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ABSTRACT12

Terzaghi’s analytical solution for one-dimensional (1D) consolidation is primarily developed13

for thin samples and thus provides reliable results within restricted domain sizes. However,14

extending its applicability to samples of varying thickness, considering both single and double15

drainage boundary conditions, has posed challenges. In this paper, a novel probabilistic meshless16

framework based on the Feynman-Kac formulation is proposed to solve the 1D consolidation17

equation numerically. The proposed framework uses a stochastic differential equation (SDE) as18

a generator of the parabolic partial differential equation (PDE). A zero-drift SDE corresponds19

to the 1D consolidation equation, for which the Feynman-Kac formulation is established using20

the backward Kolmogorov equation and Ito-Taylor series. The proposed framework is capable21

of incorporating random coefficients of consolidation (𝑐𝑣) to obtain robust numerical solutions22

depicting realistic variations of excess pore-water pressure (EPWP) with time and depth. Monte23
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Carlo Simulations (MCS) are employed to simulate 1D Brownian motion, from which the solution24

trajectory of EPWP at a particular time instant is obtained by taking the ensemble average of the25

trajectories formed over paths of Brownian motion at that time instant. Remarkably, even with a26

relatively small number of simulations (1000), the proposed method demonstrates high accuracy, as27

evidenced by low magnitudes of root mean square error (RMSE) when compared to analytical and28

finite-difference-based techniques. Strong alignment with experimental results further validates29

the method’s efficacy, which remains robust across a wide range of 𝑐𝑣 values. Such achievements30

make the current proposition computationally efficient and quite realistic while being the first of its31

kind for geotechnical engineering applications.32

INTRODUCTION33

A key problem in geotechnical engineering is the consolidation of saturated porous media. The34

settlement of structures on compressible soils is recognized as an important design problem due to35

the time-dependent nature of consolidation. The settlement behavior of structures on compressible36

soils necessitates research on consolidation theory to determine the rate of consolidation and37

excess pore water pressure (EPWP). Terzaghi (Terzaghi 1925) proposed the one-dimensional (1D)38

consolidation theory based on several key assumptions, which led to the discovery of the 1D39

consolidation equation. Although widely employed, the theory is limited by constraints such as40

thin soil layers, small deformations, linear stress-strain behavior, constant soil properties, and41

its restriction to one-dimensional vertical flow. Terzaghi’s consolidation theory assumed the42

coefficient of consolidation, 𝑐𝑣 to be constant (Das 2019) based on constant permeability and43

volume compressibility of the soil. However, in reality, 𝑐𝑣 is not constant (Freeze 1977; Chang44

1985) and can exhibit significant variation even within a uniform clay layer. Variations in the45

void ratio and effective stress influence the permeability and volume compressibility of a soft46

consolidating medium (Huang and Griffiths 2010). Due to the non-homogeneous distribution of47

voids within the soil layer, a non-uniform distribution of permeability arises, resulting in uncertainty48

in the adopted magnitudes of 𝑐𝑣. These fluctuations in 𝑐𝑣 can greatly impact the development and49

dissipation of EPWP and the subsequent rate at which settlement occurs (Duncan 1993).50
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Researchers have developed various analytical solutions for the 1D consolidation equation under51

different boundary and loading conditions (Xie and Leo 2004; Mei et al. 2014; Ho and Fatahi 2016;52

Jiang et al. 2022). Lekha et al. derived analytical solutions for 1D consolidation, accounting for53

variations in compressibility and permeability under suddenly applied loading (Lekha et al. 2003).54

A nonlinearity parameter was identified that significantly influenced the consolidation rate. Li et55

al. (Li et al. 2018b) developed an analytical solution for the 1D consolidation of a clay layer with56

variable compressibility and permeability under a ramp load assuming a constant initial effective57

stress throughout the depth. Under the same assumption, Kim et al. (Kim et al. 2020) introduced an58

analytical solution for the non-linear 1D consolidation of a saturated clay layer, considering variable59

compressibility and permeability and subjected to different cyclic loading conditions. Wang et al.60

(Wang et al. 2021) presented a simplified solution to the 1D consolidation problem by introducing61

a threshold gradient under single drainage boundary conditions and investigated its influence on62

EPWP dissipation. In a recent advancement, Li et al. (Li et al. 2023a) derived analytical solutions for63

the 1D nonlinear consolidation of soft soils under a time-dependent drainage boundary, employing64

variable substitution and Laplace transform techniques. Nonlinearity was incorporated through65

biologarithmic models for compressibility and permeability.66

Significant studies in the numerical solution of the consolidation equation have been done in67

the past few decades, as shown in (Sandhu and Wilson 1969; Huang and Griffiths 2010; Fox and68

Pu 2015; Baqersad et al. 2016). Abbasi et al. (Abbasi et al. 2007) developed a 1D non-linear69

partial differential equation (PDE) for the evaluation of consolidation characteristics of soft clays70

considering variable 𝑐𝑣, and solved the developed non-linear equation using a finite difference71

method (FDM). Li et al. (Li et al. 2018a) formulated a 1D nonlinear consolidation equation by72

integrating property relationships associated with pore evolution. Using the Galerkin-iterative73

method, an asymptotic solution for the developed equation was derived. Ma et al. (Ma et al.74

2020) obtained solutions for the 1D non-linear consolidation equation of soft ground subjected to75

uniform load using the FDM. Boumezerane (Boumezerane 2021) addressed parameter uncertainty76

in 1D clay consolidation by using possibility distribution for the variable 𝑐𝑣. The alpha-level cut77
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discretization technique was applied, and an interval-based FDM was utilized to obtain solutions78

of the 1D consolidation equation. Recently, Li et al. (Li et al. 2023b) introduced a 1D finite strain79

self-weight consolidation model that incorporates the creep behavior of soft clay by expanding80

upon Yin and Graham’s 1D Elastic Visco-Plastic model (Yin and Graham 1989; Yin and Graham81

1994). This model takes into account the nonlinear compressibility and permeability of soft clays,82

and the resulting nonlinear partial differential equations were solved using the Crank-Nicholson83

FDM.84

The Feynman-Kac formula establishes a link between the solutions of specific partial differential85

equations (PDEs) and the expected values of functionals of stochastic processes (Del Moral 2004).86

Feynman’s path integral approach in quantum mechanics established a foundational connection87

between quantum physics and probability theory (Feynman 1948). Concurrently, Kac formulated88

a probabilistic framework linking stochastic processes and PDEs, solving specific PDEs by taking89

expectations over Brownian motion paths (Kac 1949). Bertini and Cancrini (Bertini and Cancrini90

1995) applied a generalized Feynman-Kac formula to solve the stochastic heat equation and analyzed91

the statistical properties by expressing moments through local times of independent Brownian92

motions. Hu et al. (Hu et al. 2011) developed a Feynman-Kac formula for the multidimensional93

stochastic heat equation with fractional white noise and obtained the Wiener chaos expansion for94

the solution. Kharroubi and Pham (Kharroubi and Pham 2015) introduced a probabilistic Feynman-95

Kac representation for the nonlinear Hamilton-Jacobi-Bellman equation, using backward SDEs and96

a forward simulation technique. Zhou and Cai (Zhou and Cai 2016) showed that Feynman-Kac97

solutions give an advantage over the grid-based finite element method. In a recent development,98

Wang et al. (Wang et al. 2022) established the Feynman-Kac formula for a set of path-dependent99

PDEs by establishing connections with forward-backward stochastic Volterra integral equations.100

Analytical solutions provide precise insights by framing problems in familiar mathematical101

forms and delivering exact solutions. The 1D consolidation equation, within its specific domain of102

depth, time, and boundary conditions, has a well-defined analytical solution. However, extending103

the domain or altering boundary conditions often complicates the problem to the point where104

