

More generally,

where D = —. In this way differentiation is transferred from the possibly rough function
f to the smogth test function g.

To develop distributions systematically, we must endow C°(R") with a suitable
complete locally convex topology. The supremum norm alone is not adequate for this
purpose, because it neither controls derivatives nor records support conditions. The correct

topology is built from a family of seminorms on compact subsets.

Example 3.1 (Why distributions are natural). Let H = x(9,«). Classically, H’ does not
exist at the origin; distributionally, however, one has H' = ¢y,. Thus differentiation of a
jump function produces a singular object concentrated at the jump. This example is the

prototype for many later constructions in PDE and harmonic analysis.

3.1 Locally Convex Topology

Let {p; : i € I} be a family of seminorms on a vector space X. For a finite subset F C I,

define
= ({z € X : ps(z) < e}

el
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Each set U, is convex and balanced. Set
B:={Up.:6>0, FCI, #(F) < oo}.
We then define
T = {O C X : for every x € O there exists U € B such that z + U C O}.

This is a topology on X.

Indeed, T contains ) and X and is closed under arbitrary unions. To verify stability
under finite intersections, let O = ﬂ;‘le O; with each O; € T, and fix x € O. For each j
there exists Ur, ., € B such that x + UF, ., C O;. If we set

k
£:= min ¢, F:=JF,

1<j<k =1

then € > 0, the set F is finite, and
k
4+ Up: C (V(@+Ug,,) CO.
j=1
The resulting space (X, 7T) is called a locally convex topological vector space.

Example 3.2. Show that a locally convex topological vector space X is Hausdorff if and
only if {p; : i € I'} separates points in X i.e., given x € X,z # 0, there exists i € [ such
that p;(z) # 0.

Example 3.3. Let X be a locally convex Hausdorff space whose topology is induced by
{pi :i € I}. Define

— Pn (ZL‘ - y)
dlz,y)=) 27"——2"—
( ) Z 1+ pn(x - y)
Show that topology 74 coincides with 7.

Note that, in general settings, Ur, plays the role of B.(0) in R™ as B.(0),e > 0 forms

a local base at 0. Therefore,
B={Up.:¢>0,F CI,#(F)< oo}

is a local base at 0 € X.
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Definition 3.4. (i) A sequence (7;)52, C X converges to x € X if for every U € B
there exists N € N such that z; —2 € U for all j > N.

(ii) A sequence ()52, C X is a Cauchy sequence if for every U € B there exists N € N
such that xp, —x, € U for all k, ¢ > N.

(iii) The space X is sequentially complete if every Cauchy sequence in X converges to a

point of X.

Lemma 3.5. A sequence (v;)32, C X converges to v € X if and only if
pi(x; —x) — 0 for every i € I.

Proof. 1f x; — x in the topology generated by B, then for every i € I and every € > 0 the
neighborhood Uy . = {y € X : pi(y) < €} eventually contains x; —z. Hence p;(x; —x) — 0.

The converse follows immediately from the definition of the basic neighborhoods Up.. [

Theorem 3.6. Let {p;}ic; be a separating family of seminorms on a vector space X, and
define
Vo i={z € X :p(x) < 1/n}.
Then
J:={Vpyn:1€I, neN}
forms a convex balanced local base for a topology 7 on X. With this topology, X becomes
a locally convex space such that

(i) each seminorm p; is continuous;
(ii) a set E C X is bounded if and only if p;(E) is bounded for everyi € I.

Proof. Because the family {p;} separates points, for each nonzero x € X there exists i € I
with p;(z) > 0. Hence z ¢ V), ,, for all sufficiently large n, so {0} is closed. By translation
invariance, every singleton is closed.

Addition is continuous. Let U be a neighborhood of 0. By definition, there exist indices

i1, .., 1, and integers ny,...,n,, such that
m
ﬂ %ij?nj - U
j=1
Set
m
V.= m Vij,an
j=1
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Then V+V C U. Consequently, if U is an open neighborhood of x; + x5, then U — (1 + x3)
is a neighborhood of 0, so there exists a neighborhood V' of 0 such that

V4V CU-= (21 +12).

Hence
(1 +V)+(x2+V) CU,

which proves continuity of addition.
Scalar multiplication is continuous. Let x € X, a € C, and let U be a neighborhood of
0. Choose a balanced neighborhood V of 0 such that V 4+ V C U. Since V absorbs X,
there exists s > 0 with € sV. Set t := 1+S|| Ifyex+tV and |f —al < 1/s, then
als
y—ar=PFy—x)+(f—a)re|ftV+|f—alsVCV+V CU
Because V' is balanced and |5|t < (|a] + 1/s)t = 1, scalar multiplication is continuous.

For (ii), first suppose that £ C X is bounded. Since each V,, ; is a neighborhood of 0,
there exists k; > 0 such that

E C ki%i,l = {JJ e X: pz(l') < kl}

Thus p;(F) is bounded for every i. Conversely, assume that each p;(E) is bounded. Let U
be a neighborhood of 0. Then U contains a basic neighborhood of the form

m
m ‘/pij 1Ly

Jj=1

Choose M > 0 so large that p; () < M/n; for every x € E and every j = 1,...,m. Then
E C MU, so FE is bounded. O

3.2 Topology of the spaces C*({)) and Dy

We now define the standard topology on C*°(2), under which it becomes a Fréchet space
with the Heine-Borel property and for which

Ix ={p € C=(Q) : supp(p) C K}
is a closed subspace whenever K C {2 is compact.
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Choose an increasing sequence of compact sets (K;) such that K; C K;;1 and
Ki={xeQ:d(z,R"\Q) >1/i} NB;

where B; .= {x € R" : |z| < i}.
For f € C*(Q), define

plf) i=sup{|D°f(@)] s v € Ky, |a] < N}.

Then {pn}3_; is a separating family of seminorms, and the resulting topology makes
C*(Q) a metrizable locally convex topological vector space.

For each x € Q, define 6,(f) := f(z). Then ¢, is continuous for this topology, because

pn(fj) =0 = |fj(@)| <pn(f;) =0

for all sufficiently large N with = € K. Moreover,

@K: ﬂ kerém,

zeQ\K
so Pk is a closed subspace of C*°((2).

The sets
V= {f € C%(Q) ipa(f) <IN}, N=12...,

form a convex balanced local base at 0 € C*(Q).
Suppose {f;} is a Cauchy sequence in C*°(2). Then for each Vy there exists [y € N
such that

fi—ijVN for all ’i,j>lN’
= pn(fi — f;) <1/N,
= |D"fi(x) — D*f;(z)| < 1/N, r e Ky.

Thus, for each multi-index «, the sequence D f; converges uniformly on every Ky to a
limit g,. In particular, f; — go pointwise, go € C*°(Q2), and g, = D%gy. Therefore f; — go
in the topology of C*°(Q2). Hence C*°() is a Fréchet space, and the same is true for k.

Suppose £ C C*(Q) is closed and bounded. By the preceding theorem, for each N
there exists 0 < My < oo such that py(f) < My for all f € E.
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Thus |D®f| < My on Ky whenever |a] < N. Hence
{D°f: fe E}

is an equicontinuous family on Ky_; whenever |3| < N — 1. Indeed, by the mean value

theorem,
[f(z) = f(y)| < N|ID" flloolz —yl,

and replacing f by D?f yields
D f(a) = DOf(y)] < ID7 flloo |2 =yl < (I fllw 2 = yl.

By the Arzela—Ascoli theorem, every sequence (f,,) in E has a convergent subsequence.

Hence E is compact in C*°(Q2), so C*(£2) has the Heine-Borel property. Since

d(f,0) < 22‘”% <2,

the topology on C*°(2) is not normable.
For each fixed compact K C €, the space Y is therefore a Fréchet space, and

2@ =02 = U %

KcQ

This is the space of test functions.

For ¢ € 2(Q), define
Il == sup{|D%p(2)| : 2 € Q, Ja| <N},  N=0,1,2,....

The restriction of these norms to Zx induces the same topology as the seminorms {py}%_;.
Indeed, if K C €2 is compact, then there exists Ny € N such that K C Ky for all N > N,

and for such N one has

lellv =pn(e), Vo€ Dk.

Since both sequences are increasing in NV, they generate the same topology on Zx. Thus

1
Vy 1= {(p € Dk ||y < N}

forms a local base for Y.

Notice that the seminorm family {|| - ||n}%., defines a locally convex metrizable
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topology on Z(£2), but this topology is not complete. For example, if ¢ € Z(£2) satisfies
supp C [0,1] and ¢ > 0 on (0,1), then

() = oz = 1) + 50z~ D) + plx —m)

is a Cauchy sequence for this topology, but the sequence is not eventually supported in
any fixed compact subset of 2. This shows that the seminorms {|| - || ;¥ }%_, do not prevent
Cauchy sequences from drifting to infinity.

We therefore define a finer topology 7 on Z(£2), under which Cauchy sequences do

converge, although 7 is not metrizable:

(i) let B be the collection of all subsets W C 2(f2) that are convex and balanced and
satisfy Zx N W € 7x for every compact K C €,

(ii) let 3 be the collection of all unions of sets of the form ¢ + W, where ¢ € 2(2) and
W e B.

Note that 7 is strictly finer than the topology generated by the seminorms py, because
it incorporates additional seminorms. For example, if {z;} C © has no limit point and
C; > 0, then

p(p) = sup Cifp(x:)] < o0

defines a seminorm on Z2(£2), since each test function has compact support and therefore

meets only finitely many points x;. Its restriction to every % is continuous. Consequently,
Wi={p € 2(Q):p(p) <C}

is a convex balanced T-neighborhood of 0. This indicates that every 7-bounded set, and

hence every Cauchy sequence, must be concentrated in a common compact subset of 2.
Theorem 3.7. (a) 7 is a topology on 2(2), and B is a local base for 7.
(b) ¥ makes 2(K2) into a locally convex topological vector space.

Proof. To prove (a), let Vi, Vy € 7 and ¢ € V) N V,. By definition, there exist ¢; € Z(2)
and W; € B such that
pep +W;,CV, 1=1,2.