4



an analytical solution is no longer feasible or fails to converge. Numerical solution techniques,105

on the other hand, can handle complex scenarios where analytical methods fall short, such as106

irregular geometries, variable material properties, and non-standard boundary conditions. Since107

the 1D consolidation equation evolves in time and is parabolic, various numerical approaches108

such as finite element analysis, and FDM are used to solve the equation and produce approximate109

solutions. However, in FDM, finer discretization improves resolution but can lead to computational110

inefficiency. In addition, very fine discretization can cause numerical instability, leading the solution111

to diverge. Therefore, ensuring stability is crucial, achieved by choosing appropriate time steps112

and spatial intervals and using stability criteria to maintain the accuracy and stability of numerical113

solutions.114

In the present work, a probabilistic meshless approach to solving the 1D consolidation equation115

is developed using the Feynman-Kac formulation under both single drainage and double drainage116

conditions. To model randomness in 𝑐𝑣, a normally distributed sample of 𝑐𝑣 ranging from 0.90-1.5117

m2/yr is taken and Monte Carlo simulations are performed using the Feynman-Kac framework.118

Validation against existing FDM and analytical solutions is conducted by calculating absolute119

errors and second-order sample moments for EPWP. The Feynman-Kac formula relates SDE with120

the corresponding PDE, utilizing the backward Kolmogorov equation, conditional probability, and121

the Markov process. By applying Ito’s lemma and the Taylor series expansion of multivariable, the122

relationship between PDE and the expected value of the SDE at the terminal point is established.123

The stochastic process starts at any time 𝑡 < 𝑇𝑒 and is simulated until the process reaches the exit124

time 𝑇𝑒. The expected value of the realizations taken at time 𝑇𝑒 is calculated to give the solution of125

the 1D consolidation equation at a given depth and time from where the process gets initiated. The126

proposed framework has the following advantages over other techniques:127

• The proposed Feynman-Kac framework, utilizing a meshless path-dependent mechanism,128

is the first to utilize 1D Brownian motion and provides a novel method to represent the129

solution of the 1D consolidation equation as the expected value of trajectories formed over130

paths of Brownian motion.131
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• It offers an innovative numerical solution for the 1D consolidation equation by clearly inte-132

grating the variability of 𝑐𝑣, which arises from the inherent randomness in soil permeability133

and compressibility.134

• In contrast to FDM, which relies on specific space-time discretization satisfying stability135

criteria to yield stable solutions, the proposed framework is meshless and ensures numerical136

stability irrespective of discretization in spatial and temporal domains.137

• Unlike closed-form analytical solutions for single and double drainage conditions, which are138

valid only for restrictive standard domains (thin layer systems), the Feynman-Kac framework139

is more robust and efficient for handling large domain problems (thick layer systems) as the140

range of time and spatial variables increases.141

• The framework offers a probabilistic view of consolidation, employing Monte Carlo sim-142

ulations to assess the impact of soil property variations and enhance understanding of its143

time-dependent behavior.144

BACKGROUND145

Theory of 1D Consolidation146

The governing equation of Terzaghi’s 1D consolidation problem of a homogeneous layer of147

fine-grained soil subjected to a time-dependent surface load 𝑓 (𝑡) is given as:148

𝜕𝑝𝑤

𝜕𝑡
= 𝑐v

𝜕2𝑝𝑤

𝜕𝑧2
+ 𝜕 𝑓
𝜕𝑡

(1)149

where, 𝑝𝑤 is EPWP, 𝑡 is the elapsed time, 𝑧 is the depth of the soil layer and 𝑐v is the coefficient150

of consolidation. Here, 𝑐v depends on the saturated permeability coefficient in 𝑧 direction (𝑘𝑧),151

coefficient of volume compressibility (𝑚𝑣) and unit weight of water (𝛾𝑤) and is defined as,152

𝑐v =
𝑘𝑧

𝑚𝑣𝛾𝑤
(2)153
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At the instant of application of the excess load 𝑝′𝑧, the load is carried completely by water present in154

voids of the soil. As time passes, the EPWP dissipates, and the effective vertical stress in the layer155

correspondingly increases. At any point within the consolidating layer, the EPWP at any given156

time (Murthy 2003) can be given by,157

𝑝𝑤 = 𝑝 − 𝑝′𝑧 (3)158

where, 𝑝𝑤 is EPWP at any time 𝑡 and depth 𝑧, 𝑝 is total stress on top of soil layer, and 𝑝′𝑧 is effective159

pressure transferred to the soil grains at depth 𝑧 and time 𝑡. In the present work, a time-independent160

surcharge loading condition is assumed. Hence, the 1D consolidation equation becomes a simple161

Fourier equation as,162

𝜕𝑝𝑤

𝜕𝑡
= 𝑐v

𝜕2𝑝𝑤

𝜕𝑧2
(4)163

In the present study, Feynman-Kac solutions for the 1D consolidation equation are obtained for164

both single drainage and double drainage conditions. The pictorial representation of both single165

and double drainage conditions are shown in Fig. 1 and Fig. 2 respectively. For single drainage166

conditions, as shown in Fig. 1, the top surface of the layer allows drainage, and the bottom surface167

represents a closed drainage system. In the case of double drainage condition as in Fig. 2, both the168

top and bottom surfaces allow drainage and dissipation of the EPWP.169

Background on Feynman-Kac formula170

The Feynman-Kac formula offers a stochastic representation for solutions to certain second-171

order PDEs, particularly in the context of diffusion processes (Allouba 2002). The Feynman-Kac172

formula has demonstrated its versatility in various disciplines, including finance (Black and Scholes173

1973), statistics (Kot 2001), and physics (Kleinert 2009). It serves as a comprehensive illustration174

of the interconnectedness between the solutions of parabolic and elliptical equations and their175

corresponding stochastic diffusion processes (Del Moral 2004). The Feynman-Kac formula gives176

a relationship between numerical solutions of PDE and the expected value of the corresponding177

SDE simulated from any time 𝑡′ and space 𝑧′ to the exit time of the stochastic process 𝑇𝑒 (Särkkä178
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and Solin 2019). Consider a general second-order inhomogeneous parabolic PDE of the form179

𝜕𝑝

𝜕𝑡
+ 𝑓 (𝑧) 𝜕𝑝

𝜕𝑧
+ 1

2
𝐿2(𝑧) 𝜕

2𝑝

𝜕𝑧2
− 𝑟 𝑝 = 0 (5)180

with 𝑝(𝑧, 𝑇𝑒) = Φ(𝑧). Here, 𝑓 (𝑧), 𝐿 (𝑧), and Φ(𝑧) are some functions and r is a positive constant.181

𝑇𝑒 is a fixed-time instance where the stochastic process exits. An exit time 𝑇𝑒 can be defined as a182

random variable in a measurable space (Ω, F ) that 𝑇𝑒 can take a value between [0,∞]. In order to183

investigate the PDE-SDE connection, let us consider an SDE of the form (Calin 2015),184

𝑑𝑧𝑡 = 𝑓 (𝑡, 𝑧)𝑑𝑡 + 𝐿 (𝑡, 𝑧)𝑑𝐵𝑡 (6)185

where, 𝑓 and 𝐿 are the corresponding drift and diffusion terms and 𝐵 is the Brownian motion. The186

stochastic process starts with an initial condition, 𝑧(0) = 𝑧0, where, 𝑧0 is a constant and 𝑓 and 𝐿187

are continuous functions satisfying the following conditions,188

1. | 𝑓 (𝑡, 𝑧) | + |𝐿 (𝑡, 𝑧) | ≤ 𝑃 (1 + |𝑧 |) 𝑧 ∈ R, 𝑡 ∈ [0, 𝑇𝑒]189

2. | 𝑓 (𝑡, 𝑧) − 𝑓 (𝑡, 𝑤) | + |𝐿 (𝑡, 𝑧) − 𝐿 (𝑡, 𝑤) | ≤ 𝑆 |𝑧 − 𝑤 | 𝑧, 𝑤 ∈ R, 𝑡 ∈ [0, 𝑇𝑒]190

Here, 𝑃 and 𝑆 are positive constants. The first condition states that drift and diffusion terms satisfy191

linear growth conditions for some constant 𝑃 and the second condition states that the functions are192

Lipschitz continuous in the second argument, 𝑧 which guarantees the uniqueness of the solution.193

Using Ito’s lemma (Appendix A) for diffusion and Ito-Taylor expansion (Appendix B) (Särkkä and194

Solin 2019) for 𝑝(𝑡, 𝑧), one can write:195

𝑑𝑝 =
𝜕𝑝

𝜕𝑡
𝑑𝑡 + 𝜕𝑝

𝜕𝑧
𝑑𝑧𝑡 +

1
2
𝜕2𝑝

𝜕𝑧2
(𝑑𝑧𝑡)2 (7)196

For inhomogeneous equation (𝑟 𝑝 ≠ 0)197

For an inhomogeneous equation as in Eq. (5), Ito’s formula is applied to exp( − 𝑟𝑡)𝑝(𝑡, 𝑧)198

instead of 𝑝(𝑡, 𝑧). In practice, 𝑟 is often called a risk-free interest rate in mathematical finance199

(Hölzermann 2024) and a cooling term in heat conduction problems (Hu et al. 2011). Now, Eq.200
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(7) can be written as201

𝑑
{
𝑒−𝑟𝑡 𝑝

}
=
𝜕{𝑒−𝑟𝑡 𝑝}

𝜕𝑡
𝑑𝑡 + 𝜕{𝑒

−𝑟𝑡 𝑝}
𝜕𝑧

𝑑𝑧𝑡 +
1
2
𝜕2{𝑒−𝑟𝑡 𝑝}
𝜕𝑧2

(𝑑𝑧𝑡)2 (8)202

Using the properties of quadratic variation such that [𝑑𝑡]2 = 0 and 𝑑𝑡𝑑𝐵𝑡 = 0 and [𝑑𝐵𝑡]2 converges203

to 𝑑𝑡 (Appendix. C), and substituting Eq. (6) in Eq. (8) and simplifying gives,204

𝑑
{
𝑒−𝑟𝑡 𝑝

}
=
𝜕
{
𝑒−𝑟𝑡 𝑝

}
𝜕𝑡

𝑑𝑡 +
𝜕
{
𝑒−𝑟𝑡 𝑝

}
𝜕𝑧

𝑑𝑧𝑡 +
1
2
𝜕2 {𝑒−𝑟𝑡 𝑝}

𝜕𝑧2
(𝑑𝑧𝑡)2

= 𝑒−𝑟𝑡
(
𝜕𝑝

𝜕𝑡
− 𝑟 𝑝

)
𝑑𝑡 + 𝑒−𝑟𝑡 𝜕𝑝

𝜕𝑧
{ 𝑓 (𝑡, 𝑧) 𝑑𝑡 + 𝐿 (𝑡, 𝑧) 𝑑𝐵𝑡} + 𝑒−𝑟𝑡

1
2
𝜕2𝑝

𝜕𝑧2
{ 𝑓 (𝑡, 𝑧) 𝑑𝑡 + 𝐿 (𝑡, 𝑧) 𝑑𝐵𝑡}2

= 𝑒−𝑟𝑡
(
𝜕𝑝

𝜕𝑡
+ 𝑓 (𝑡, 𝑧) 𝜕𝑝

𝜕𝑧
+ 1

2
𝐿2 (𝑡, 𝑧) 𝜕

2𝑝

𝜕𝑧2
− 𝑟 𝑝

)
𝑑𝑡 + 𝑒−𝑟𝑡 𝜕𝑝

𝜕𝑧
𝐿 (𝑡, 𝑧) 𝑑𝐵𝑡

(9)205

Hence, for inhomogeneous Eq. (5), Eq. (9) can be written as206

𝑑
{
𝑒−𝑟𝑡 𝑝

}
= 𝑒−𝑟𝑡

𝜕𝑝

𝜕𝑧
𝐿 (𝑡, 𝑧) 𝑑𝐵𝑡 (10)207

Again, integrating from any arbitrary point 𝑡′ to the exit time 𝑇𝑒 gives208

𝑒−𝑟𝑇𝑒 𝑝(𝑇𝑒, 𝑧(𝑇𝑒)) − 𝑒−𝑟𝑡
′
𝑝(𝑡′, 𝑧(𝑡′)) =

𝑇𝑒∫
𝑡′

𝑒−𝑟𝑡
𝜕{𝑝(𝑡, 𝑧(𝑡))}

𝜕𝑧
𝐿 (𝑡, 𝑧)𝑑𝐵𝑡 (11)209

Taking expectation on both sides, recalling the properties of Ito’s integral that the expectation of210

any Ito integral is zero, and substituting the value at the terminal point gives211

𝑒−𝑟𝑇𝑒𝐸 [Φ(𝑧(𝑇𝑒))] − 𝑒−𝑟𝑡
′
𝑝(𝑡′, 𝑧(𝑡′)) = 0 (12)212

Hence, for inhomogeneous second-order equations, the Feynman-Kac formula (Särkkä and Solin213

2019) can be written as214

𝑝(𝑡′, 𝑧′) = 𝑒−𝑟 (𝑇𝑒−𝑡′)𝐸 [Φ(𝑧(𝑇𝑒))] (13)215
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Eq. (13) represents the Feynman-Kac formula for an inhomogeneous parabolic partial differential216

equation. The Feynman-Kac formula for the homogeneous equation is given in Appendix D.217

To derive the Feynman-Kac formula, it is instructive to note the proof of the existence of the218

backward Kolmogorov operator using the properties of martingales and Markov process. Further,219

the Feynman-Kac formula can be derived using the properties of zero mean martingale and the220

Markov process as discussed in the subsequent section.221

Existence of Backward Kolmogorov Equation and Feynman-Kac Solution using Martingales222

and Markov Process223

Consider a more general inhomogeneous backward Kolmogorov equation and let 𝑝 : R+ × R𝑑224

be a C1,2 function such that C1 in the first argument is time and C2 in the second argument is space225

and ℎ(𝑧) be a bounded function in C2. With the process ranging from 0 ≤ 𝑡 ≤ 𝑇𝑒, the backward226