Choose a compact set K C €2 such that ¢, p1, s € Pk. Since Zx NW; is open in Y and
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© — p; € D N W;, there exists 0 < §; < 1 such that
0 — @i+ 0;(Zx NW;) C D NW;.
Because W; is convex and balanced, this implies
o+ oW, C i+ W, CV,, i=1,2.
Now set W := §,W; N dyW,. Then W € B and
e+ W CVin,,

which proves (a).
For (b), translation invariance is immediate from the definition of ¥. Moreover, if
W € B and 91,19 € Z(Q2), then

(W1 + 5W) + (o + 5 W) = (Y1 + 1) + W,

so addition is continuous.
To verify continuity of scalar multiplication, fix ag € C, ¢y € Z(2), and W € B.
Choose s > 0 such that pg € sW, and set

5
t = ———7—r.
2(1 + s|ay))

If | —ap| < 1/s and ¢ € o + tW, then ¢ — ¢y € tW and therefore

ap — appo = afp — o) + (@ — a)po
1
€ |altW + E(SW).

Since .
aft < (Jao| +1/s)t = 5

we obtain
ap — appo € %W+%W:W

Hence scalar multiplication is continuous. From now on, by D(€2) we mean (D(Q2),7). O

Theorem 3.8. (a) A convex balanced subset V- € Z(Q2) is open if and only if V € B.
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(b) The topology T of P C P(QQ) coincides with the topology on Pk that is inherited
from 2(Q).
(c) If E is a bounded subset of (), then E C Dk for some compact K C Q and there

exists 0 < My < oo such that

lolly < My, Vo€ E, N=0,1,2,...

(d) D(QY) has the Heine-Borel property.
(e) {¢:} is a Cauchy sequence in 2(R2), then {p;} € Pi for some K C 2, K compact.

(f) If o; — 0 in 2(Q), then there exists compact set K C ) such that supp p; C K for
all v, and D%p; — 0 uniformly for all .

(9) In 2(Q2), every Cauchy sequence is convergent.

Proof.  (a) Suppose V € 7. Claim V € B. Consider ¢ € Zx NV. By previous theorem,
there exists W € B such that ¢ + W C V.

=0+ (I NW)C DNV

Since Y N'W is open in Yk, it implies Y NV is open in Yk for each V € 7.
Conversely, if V € B, then V' € 7, since B C 7.

(b) Let V € 7, then Zx NV € 7 (by (a)). That is, 7N Pk € T for all K C Q.
Conversely, suppose E € 1 for some K C €.

Claim. £ = Zx NV for some V € 7. Let p € E, then there exists N and > 0
such that

{eDk:|lv-—¢lv<d}CE

or

{vePk:|Wlv<d}CE—-gp

Let W, ={v € Pk : ||[¢||n < 6}, then W, N Pk € T (an open ball in Zk). Hence
W, € B, and

Ik N(p+W,)=p+W, NP Co+E—p=F
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(c)

(e)

(f)

Let V = U%E(Lp + W), then

E= U((p—i—W@)ﬁ,@K

pel

= union of all balls around ¢ € F

=V NYk.

Let E be a bounded set in Z(Q2). Suppose E ¢ Pk for any K. Then there exists
om € F and a sequence {z,,} € € having no limit point such that ¢,,(z,,) # 0,
m=1,2,...
Let

W={p€ () :|p(am) < Lom(@n),m=1,2,.}

Since each K contains only finitely many x,,,

W NIk ={¢ € D : lp(am)| < L om(Tm) |

is open in Zg. For this, let ¢ € W N Zxk. Then [p(x)] < & |om(zn)],m=1,2,...1
Let

p(o) = sup |o(zm)| < C;,  where C; = max X[, (z.)]

1<m<l 1<m<l ™
Since p is continuous, it follows that W N Pk is open in Y. Thus W € B. Since
©m & mW for any m, it follows that E is not bounded.

Thus every bounded set £ C Z(£2) must lie in some Zk. By (b), E is bounded in
Pk . This implies

sup{[|[¢||v : ¥ € E} < My <00, N=0,1,2,...

It follows from (c), since Pk has the Heine-Borel property. If E is a closed and
bounded set in Z(f2), then FE is closed and bounded in %, hence compact. Thus,
E is compact in Z(Q).

If {p;} is a Cauchy Sequence in Z(£2), then it is bounded and hence ¢; € P for
some K. By (b), {¢;} is Cauchy Sequence relative to Zk.

It is just restatement of (e).

Finally, (g) follows from (b), (e) and completeness of Zk (i.e., D is a Fréchet
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space).

]

Theorem 3.9. Let A be a linear map from 2(2) to a locally convex space Y. Then the

following are equivalent:

(i) A is continuous.
(7i) A is bounded.
(ii7) If p; — 0 in 2(R2), then Ap; — 0 in Y.
(iv) For all K C €, the restriction A : P — Y is continuous.
Proof. (i) = (i1): Known.

(11) = (di1): Suppose A is bounded and ¢; — 0 in Z(Q2). Then ¢; — 0 in some Y,
and hence A/ %y is bounded. Therefore, A : P — Y is continuous, and thus Ag; — 0 in
Y.

(7i1) = (iv): Suppose {p;} C Pk and p; — 0 in Z. Then by (b) of the previous
theorem, ¢; — 0 in 2(2). By (iii), Ag; = 0in Y.

(tv) = (i): Let U be a convex balanced neighborhood of 0 in Y, and write
V = A7Y(U). Then V is a convex, also balanced set in 2(Q). By (a) of the previous
theorem, V' € 7 if and only if Zx NV C 7k for each K C Q. By (iv), Zx NV € 7x, hence

V € 7. Hence A is continuous.
Il

Definition 3.10. A linear functional A on Z(2) that is continuous with respect to the
topology 7 of (1) is called a distribution.

The space of all distributions on € is denoted by 2'(€2).

Theorem 3.11. Let A be a linear functional on (2(2),7). Then the following are

equivalent:
(i) A e 7'(Q).

(ii) For every compact set K C S, there exist N € N and C > 0 such that

AP < Cliglln - forall ¥ € D

This is precisely the equivalence of (i) and (iv) in the previous theorem.
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If the integer N above can be chosen independently of the compact set K, then the
least such N is called the order of the distribution A. If no such finite N exists, we say
that A is of infinite order.

Remark 3.12. Each Pk is closed in () and has empty interior. If (X)) is an increasing

exhaustion of ) by compact sets,

Q=] K,

20

K; C Kj1,

s

1

J
then -
2(0) = U @K]..

j=1

Since 2(1) is sequentially complete, the Baire category theorem implies that Z(2) cannot

be metrizable.

Example 3.13. Let f € L¢(R"), then

A(e) = [ fo. v DR

defines a distribution on D(R™). However, every distribution cannot be generated by a
function in this way.

For example, Dirac distribution dy cannot be produced by any f € Lj,.(R"™).

On contrary, suppose, there exists f(# 0) € Lj,.(R™) such that dy(¢) = [ fe for all
¢ € D(R™). Consider . € D(R™) such that support of . C B.(0),0 < . <1, . =1
on B./»(0). Then

dole) = [ Fe

B:(0) B:(0)

However, every distribution is weakly assigned to some derivative of a continuous function.
We see it later. Notice that

1%0(@)] = [e(0)] < [|@lloc = ll#llo, Vi € D(RY)

Hence, ¢y is a distribution of order 0.

Example: Let u be a Radon measure on ). Then
M) = [ ela) du(a)
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defines a distribution and
IA(©)] < |lellopt(K), ¢ € Dk, and for every choice of K, compact in 2.

Hence, A = A, is a distribution of order 0. Later, we see that every distribution of order

zero is given by a Radon measure.

3.3 Local Equality of Distribution

Let A; € D'(Q2), i = 1,2, and let O C ) be open. Then we say A; = Ay in O if
Aip = Aop, Vo € D(0).

For example, if f € L'*(R) and ¢ € D(0), then A; = 0 if and only if f = 0 almost
everywhere on O.

Similarly, if 4 is a Radon measure, then A, = 0 if p(B) = 0, for all B € B(O), the
Borel o-algebra on O.

Therefore, distribution can be discussed locally, and that leads to ways to describe
distributions globally, if its behavior is known locally.

For this, we need to describe “partition of unity”.
Theorem 3.14 (Partition of unity). Let A= {O; :i € I} be an open cover of Q. Then
there exists a sequence {1;};>1 C D(Q?) with v; > 0 such that
(1) supp; C Oyjy for some Oy € A;
(i3) 3252, ¥i(w) =1 for every x € Q;

(iii) for every compact K C ) there exist N € N and an open neighborhood V' of K such
that

Y1+ + Yy =1 on V.

In particular, the family {1;} is locally finite.

Proof. Since 2 C R™ is paracompact and second countable, the cover A admits a countable
locally finite refinement {V;};>1 with V; € Oy(; for suitable O;(;y € A. Choose n; € C°(1Q)
such that

0<n; <1, n; > 0 on Vj, suppn; C Oy(j)-
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Because the family {V;} is locally finite, the sum
s(x) =3 _nj(x)
j=1
is locally finite, hence defines a smooth positive function on 2. Set

Y,(z) = () x € (L

Then each ¢; € D(€2), 1; > 0, and suppvp; C suppn; C Oy, proving (i). Also

= > nj(x)
Uyla) = =L
L0 ="
so (ii) holds.
Finally, let K C € be compact. Local finiteness implies that only finitely many supp 7;
meet K. Hence there exists an open neighborhood V' of K on which at most finitely many

7; are nonzero, say 1,...,ny. On V we then have
Y+t Uy = Yy =1,
j=1
which proves (iii). O

Proposition 3.15 (Local equality is a local property). Let Ay, Ay € D'(Q). Suppose that
for every x € Q) there exists an open neighborhood O, C ) such that Ay = Ay in O,. Then
A1 = AQ in €.

Proof. Choose a partition of unity {t;},;>1 C D(2) subordinate to the cover {O, : x € Q2}.
If ¢ € D(Q2), then only finitely many products ;¢ are nonzero, and each such product
belongs to D(O,;) for a suitable x;. Therefore

M) = 2 M) = D Aa(th0) = Aa(p).