Kolmogorov PDE can be stated as:227

𝜕𝑝(𝑡, 𝑧)
𝜕𝑡

+ ℑ𝑡 𝑝(𝑡, 𝑧) = 0228

with the terminal condition as 𝑝(𝑇𝑒, 𝑧) = ℎ(𝑧). Here, ℑ𝑡 is a second-order partial differential229

operator corresponding to 𝑚-dimensional Langevian equation driven by 𝑛-dimensional Brownian230

motion 𝐵(𝑡), where 𝑡 ≥ 0 given (Särkkä and Solin 2019) as231

ℑ𝑡 =
𝑚∑︁
𝑖=1

𝑏𝑖 (𝑡, 𝑧)
𝜕

𝜕𝑧𝑖
+ 1

2

𝑚∑︁
𝑖, 𝑗=1

𝑛∑︁
𝑘=1

𝛽𝑖𝑘 (𝑡, 𝑧)𝛽 𝑗 𝑘 (𝑡, 𝑧)
𝜕2

𝜕𝑧𝑖𝜕𝑧 𝑗
232

Here, for simplicity, consider a 1D SDE with coefficients 𝑏(𝑡, 𝑧) and 𝛽(𝑡, 𝑧) satisfying Lipschitz233

continuity and linear growth conditions. The Langevin equation adhering the properties with the234

initial condition 𝑧0 is given as235

𝑑𝑧(𝑡) = 𝑏(𝑡, 𝑧)𝑑𝑡 + 𝛽(𝑡, 𝑧)𝑑𝐵(𝑡), 𝑧(0) = 𝑧0236
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The coefficients 𝑏(𝑡, 𝑧) and 𝛽(𝑡, 𝑧) are bounded and continuous such that 𝛽2(𝑡, 𝑧) ≥ 𝑘 > 0 and237

𝑏(𝑡, 𝑧) and 𝛽2(𝑡, 𝑧) obeys Holder continuity. For 𝑟, 𝑡 > 0, 0 < 𝛼 ≤ 1,𝐶 ∈ R and 𝑧, 𝑦 ∈ R, satisfying238

Holder condition given as,239

|𝑏(𝑡, 𝑦) − 𝑏(𝑟, 𝑧) | +
��𝛽2(𝑡, 𝑦) − 𝛽2(𝑟, 𝑧)

�� ≤ 𝐶 ( |𝑦 − 𝑧 |𝛼 + |𝑡 − 𝑟 |𝛼)240

then the transitional probability density function (PDF) 𝑓 ( 𝑦;𝑇𝑒 | 𝑧; 𝑡) can be the fundamental solu-241

tion of backward Kolmogorov PDE. 𝑓 ( 𝑦;𝑇𝑒 | 𝑧; 𝑡) can be interpreted as Green’s kernel for the PDE242

and for any bounded terminal condition ℎ(𝑦) on R, one may write the solution as;243

𝑝(𝑡, 𝑧) =
∫
R
ℎ(𝑦) 𝑓 ( 𝑦;𝑇𝑒 | 𝑧; 𝑡)𝑑𝑦244

A Martingale Viewpoint of Feynman-Kac solution245

A stochastic process in probability theory is modeled using a probability space (Ω, F ,P),246

where Ω is the sample space, F is defined as the event space and P is the corresponding probability247

measure associated with the event (Calin 2015). A 𝜎-algebra is assigned to each sample outcome248

and is followed by a Borel-measurable subset of Euclidean space as 𝑍 : (Ω, F ) → (R𝑑 ,ℬ(R𝑑)),249

where ℬ(R𝑑) is Borel-𝜎 measure on R𝑑 . Consider an adapted process 𝑍 on filtration F such that250

∀ 0 ≤ 𝑟 < 𝑡 < ∞. The expected value of the process up to time 𝑠 is 𝐸 ( 𝑍𝑇 | F ) = 𝑍𝑠. One should251

claim that the conditional expectation 𝐸
[
ℎ
(
𝑍𝑇𝑒

) �� 𝑍𝑡 = 𝑧] satisfy Eq. 14 with lim
𝑡→𝑇𝑒

𝑝(𝑡, 𝑧) = ℎ(𝑧).252

To prove that 𝐸 [ ℎ
(
𝑍𝑇𝑒

) �� 𝑍𝑡 = 𝑧] is the solution of the backward Kolmogorov equation, one should253

show that the solution 𝑝(𝑡, 𝑧) is a martingale.254

Consider a right-continuous martingale M𝑝 (𝑡) such that 𝐸 (M2
𝑝 (𝑡)) <∞. A general discussion255

on the backward Kolmogorov equation is that if 𝑝(𝑡, 𝑧) is C1 in 𝑡 and C2 in 𝑧 having bounded first256

derivative in 𝑧, then one has to show:257

M𝑝 (𝑡) := 𝑝(𝑡, 𝑍𝑡) −
𝑡∫

0

(
𝜕𝑝(𝑠, 𝑍𝑠)

𝜕𝑡
+ ℑ𝑠𝑝(𝑠, 𝑍𝑠)

)
𝑑𝑠 (14)258
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is a martingale. The integral form of Ito’s formula with the initial condition as 𝑝(0, 𝑍0) can be259

written as,260

𝑝(𝑡, 𝑧) = 𝑝(0, 𝑍0) +
𝑡∫

0

(
𝜕𝑝(𝑠, 𝑍𝑠)

𝜕𝑠
+ ℑ𝑠𝑝(𝑠, 𝑍𝑠)

)
𝑑𝑠 +

𝑡∫
0

𝜕𝑝(𝑠, 𝑍𝑠)
𝜕𝑧

𝛽(𝑠, 𝑍𝑠)𝑑𝐵(𝑠) (15)261

Substituting Eq. 14 in the integral form, Eq. 15 gives the semi-martingale as,262

M𝑝 (𝑡) = 𝑝(0, 𝑍0) +
𝑡∫

0

𝜕𝑝(𝑠, 𝑍𝑠)
𝜕𝑧

𝛽(𝑠, 𝑍𝑠)𝑑𝐵(𝑠)263

By assumption, 𝜕𝑝(𝑠,𝑧)
𝜕𝑧

is bounded in first derivative for all 𝑍 (𝑠) = 𝑧 and 𝑠. Accordingly for𝑄1 ∈ R,264 (
𝜕𝑝(𝑠,𝑧)
𝜕𝑧

)2
< 𝑄1 leads to,265

𝑡∫
0

𝐸

[
𝜕𝑝(𝑠, 𝑍𝑠)

𝜕𝑧
𝛽(𝑠, 𝑍𝑠)

]2
𝑑𝑠 ≤ 𝑄1

𝑡∫
0

𝐸
[
𝛽2(𝑠, 𝑍𝑠)

]
𝑑𝑠 (16)266

As the coefficients of the SDE satisfy the linear condition, |𝑏(𝑡, 𝑧) | + |𝛽(𝑡, 𝑧) | ≤ 𝐾1(1 + |𝑧 |), given267

in (Calin 2015). This implies that268

𝛽2(𝑠, 𝑍𝑠) ≤ 𝐾2
1 (1 + sup𝑠≤𝑇𝑒𝑍

2(𝑠))269

Hence, one can write for Eq. 16 as,270

𝑡∫
0

𝐸

[
𝜕𝑝(𝑠, 𝑍𝑠)

𝜕𝑧
𝛽(𝑠, 𝑍𝑠)

]2
𝑑𝑠 ≤ 2𝑄1𝐾1

2𝑇𝑒 (1 + 𝐸
[
sup𝑠≤𝑇𝑒𝑍

2(𝑠)
]
) (17)271

From the mean square convergence theory and the existence and uniqueness of the solution of272

the diffusion equation, 𝐸
[
𝑍2(0)

]
< ∞. Therefore, for 𝐾2 ∈ R and 𝐾2 depends on 𝐾1 and 𝑇𝑒, the273

following inequality:274

𝐸
[
sup𝑠≤𝑇𝑒𝑍

2(𝑠)
]
< 𝐾2(1 + 𝐸

[
𝑍2(0)

]
) < ∞275
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holds. Following the above inequality, one can conclude that the left-hand side of Eq. 17,276

𝑡∫
0
𝐸

[
𝜕𝑝(𝑠,𝑍𝑠)

𝜕𝑧
𝛽(𝑠, 𝑍𝑠)