Hence Ay = Ay on Q. O

Theorem 3.16 (Gluing compatible local distributions). Let A be an open cover of €2,

and for each O € A let Ao € D'(0). Assume that whenever O, 0" € A, the restrictions of
Ao and Aor agree on O N O'. Then there exists a unique distribution A € D'(Q) whose

restriction to each O € A is Ao.
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Proof. Choose a partition of unity {1;};>1 C D(€2) subordinate to .4, and for each ¢ choose
O; € A such that suppv; C O;. Define, for ¢ € D(Q),

Ap) = Y- R0, (Wig).

The sum is finite because supp ¢ is compact and the partition of unity is locally finite.
Hence A is well defined and linear.

To prove continuity, fix a compact set K C {2. Only finitely many supp ¢; meet K; call
them vy, ...,¥yN. For ¢ € D we then have

Ap) = 3= Ao, (Vi)

For each ¢, multiplication by the fixed smooth function v; is a continuous map Dx — D(2),
and its image is contained in D(supp ¢;) C D(0;). Since each Ap, is continuous on D(0;),
the map ¢ — Ap, () is continuous on Dy. A finite sum of continuous maps is continuous,
so A € D'().
Now fix O € A and ¢ € D(0). For every i with ¥, # 0 we have ;0 € D(O; N O),
and by compatibility
Ao, (Yip) = Mo (Yip).

Therefore

A(p) = X Ao(Wie) = Ao S e ) = Aole)

SO K’O = Ao.
Uniqueness follows from the preceding proposition on local equality: if another dis-
tribution has the same restriction to every O € A, then the two distributions agree in a

neighborhood of each point of €2, hence agree on all of (2. m

Theorem 3.17 (Order-zero distributions are measures). A distribution A € D'(Q2) is of
order 0 if and only if there exists a (possibly complex-valued) Radon measure p on Q such
that

M@=A¢W7 p € D(Q).
Proof. First suppose that u is a Radon measure. If ¢ € Dy for a compact set K C (),
then

M) = | [ wdu] < [ Ieldal < () gl

Hence A, has order 0.
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Conversely, assume that A has order 0. Choose a locally finite open cover {U; };>; of
Q by relatively compact sets. For each i, the closure U; is compact, so by the order-zero
hypothesis there exists C; > 0 such that

A < Cillllo, ¢ € D).

Since D(U;) is dense in Cy(U;) for the supremum norm, A|p,) extends uniquely to a
continuous linear functional on Cy(U;). By the Riesz-Markov theorem, there exists a finite

complex Radon measure p; on U; such that

Aw) = | dp. o D(U).

Thus the local distributions A, agree with A on U;, and therefore agree with one another
on overlaps.
Let {¢;}i>1 C D(Q) be a partition of unity subordinate to {U;}. Because the family is

locally finite, the expression

dp = Z%’ dp;
i=1

defines a complex Radon measure on €2: on each compact set only finitely many terms
contribute. Finally, if ¢ € D(Q2), then

/QSDdM = i/U Yip dp; = i/\(%‘@) = A(i%@) = Alp).

Hence A = A, as required. m

3.4 Derivative of a distribution

Let Q2 C R” be open and let D(Q2) = C°(92) denote the space of test functions. For
A € D'(2) and a multi-index o € Nj we define the distributional derivative 0*A € D'(Q)
by

(0*N)(0) = (—1)IA@%), ¢ €D(Q). (3.1)

Linearity is immediate. To see continuity, fix a compact K & (). Since A is continuous on
Dy, there exist C' > 0 and N € N such that

AW < Cllvlly, ¢ €Dk
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Applying this to ¥ = 0%p yields
[(07A)(@)| = [A0%9)| < Cll0%¢lIn < C'll@lIN+ial, ¢ € Dk,

hence 0°A € D'(Q2).
The definition (3.1) immediately implies 9°9°A = 9°TFA = 9°9*A.

Example 3.18 (Distributions induced by functions). If f € LL _(£2), then

As(p) = [ f@)e()dz, € D(Q),

defines a distribution. For every multi-index «,
(0°A1) () = (D) [ f(@)9°p(a) dr.

If, in addition, f admits a weak derivative 0*f € L. (Q) (for instance if f € Cl(Q)),

loc

then the usual integration-by-parts identity on compact supports shows 0“Ay = Agay.

Example 3.19 (Cantor function). Let Q = (—2,2) and let F' be the Cantor function
on [0, 1], extended by constants outside [0,1]. Then F € L. .(Q) and F’ = 0 almost
everywhere in the classical sense. Nevertheless, the distributional derivative F’ is not the

zero distribution: it is the (singular) Cantor measure ¢, characterized by

Nplp) = ~(AR)(@) = [ pduc, ¢ e D).

Example 3.20 (Absolutely continuous functions in one dimension). If Q@ C R and f is
absolutely continuous on every compact interval [a, b] € €2, then f' € L, () and A} = Ap,
ie.

| f@e)de == [ f@)@(@)de, € D).

3.5 Multiplication by a smooth function

Let A € D'(Q) and let f € C>(2). Define the distribution fA € D'(Q2) by

(fM)(p) = Afp),  ¢eDW).
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To verify continuity, fix a compact K &€ 2. By Leibniz’ rule, for every multi-index «,

o(10)= X (5) 0 e

pza \

Thus there exists Ck n(f) > 0 such that ||folln < Crn(f)|¢||n for all ¢ € Dg, and
consequently [(fA)(¢)| < C'||¢||n on D.

3.6 Sequences of distributions

A sequence {A;};>1 C D'(Q) is said to converge to A € D'(Q2), written A; — A in D'(Q), if
Ai(p) — Alp) for every ¢ € D(1).

In particular, if f; € Lj,.(Q2) and Ay, denotes the associated distribution, then Ay — Ay

loc

in D’(Q) precisely when

/Qf](x)go(x) dex — /Qf(x)ga(m) dx for all ¢ € D(N).

Theorem 3.21 (Pointwise limits). Let {A;};>1 C D'(Q) and suppose that for each
© € D(Q) the limit A(p) = lim; o Aj(p) exists. Then A € D'(2) and A; — A in D'(2).
Moreover, for every multi-index o one has 0*A; — 0*A in D'(2).

Proof. The mapping A : D(2) — C is linear by construction. Continuity follows from the
Banach—Steinhaus theorem (uniform boundedness) applied to the barreled locally convex
space D(€2): pointwise boundedness of {A;} on D(€2) implies equicontinuity on each Dy,
hence A is continuous on each Dy and therefore A € D'(Q2).

Finally,
(074;) () = (=1)*1A;(0%0) = (=1)1*A (%) = (9*A)(¥)

for each ¢ € D(Q), which is exactly 0“A; — 0*A in D’'(2). O

3.7 Support of a Distribution
Let O C €2 be open and let A € D'(2). We say that A vanishes on O if
Alp) =0, V¢ € D(O).
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Let
W= J{O c Q:Alp =0}.

Then Aly = 0, and the complement of W is called the support of A.
Indeed, the family of open sets on which A vanishes forms an open cover of W. Choose

a partition of unity {t;} subordinate to this cover. Then, for every ¢ € D(W),
=2 tip,
i=1

and each summand ;¢ is supported in an open set on which A vanishes. Hence

o0

Alp) = EA(%'SO) =0,

so Aly = 0 as claimed.

Theorem 3.22. Let A € D'(R2) and set Sy := supp A.
(a) If supp o NSy = @ for some ¢ € D(2), then A(p) = 0.
(b) If S, = @, then A = 0.
(c) If v € C(Q) and 1) =1 on an open set V D Sy, then YA = A.

(d) If Sy is compact, then A is of finite order. More precisely, there exist C' > 0 and
N € NU{0} such that

Al < Cllelly, Ve e D).

Moreover, A extends uniquely to a continuous linear functional on C*°(£2).

Proof. Parts (a) and (b) follow directly from the definition of the support.
(c) Ifpy =10onV D Sy, then

supp(p — ) NSy = 2, Vo e D).
Hence part (a) gives A(p —1p) =0, so
Alp) = A(y), Vo eD(),

which is exactly the identity ¥ A = A.
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(d) Assume that Sy is compact. Choose 1 € C°(2) such that ) = 1 on an open
neighborhood of Sy, and set K := supp . By part (c),

Alp) = A(g), Ve e D(Q).
Since A € 7'(12), there exist C; > 0 and N € NU {0} such that
A < Cillnlly, V€ Pk

By Leibniz’ rule there exists Cy > 0 such that

[Yelly < Collelln, Ve € D(Q).

Therefore,
IA(p)] = [A(vp)| < Cillvelly < CiCollelln,

which proves that A has finite order.
Now define, for f € C*(Q),

A(f) = A@wS).
If f; = 0in C*°(Q2), then all derivatives D®f; — 0 uniformly on compact subsets of (2.
Since 1 has compact support, Leibniz’ rule implies that ¢ f; — 0 in D(2), and hence
A(f;) = A(¥f;) = 0. Thus A is continuous on C*(Q).
Finally, if f € C*(2) and K, C Q is compact, then by Urysohn’s lemma there exists
X € D(Q2) such that x =1 on Ky. Therefore fx € D(2) and agrees with f on K;, which
shows that D() is dense in C*°(£2). Hence the extension is unique. O
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3.8 Schwartz space and tempered distributions

The test-function space D(R") = C°(R") is tailored to local questions, but Fourier analysis
on R™ interacts more naturally with the Schwartz space S(R") introduced in Section 2.3.
Rapid decay at infinity is exactly what allows differentiation, multiplication by polynomials,

and the Fourier transform to remain inside a single function class.

Definition 3.23 (Tempered distributions). A tempered distribution on R™ is a continuous
linear functional on the Fréchet space S(R™). The space of tempered distributions is
denoted by S'(R™).

Remark 3.24. The inclusion D(R") < S(R™) is continuous. Consequently every tempered
distribution restricts canonically to a distribution on R™. The converse is false: distributions

whose growth at infinity is faster than polynomial need not act continuously on S(R").

Proposition 3.25 (Compact support implies tempered). Fvery compactly supported
distribution on R™ belongs to S'(R™).