]2
𝑑𝑠 is finite. Now using the properties of Ito isometry and martingale property277

of Ito integrals and Ito isometry, one can write Eq. 17 as,278

𝐸


𝑡∫

0

𝜕𝑝(𝑡, 𝑧)
𝜕𝑧

𝛽(𝑟, 𝑍𝑟)𝑑𝐵(𝑟)


2

=

𝑡∫
0

𝐸

[
𝜕𝑝(𝑡, 𝑧)
𝜕𝑧

𝛽(𝑟, 𝑍𝑟)
]2
𝑑𝑟 < ∞ (18)279

Hence, M𝑝 (𝑡) is a right continuous semi-martingale with mean 𝑝(0, 𝑍0).280

Markov Process and Feynman-Kac solution281

Using the properties of martingales and the Markov process, it can be shown that the solutions282

of backward Kolmogorov equation acting on filtration F𝑡 , can be extended for the functional ℎ(𝑍𝑇𝑒)283

as,284

𝑝(𝑡, 𝑧) = 𝐸
[
ℎ(𝑍𝑇𝑒)

�� 𝑍𝑇𝑒 = 𝑧]285

Consider an event that is F𝑡−measurable such that for any random variable, 𝜏 is defined on a filtered286

probability space
(
Ω, F , (F𝑡)𝑡∈𝑇𝑒 ,P

)
. For the exit time, the condition {𝜏 ≤ 𝑡} ∈ F𝑡 ∀ 𝑡 ∈ 𝑇𝑒 holds.287

Using the properties of martingale for the filtration F𝑡 , the solution is288

𝑝 (𝑡, 𝑧) = 𝐸 [ 𝑝 (𝑇𝑒, 𝑍𝑇 ) | F𝑡]289

For the terminal condition, 𝑝(𝑇𝑒, 𝑍𝑇𝑒) = ℎ(𝑍𝑇𝑒),290

𝐸 ( ℎ(𝑍𝑇𝑒)
��F𝑡) = 𝑝(𝑡, 𝑧)291

Therefore, by using the Markov property of 𝑍 (𝑡), one can write,292

𝐸
[
ℎ(𝑍𝑇𝑒) |𝑍𝑡 = 𝑧

]
= 𝐸 ( ℎ(𝑍𝑇𝑒)

��F𝑡) = 𝑝(𝑡, 𝑧)293

This demonstrates the connection between the Feynman-Kac formula and the Markov process.294
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SOLVING 1D CONSOLIDATION EQUATION USING FEYNMAN-KAC FORMULA295

Analytical solution of 1D consolidation296

Based on 1D flow through porous media, the differential equation for Terzaghi’s 1D consolida-297

tion under constant loading is given (Murthy 2003) by298

𝜕𝑝𝑤

𝜕𝑡
= 𝑐v

𝜕2𝑝𝑤

𝜕𝑧2
(19)299

where, 𝑝𝑤 is the EPWP, 𝑡 is the time of consolidation, 𝑧 is the depth of the soil layer, and 𝑐𝑣 is the300

coefficient of consolidation. More details about the development and derivation of Eq. 19 can be301

found in (Das 2019; Murthy 2003).302

The initial condition of the 1D consolidation is given by303

𝑝𝑤 (𝑧, 0) = (𝑝𝑤)0 ; 𝑡 = 0 0 ≤ 𝑧 ≤ 𝐻 (20)304

where (𝑝𝑤)0 represents the constant initial pore water pressure under fully saturated conditions,305

where no water table is present in the soil profile. This value is equivalent to the applied surcharge306

loading on the soil.307

For single drainage conditions with only the top boundary allowing drainage and the bottom308

boundary considered impermeable, the boundary conditions for the 1D consolidation equation are309

given by310

𝑝𝑤 (0, 𝑡) = 0 ; 𝑧 = 0 ; 𝑡 > 0 (21)311

312

𝜕𝑝𝑤

𝜕𝑧
(𝐻, 𝑡) = 0 ; 𝑧 = 𝐻 ; 𝑡 > 0 (22)313

The analytical solution of the 1D consolidation Eq. 19 considering single drainage boundary314

conditions Eq. 21, Eq. 22 as in (Rahman and Ülker 2018) is given by:315

𝑝𝑤 (𝑧, 𝑡) =
∞∑︁
𝑛=0

2 − 2 cos (𝑛𝜋)
𝑛𝜋

(𝑝𝑤)0 sin
(𝑛𝜋𝑧
𝐻

)
𝑒

(
−𝑐𝑣 ( 𝑛𝜋

𝐻 )2
𝑡

)
(23)316
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where 𝐻 represents the length of the drainage path which is equal to the total thickness of the soil317

layer.318

In case of double drainage condition with both top and bottom boundaries of soil layer permitting319

drainage, the boundary conditions are given as:320

𝑝𝑤 (0, 𝑡) = 0 ; 𝑧 = 0 ; 𝑡 > 0 (24)321

322

𝑝𝑤 (2𝐻, 𝑡) = 0 ; 𝑧 = 2𝐻 ; 𝑡 > 0 (25)323

where 𝐻 is equal to half of the total thickness of the soil layer. The analytical solution of 1D324

consolidation equation (Eq. 19) with double drainage boundary conditions, Eq. 24, Eq. 25 as in325

(Arora 2008) is given by:326

𝑝𝑤 (𝑧, 𝑡) =
4
𝜋
(𝑝𝑤)0

∞∑︁
𝑁=0

1
(2𝑁 + 1) sin

(
(2𝑁 + 1)𝜋𝑧

𝐻

)
𝑒

(
−
(
(2𝑁+1)2 𝜋2

𝐻2

)
𝑐𝑣𝑡

)
(26)327

Proposed Feynman-Kac framework for 1D consolidation equation328

The 1D consolidation equation is a non-trivial parabolic PDE with a wide range of possible329

solutions. However, it is not always possible to develop a closed-form solution for consolidation due330

to several variables being involved, such as different coefficients of permeability, different types of331

loading, pore pressure distributions, and varying values of the coefficient of consolidation. Given332

the above, numerical solutions provide better flexibility in solving the 1D consolidation problem.333

Furthermore, in contrast to a variety of other engineering problems, the Feynman-Kac formula has334

not been investigated in the context of 1D consolidation, an important phenomenon controlling the335

long-term deformation in soft soils.336

For the derivation of the Feynman-Kac formula for 1D consolidation, as given in Eq. 19,337

the backward Kolmogorov equation corresponding to the 1D consolidation equation subjected to338
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terminal conditions 𝑝𝑤 (𝑇𝑒, 𝑧) = Ψ(𝑧(𝑇𝑒)) is of the form,339

−𝜕𝑝𝑤 (𝑡, 𝑧)
𝜕𝑡

=
1
2

(√︁
2𝑐𝑣

)2 𝜕2𝑝𝑤 (𝑡, 𝑧)
𝜕𝑧2

(27)340

Let 𝐵𝑡 be a 1D Brownian motion. Assume that the process 𝑧𝑡 evolves according to the SDE such341

that,342

𝑑𝑧𝑡 =
√︁

2𝑐𝑣 𝑑𝐵𝑡 (28)343

Eq. 28 represents the stochastic differential equation corresponding to the homogeneous PDE of344

1D consolidation phenomenon with zero drift and having diffusion term
√

2𝑐𝑣. Using Taylor series345

expansion for 𝑝𝑤 (𝑡, 𝑧) one can write,346

𝑑𝑝𝑤 (𝑡, 𝑧) =
𝜕𝑝𝑤 (𝑡, 𝑧)

𝜕𝑡
𝑑𝑡 + 𝜕𝑝𝑤 (𝑡, 𝑧)

𝜕𝑧
𝑑𝑧𝑡 +

1
2
𝜕2𝑝𝑤 (𝑡, 𝑧)