Proof. Let T' € D'(R™) and assume supp7 C K for some compact set K. Then there
exist C' > 0 and N € N such that

T4)| <C Y suploro(e)l, ¢ € DR,

|| <N zeK
Choose y € C°(R") such that x = 1 on a neighborhood of K. For ¢ € S(R™) we have
T(p) = T(xp), because (1 — x)¢ vanishes on a neighborhood of K. Therefore

IT(p)| = T(xp) <C > sup|0*(xp)(z)].

‘Q|SN rzeK

By Leibniz’ rule, the right-hand side is bounded by a finite linear combination of Schwartz

seminorms of ¢. Hence T is continuous on S(R"), i.e. T € S'(R"). O

Proposition 3.26 (Polynomial growth defines a tempered distribution). Let f € L] .(R").
If
[f@) < CA+[e)™  (zeR?)

for some constants C, m > 0, then
Ti() = [ f@)pla)dr, o€ SED),
defines a tempered distribution.
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Proof. Choose an integer M > m + n. Then for ¢ € S(R"),

TH() < C [+ o) lpl@)]do < O sup (1+]a) M p@)]) [ 1+ o)™ de.

zeR™

The last integral is finite because M — m > n. Thus |T¢(y)| is bounded by a Schwartz
seminorm of ¢, so Ty € S'(R™). O

Example 3.27 (Dirac masses and their derivatives). For 25 € R", the Dirac mass d, is

tempered and
<6330’ 90> = @(%0), pE S(Rn)

Since 0,, has compact support, Proposition 3.25 applies. The same proposition also yields

that every derivative 0%9,, is tempered.

3.9 Fourier transform on tempered distributions

The Fourier transform on S(R™) (Proposition 2.22) is a continuous automorphism of the

Schwartz space. Duality therefore extends it automatically to &’'(R™).

Definition 3.28 (Fourier transform of a tempered distribution). Let T" € §'(R™). Its
Fourier transform T € S'(R") is defined by

~

(T,0) =(T,¢), »eSR"),
where ¢ is the Fourier transform in the convention of Chapter 2.

Proposition 3.29 (Well-definedness and inversion). The assignment T +— T defines a

linear automorphism of 8'(R™). Its inverse is given by
(FT, @) = (T, F'¢),  peSR).
Proof. Since F : S(R") — S(R™) is continuous, the map
p— (T, %)

is a continuous linear functional on S(R™) for every T' € S'(R™). Thus T is well defined

and tempered. Linearity is immediate.
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The same argument applies to F ! : S(R™) — S(R™). For ¢ € S(R™), Fourier inversion
on S(R™) gives
(FUD) @) = (T, Flp) = (T, (F19)) = (T ).

Hence F~1(T) = T. Similarly, (ﬁ ) = T. Therefore T — T is a linear automorphism
of S'(R™). O

Proposition 3.30 (Basic identities). Let T' € S'(R™) and o € Nij. Then, in S'(R"),

i\ ol
— ~ — 7 ~
oT = (2mi ) T 7= (1) oo
0 (2mi &) T, x <2ﬂ> 0
If translations are defined by (1,1)(yp) := T(1_yp), then

7,1 = e 2TV,

Proof. We use the Schwartz identities from (2.2).
For the derivative formula, let ¢ € S(R™). Then

(0°T, ) = (0°T. ) = (~1)*(T,0°¢).

By Proposition 2.22,

Hence el o
— —\ ¢ _ —\ e e
(0°T, ) = (27T> (T, z29) = () (T, 2%) = ((2mi&)°T, ),
which proves the first identity.

For multiplication by x®,
(a°T, ¢) = (2°T, §) = (T, 2°9).

Again by (2.2),

Therefore

@)= () o = (1) e = ()" 0t
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For translations, note that for every Schwartz function ¢,

—

e 2mEYp(&) (x) = @(x +y) = 7_,@(x).

Hence

—

(T 0) = (R T,9) = (1, 742) = (T, e F00p(6) ) = (7,76,
which is exactly the claimed identity. ]

Example 3.31 (The transforms of 1 and dy). With our convention,
=1 inS'(R"),
because for ¢ € S(R"),

(Go.0) = (00, 8) = 2(0) = | (@) dr = (L),

n

Applying Proposition 3.29 to the inverse transform yields 1 = 6.

Remark 3.32. The tempered-distribution viewpoint turns many formal Fourier computa-

tions into honest identities. For example, if u € S’'(R™), then

Au(€) = —4n?[¢*a(€)

in §’'(R™). This is one of the basic reasons that tempered distributions are indispensable

in PDE and harmonic analysis.

3.10 Problem Sets (Chapter 3: Distributions and
Tempered Distributions)

Conventions. We write D(Q2) = C°(Q) for test functions, D'(Q2) for distributions, S(R™)

for Schwartz functions, and S’'(R"™) for tempered distributions. Pairings are denoted by

(A, 0).

Problem-set architecture. The five tiers mirror the logical development of
the chapter. Tier I treats foundational structure questions; Tier II emphasizes

localization and compact support; Tier III studies convergence phenomena and
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the failure of nonlinear operations; Tier IV develops singular distributions and
multiplication rules; and Tier V moves to the tempered setting and Fourier-analytic

applications. Tiers I-1II form the natural core sequence for a first reading.