𝜕𝑧2
(𝑑𝑧𝑡)2 (29)347

Substituting the Eq. 28 in Eq. 29 and simplifying using the properties of quadratic variation348

(Appendix C) yields,349

𝑑𝑝𝑤 (𝑡, 𝑧) =
𝜕𝑝𝑤 (𝑡, 𝑧)

𝜕𝑡
𝑑𝑡 + 𝜕𝑝𝑤 (𝑡, 𝑧)

𝜕𝑧
𝑑𝑧𝑡 +

1
2
𝜕2𝑝𝑤 (𝑡, 𝑧)

𝜕𝑧2
(𝑑𝑧𝑡)2

=
𝜕𝑝𝑤 (𝑡, 𝑧)

𝜕𝑡
𝑑𝑡 + 𝜕𝑝𝑤 (𝑡, 𝑧)

𝜕𝑧
(
√︁

2𝑐𝑣)𝑑𝐵𝑡 +
1
2
𝜕2𝑝𝑤 (𝑡, 𝑧)

𝜕𝑧2
(
√︁

2𝑐𝑣𝑑𝐵𝑡)2

=
𝜕𝑝𝑤 (𝑡, 𝑧)

𝜕𝑡
𝑑𝑡 + 𝑐𝑣

𝜕2𝑝𝑤 (𝑡, 𝑧)
𝜕𝑧2

(𝑑𝐵𝑡)2 + 𝜕𝑝𝑤 (𝑡, 𝑧)
𝜕𝑧

(
√︁

2𝑐𝑣)𝑑𝐵𝑡

=
𝜕𝑝𝑤 (𝑡, 𝑧)

𝜕𝑡
𝑑𝑡 + 𝑐𝑣

𝜕2𝑝𝑤 (𝑡, 𝑧)
𝜕𝑧2

𝑑𝑡 + (
√︁

2𝑐𝑣)
𝜕𝑝𝑤 (𝑡, 𝑧)

𝜕𝑧
𝑑𝐵𝑡

=

(
𝜕𝑝𝑤 (𝑡, 𝑧)

𝜕𝑡
+ 𝑐𝑣

𝜕2𝑝𝑤 (𝑡, 𝑧)
𝜕𝑧2

)
𝑑𝑡 + (

√︁
2𝑐𝑣)

𝜕𝑝𝑤 (𝑡, 𝑧)
𝜕𝑧

𝑑𝐵𝑡

(30)350

Since the backward Kolmogorov equation corresponding to 1D consolidation equation is a homo-351

geneous equation, from Eq. 27 we get,352

(
𝜕𝑝𝑤 (𝑡, 𝑧)

𝜕𝑡
+ 𝑐𝑣

𝜕2𝑝𝑤 (𝑡, 𝑧)
𝜕𝑧2

)
= 0 (31)353
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Substituting Eq. 31 in Eq. 30 gives,354

𝑑𝑝𝑤 (𝑡, 𝑧) = (
√︁

2𝑐𝑣)
𝜕𝑝𝑤 (𝑡, 𝑧)

𝜕𝑧
𝑑𝐵𝑡 (32)355

Integrating from any arbitrary time 𝑡′ to the exit time 𝑇𝑒 gives,356

𝑝𝑤 (𝑇𝑒, 𝑧(𝑇𝑒)) − 𝑝𝑤 (𝑡′, 𝑧′) =
𝑇𝑒∫
𝑡′

(
√︁

2𝑐𝑣)
𝜕𝑝𝑤

𝜕𝑧
𝑑𝐵𝑡 (33)357

Substituting 𝑝𝑤 (𝑇𝑒, 𝑧(𝑇𝑒)) at the exit point in Eq. 33 gives,358

Ψ(𝑧(𝑇𝑒)) − 𝑝𝑤 (𝑡′, 𝑧′) =
∫ 𝑇𝑒

𝑡′

(√︁
2𝑐𝑣

) 𝜕𝑝𝑤
𝜕𝑧

𝑑𝐵𝑡 (34)359

Taking expectation on both sides and recalling the properties of Ito integral (mean of Brownian360

motion is zero), one can get the Feynman-Kac formula as,361

𝑝𝑤 (𝑡′, 𝑧′) = 𝐸 [Ψ(𝑧(𝑇𝑒))] (35)362

The Feynman-Kac formula given in Eq. 35 implies that one can get the solution at any arbitrary363

point (𝑡′, 𝑧′) by simulating the process in Eq. 28 from time 𝑡′ and 𝑧′ allowing the process to run364

until it reaches exit time as 𝑇𝑒. The solution 𝑝𝑤 (𝑧′, 𝑡′) is the mathematical expectation of values of365

Ψ(𝑧) over the multiple realizations of the SDE (Eq. 28) at the exit point of the process.366

The algorithm for the proposed Feynman-Kac framework for the 1D consolidation problem is367

shown in Algorithm 1. In this work, Feynman-Kac solutions will be compared with the analytical368

solution and the solution obtained from the FDM. By using the approximate finite difference369

relations established at discrete nodal points of a grid or mesh, the derivatives of the governing370

equations are substituted in this approach. The resulting discretization of the governing differential371

equations yields a set of algebraic equations that can be solved using programming language like372

MATLAB®. At any grid point 𝑂 (𝑖, 𝑘), the finite difference formulation of the 1D consolidation373
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equation considering an explicit scheme (Desai and Zaman 2013) can be written as in Eq. 36,374

(𝑝𝑤)𝑖,𝑘+1 = (𝑝𝑤)𝑖,𝑘 + 𝛼
[
(𝑝𝑤)𝑖−1,𝑘 − 2(𝑝𝑤)𝑖,𝑘 + (𝑝𝑤)𝑖+1,𝑘

]
(36)375

where 𝛼 is 𝑐𝑣Δ𝑡
/
Δ𝑧2. For stable FDM solution, 𝛼 ≤ (1/2).376

Algorithm 1: Feynman-Kac Framework for the 1D Consolidation Problem
Input: Coefficient of consolidation 𝑐𝑣, initial condition 𝑝𝑤 (𝑧, 0), boundary conditions,

time step Δ𝑡, total time 𝑇 , domain [0, 𝐻], number of MC trials 𝑁𝑠.

Output: EPWP solution 𝑝𝑤 (𝑧, 𝑡) over space and time.

1 Step 1: Initialize

2 Discretize the domain and set the initial condition 𝑝𝑤 (𝑧, 0).

3 Step 2: Simulate EPWP Trajectories for 𝑁𝑠 Trials

4 for 𝑠 = 1 to 𝑁𝑠 do

5 for 𝑡𝑘 = 𝑘Δ𝑡 until 𝑇 do

6 Simulate the zero-drift SDE as in Eq. (28).

7 Boundary Conditions:

8 if Dirichlet condition as in Eq. (21), Eq. (24), and Eq. (25) then

9 Allow the Brownian particles to exit the domain.

10 if Neumann condition as in Eq. (22) then

11 Reflect the Brownian particles back into the domain.

12 Step 3: Compute Mean EPWP trajectory

13 Compute the mean of EPWP trajectories.

14 Approximate and average over 𝑁𝑠 trials.

15 Step 4: Comparison with FDM/Analytical Solution

16 Calculate RMSE between the Feynman-Kac results and the FDM or analytical solution.

17 Step 5: Results Visualization

18 Plot variation of EPWP with depth and time.

377
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COMPARISON AND DISCUSSION OF NUMERICAL RESULTS378

In continuation with the Feynman-Kac formulation for the 1D consolidation, the results for379

both single and double drainage conditions are generated using the MATLAB® programming380

language. Further, the results are then compared with solutions of the FDM, the closed-form381

analytical solutions of the 1D consolidation equation, and the experimental results of the 1D382

consolidation experiment. To contemplate randomness in 𝑐𝑣, Monte Carlo Simulations (MCS) are383

performed using the proposed Feynman-Kac formula, and RMSE is calculated for both single and384

double drainage conditions. In the present study, for the case of random 𝑐𝑣, Mexico City Clay is385

considered for the simulations, whose 𝑐𝑣 ranges from 0.9-1.5 m2/yr (Bardet 1997).386