Tier I. Order, support, and basic structure theorems

1. True/false with justification.
(a) If A" is a compactly supported distribution on R, must A be compactly
supported?
(b) Is every compactly supported distribution necessarily of finite order?

(c) Must the Fourier transform of every compactly supported function in L!(R)

be real analytic?
(d) Determine the distributional support of xg.

(e) For n € N, let §,, be the Dirac delta at n. Does §,, — 0 in the weak-* topology
of Cy(R)?

(f) Determine the order of the distribution A € D'(R) defined by
M) = [ Tog(w) () .

2. Suppose f is continuous on R™ and [p. f(x)p(z)dx = 0 for all ¢ € D(R™). Show
that f = 0.

3. Let A = Ay where f is continuous on R". Show that supp Ay = supp f. Does the

same statement remain valid for merely locally integrable f?

4. (Solvability of ¥*) = ¢.) Show that there exists ¢ € D(R) such that ¢ = * if and
only if
[ p@)ea) dz =0
for every polynomial p of degree < k — 1.

5. If A € D'(R) satisfies A’ = 0, prove that A = A, for some constant c.

6. Show that every ¢ € D(R) can be written as
v = +co,
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7.

8.

where ¢y € D(R) is fixed with [ o # 0.

Show that every ¢ € D(R) can be written as

W:x¢+0900a

where ¢y € D(R) is fixed with ¢¢(0) # 0. Deduce that if A € D'(R) and zA = 0,
then A = ¢ .

Determine all f € C*°(R) such that fd; = 0.

Tier II. Compact support, finite order, and localization

1.

2.

Show that if A € D'(R) is compactly supported, then A’ is also compactly supported.
Verify that N

(o) =3 o (n)
defines a distribution on R. Is A compactly supported?

(Local-to-global uniqueness.) Let Ay, Ay € D'(R) be such that

Show that Ay = ¢ Ay for some constant c.

If A € D'(R) has order N, show that A = f¥+2) in D'(R) for some continuous
function f. If A = dy, describe all possible choices of such f.

. (Infinite order and non-extendability.) Let 2 = (0, 00) and define A € D'(2) by

M) =S e"(l),  ¢eD@).

Show that A has infinite order on €2, and prove that A cannot be extended to a

distribution on R.

Let A be a distribution on R such that 22A = 0. Show that A = ¢dy + dd}, for some

constants c, d.
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Tier III. Sequences of distributions and nonlinearity pitfalls

1. Let H = X(—,0) and let h,, be differentiable functions with h,, — H in D'(R). Show
that h;, — 0o in D'(R). Does the conclusion remain valid if H = X(—o0,0?

2. Let A,, € D'(R) be defined by

(Ans ) =n(so(i) —w(—i))-

Determine lim,, o, A, in D'(R).

3. For k € N, define fi, = k x(1/x,2/x)- Show that f, — do in D'(R). Moreover, show
that although f?(x) — 0 pointwise, the sequence {f?} does not converge in D’'(R).

4. Let {z;} C R with |z;| — oco. Show that é,, — 0 in D'(R).

5. For n € N, let f, = Xjo,n)- Compute f} in D'(R) and determine lim,,_,, f; in D'(R).

Tier IV. Singular distributions, principal values, and multiplica-

tion rules

1. For a > 0, define

(Ao ) = </o:+/a°o>“’(:”')dx+ " ele) =)

] —a 7]

Show that A, defines a distribution on D(R). Find lim, ,o A, in D'(R) and compute

its distributional derivative.

2. Define
2?2, r<l,
fl) =922 42z, 1<z<2,
2x, T > 2

Compute the distributional derivative f’.
3. Determine all f,g € C*°(R) such that fdy + g, = 0.

4. If A € D'(R) satisfies AF¥ = 0 (multiplication in the sense of distributions, whenever
defined), prove that A must be a polynomial of degree at most &k — 1. (Explain

carefully what notion of product you are using and where it is defined.)
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Tier V. Tempered distributions and Fourier transform: identities
and PDE

1. For A € D'(R), define G € D'(R?) by

G0 = [y, o) = play).

Show that G is a distribution on R2.

Ft) = {et, t>0,

2. Define

—e!, t<O.
Show that f” = 20) + f in D'(R). Deduce that

2i¢

JO=-17a

(with the Fourier normalization used in these notes; track constants if you use a

different convention).

3. Let H = X(~,0)- Prove the convolution identities (in D'(R)):

T

(@ Hrp@)= [ et
(b) 8y x H = by,

() 1x6=0,

(d) 1x(60«H)=1x%d =1,
() (1*dy)*xH =0.

4. Define f(z) = *’ X[0,1)(z). Compute f’ as a distribution and identify the singular
part at the endpoints.

5. Define
e x>0,

fx) =

1, x < 0.

Show that (1 — 7,5)]?: H in S'(R), where H = X(—,0)-
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6. (Uniqueness from Gaussian testing.) Suppose f € L*(R) satisfies

/ fye Ve dy=0 VzeR.
R

Prove that f = 0.

7. (Classification.) Classify all continuous functions f on R which define tempered
distributions (i.e. Ay € S'(R)).
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