Case 1: Constant Coefficient of Consolidation387

The Feynman-Kac solution method for the 1D consolidation equation incorporates a constant388

coefficient of consolidation (𝑐𝑣) and accommodates both single and double drainage boundary389

conditions. This solution is achieved by simulating the corresponding zero-drift SDE, represented390

by Eq. 28 using MCS. A depth of 2 m and a time of 1 year are discretized into a 50x100 grid. The391

Feynman-Kac formula is employed to solve the 1D consolidation equation probabilistically. This392

method involves simulating particle movements in Brownian motion to approximate the solution.393

The simulation entails multiple Monte Carlo runs to estimate particle behavior over time. In the394

context of consolidation, these particle movements signify the diffusion of water within the soil395

matrix over time. Random fluctuations in particle positions capture the inherent uncertainty and396

randomness in the consolidation process.397

MCS generates paths of a Brownian motion representing the stochastic process, and the EPWP398

for a particular time instant is computed by averaging the paths implying pore pressure trajectories399

generated over the particle positions updated using the boundary conditions. At first, the particle400

positions are initialized with respect to the mesh grid values. Then, at each Monte Carlo run of the401

stochastic process, the position of particles is updated in each iteration according to the stochastic402

trajectories. Once the particles hit the boundaries of the domain, the particles are either removed403

or reflected back to the domain following the boundary conditions applied under single or double404
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drainage conditions at the top and bottom boundaries. The stochastic process runs until the exit405

time of the process is reached, i.e., until the particles exit the domain boundaries. After updating406

positions, the EPWP for a particular time is calculated by taking the mean of the pore pressure407

trajectories formed over the particle positions, and the EPWP values at the boundaries are updated408

using the boundary conditions. This process is repeated for a specified number of Monte Carlo409

runs. In this instance, 𝑐𝑣 is set at 0.90 m2/yr, and 1000 MCS simulations are conducted to simulate410

the SDE.411

Boundary conditions are crucial in this simulation. Under a single drainage condition, at the412

top boundary, (𝑧 = 0), any particles reaching this boundary are eliminated from the simulation and413

no longer considered in the next iterations. This reflects the boundary’s permeability, facilitating414

drainage. Conversely, particles encountering the bottom boundary (𝑧 = 𝐻) are reflected back into415

the domain as the bottom boundary is impermeable and water particles cannot flow out through416

this boundary. The EPWP is updated at the boundaries using the boundary conditions as in Eq.417

21 and Eq. 22. In the case of double drainage conditions allowing drainage at both the top and418

bottom boundaries, particles that have crossed the boundaries are no longer considered in the next419

iterations, and the EPWP is updated using the boundary conditions as in Eq. 24 and Eq. 25.420

This acknowledges the permeable nature of both boundaries, enabling water to flow out without421

obstruction.422

Results obtained from the Feynman-Kac formula are then compared with those from the FDM423

and analytical solutions. FDM involves defining the domain, initial, and boundary conditions.424

FDM also requires specific grid discretization and time step size (Δ𝑡) following the stability criteria425

in Eq. (36) to produce stable solutions of the 1D consolidation PDE. Failure to satisfy this criterion426

leads to numerical instability and inaccurate solutions. In contrast, the Feynman-Kac framework427

is meshless and does not require a grid structure to approximate the solution. Since FDM operates428

on a grid-by-grid basis, adjusting the element order for higher accuracy is straightforward. For429

comparison with the Feynman-Kac solution, a grid of 50x1600 is employed to discretize the domain430

in depth 𝑧 and time 𝑡. Analytical solutions of 1D consolidation subjected to initial condition (Eq.431
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20) and boundary conditions for single drainage (as given in Eq. 21, Eq. 22) and double drainage432

(as given in Eq. 24, Eq. 25) are obtained using Eq. 23 and Eq. 26. For the double drainage433

case, only the Dirichlet boundary condition is present, while for single drainage, both Dirichlet and434

Neumann conditions exist.435

Plots of normalized EPWP vs. normalized depth for various time instants using FDM and436

the analytical approach are shown in Fig. 3, Fig. 4 respectively. The EPWP profiles of FDM437

and analytical solutions show convergence with the increase in time instant representing idealistic438

solutions. In the case of single drainage, the EPWP increases with the decrease in the depth of the439

soil layer and the lower boundary shows the highest pore water pressure. In the double drainage440

case, the EPWP increases with the increase in depth up to the middle of the drainage path length441

and then again decreases with the depth of the soil layer and the top and bottom boundary show442

the lowest pore water pressure. RMSE to calculate the second-order sample moments between the443

proposed Feynman-Kac framework and FDM/analytical solutions for EPWP is given by444

𝑅𝑀𝑆𝐸 =

√√√√√ 𝑁∑
𝑖=1

[
(𝑝𝑤)𝐹𝑒𝑦𝑛𝑚𝑎𝑛−𝐾𝑎𝑐 − (𝑝𝑤)𝐹𝐷𝑀/𝐴𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙

]2

𝑁
445

where 𝑁 is the number of sample points where 𝑝𝑤 is calculated. The RMSE between the FDM and446

the Feynman-Kac solution for single drainage and double drainage conditions for the constant 𝑐𝑣 is447

found to be 0.0194 and 0.0178, respectively. The Mean Squared Error (MSE) for these comparisons448

is 3.77 × 10-4 and 3.18 × 10-4 respectively. The RMSE between the analytical solution and the449

Feynman-Kac solution for single drainage and double drainage conditions for 𝑐𝑣 equal to 0.90450

m2/yr is 0.0250 and 0.0233, respectively, and the corresponding MSE values for these scenarios451

are 6.23 × 10-4 and, 5.44 × 10-4 respectively.452

Case 2: Random Coefficient of Consolidation453

In general, the coefficient of consolidation, 𝑐𝑣 varies with the type of soil, permeability, volume454

compressibility, and unit weight of water. Based on the laboratory tests, it is customary practice455
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to consider one single value of 𝑐𝑣 to represent the time rate of consolidation. Since the laboratory456

test for consolidation involves a progressively increasing vertical stress applied on the sample, for457

the same specimen, the value of 𝑐𝑣 changes for every stress increment. Hence, it is inferred that 𝑐𝑣458

is not a deterministic and intrinsic constant for a consolidating medium and should vary with the459

applied stress. Thus, in any large-scale consolidating system, changes in the overburden with time460

would lead to different time rates of consolidation. As the applied stress can randomly change over461

time, so does 𝑐𝑣.462

In order to incorporate randomness in the coefficient of consolidation, normally distributed463

values of 𝑐𝑣 between 0.90-1.5 m2/yr are considered. 100 values are simulated for 𝑐𝑣 for which464

100 trials of MCS are carried out along with the 1000 MCS for simulating the SDE to obtain465

the Feynman-Kac solution of 1D consolidation. For each random value of 𝑐𝑣, the SDE runs until466

the exit time of the process is reached and the EPWP is estimated subsequently. Furthermore,467

the average of the EPWP is estimated considering each of these individual values. The different468

possible solution trajectories representing the variation of EPWP profiles with normalized depth469

at time 𝑡 = 0.10 yr for random 𝑐𝑣 and for both single and double drainage cases are shown in470

Fig 5. The different solution trajectories correspond to different 𝑐𝑣 values and the mean of these471

trajectories (obtained by taking the ensemble average of the realizations), represented by a black472

dotted line, also corresponds to a 𝑐𝑣 value that gives the EPWP profile at that particular time.473

Fig. 6 exhibits the solution trajectories (obtained from the Feynman-Kac formulation for474

random 𝑐𝑣) i.e., EPWP variation with normalized depth at different time intervals. Each of the475

colored solid lines represents EPWP profiles at individual time intervals, where each line is the476

mean trajectory of all possible solutions for that particular time considering random 𝑐𝑣. Fig. 7477

and Fig 8 show the comparison of the Feynman-Kac solution trajectory with the analytical solution478

and FDM solution of the 1D consolidation equation, respectively, for various time instants for both479

single and double drainage cases. The mean solution trajectory demonstrates good convergence480

with both analytical and FDM solutions under single and double drainage scenarios. Moreover,481

this convergence improves over time as the consolidation process progresses.482

22



The solutions derived from the Feynman-Kac formulations of the 1D consolidation equation483

are validated against experimental data from a 1D consolidation experiment conducted on saturated484

natural clay by Mohamedelhassan and Shang (Mohamedelhassan and Shang 2002). These exper-485

iments involved surcharge and vacuum loading conditions with single drainage boundaries where486

the top boundary is permeable and the bottom boundary is impermeable. Pore water pressures487

were monitored using a pore-water pressure transducer installed at the base of the soil sample.488

The experiments reported coefficients of consolidation (𝑐𝑣) ranging from 0.88 to 4.10 m2/yr. By489

incorporating these 𝑐𝑣 values into the Feynman-Kac formulation, mean solution trajectories are490

computed and compared with experimental values under surcharge conditions at various time491

points, as depicted in Fig. 9. Notably, the EPWP profiles derived from the Feynman-Kac formula-492

tion exhibit close similarity to those obtained from the 1D consolidation experiment, suggesting a493

high degree of alignment between the theoretical model and empirical observations. Furthermore,494

it is worth noting that this alignment remains consistent over time, underscoring the robustness and495

accuracy of the Feynman-Kac formulation in capturing the dynamics of the consolidation process496

as observed in the experimental data.497

The proposed framework has the capability to incorporate both random and constant values of498

𝑐𝑣, enabling the generation of solutions not only for Mexico City clay but also for a wide range499

of other soil types. Considering a range of soil types such as Swedish medium-sensitive clays (𝑐𝑣500

= 0.1-0.2 m2/yr), San Francisco Bay mud (𝑐𝑣 = 0.6-1.2 m2/yr), organic silt (𝑐𝑣 = 0.6-3 m2/yr),501

glacial lake clays (𝑐𝑣 = 2.0-2.7 m2/yr), Chicago silt clay (𝑐𝑣 = 2.70 m2/yr), stiff red clay (𝑐𝑣 = 3.17502

m2/yr), London clay (𝑐𝑣 = 1.90-6.34 m2/yr), Maine clay (𝑐𝑣 = 6.3-13 m2/yr), and Boston blue clay503

(𝑐𝑣 = 6-18 m2/yr) as documented in (Bardet 1997) along with Mexico City clay, the mean solution504

trajectories are plotted in Fig 10 depicting variations with depth. It is observed that as 𝑐𝑣 increases,505

the EPWP decreases, resulting in accurate predictions. This observation is consistent with the506

analytical solutions provided in Eq. 23 and Eq. 26.507

The Feynman-Kac solution for the 1D consolidation equation is derived by simulating the zero508

drift SDE represented in Eq. 28. Considering small drift values of 0.01 and 0.02 in Eq. 28, the509
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solution trajectories of the 1D consolidation equation are obtained. These trajectories are then510

compared with the mean solution trajectory for the ideal zero drift scenario, depicted in Fig. 11.511

The black solid curve represents the ideal zero-drift Feynman-Kac mean solution trajectory of the512

1D consolidation equation. The comparison highlights the sensitivity of Feynman-Kac solutions to513

small drifts. Specifically, in the single drainage case, increasing drift values result in a shift in the514

mean solution trajectory, leading to higher EPWP values. Conversely, in the double drainage case,515

increasing drift values cause the upper half of the EPWP profile to exhibit higher values, while the516

lower half shows decreased EPWP values. The EPWP profile slightly shifts to the upper half of517

the domain, with the maximum EPWP occurring slightly above the mid-depth of the domain. For518

drift values up to 0.02, deviations of a maximum of 5 percent are observed in both drainage cases,519

which are within acceptable limits.520

The plots illustrating the percentage error between the results of the Feynman-Kac solution and521

both the FDM and analytical solution for both single and double drainage conditions are presented522

in Fig. 12 and Fig. 13. Notably, it is observed that the percentage error is lower in scenarios523

involving random 𝑐𝑣 values compared to those with constant 𝑐𝑣, as evident in both single and524

double drainage conditions. This observation underscores the advantages of incorporating random525

variability in the coefficient of consolidation (𝑐𝑣) when utilizing the Feynman-Kac solution method.526

It suggests that allowing 𝑐𝑣 to vary randomly leads to more accurate results compared to scenarios527

where 𝑐𝑣 is held constant.528

The robustness of the Feynman-Kac framework in handling randomness in the coefficient of529

consolidation (𝑐𝑣) is evident, as indicated by significantly lower MSE and RMSE values observed530

for both single drainage (0.0180) and double drainage (0.0165) conditions. Correspondingly, the531

MSE values under single drainage and double drainage cases are 3.25 × 10−4 and 2.71 × 10−4
532

respectively. Notably, the MSE and RMSE are lower when considering random 𝑐𝑣 compared to533

constant 𝑐𝑣. When comparing the solutions of the proposed method with the analytical solution534

under both single and double drainage conditions and incorporating random 𝑐𝑣, the RMSE between535

the analytical solution and Feynman-Kac solution is 0.0236 for single drainage and 0.0220 for536
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double drainage. The corresponding MSE values under single and double drainage cases are537

5.55× 10−4 and, 4.82× 10−4 respectively. In these cases as well, it is observed that these MSE and538

RMSE values are lower for random 𝑐𝑣 compared to constant 𝑐𝑣.539

While the proposed Feynman-Kac framework offers a novel approach to solving the 1D consol-540

idation problem, the current study has some limitations. It is limited to the simplified case of 1D541

consolidation, as the primary focus is on the foundational aspects of the Feynman-Kac framework.542

𝑐𝑣 is considered both a constant and a random variable capturing the overall uncertainty in the soil543

domain for simplicity in presenting the framework. The framework currently focuses on standard544

boundary conditions (single drainage and double drainage conditions) commonly used in theoreti-545

cal studies. Despite these limitations, the proposed framework can indeed be extended to solve the546

two-dimensional (2D) and three-dimensional (3D) consolidation problems. The extension involves547

solving a number of stochastic differential equations corresponding to the 2D and 3D governing548

PDEs. In the Feynman-Kac framework, this would involve simulating EPWP trajectories using549

higher-dimensional Brownian motions, which is a possible direction of future work. Furthermore,550

the framework can be easily adapted to incorporate random fields to model 𝑐𝑣 which would give551

a better representation of the randomness in 𝑐𝑣. This can be achieved using the Karhunen-Loeve552

(KL) expansion technique to model 𝑐𝑣 as a spatially correlated random field, which will be explored553

in future studies.554

The Feynman-Kac framework does not depend on a grid structure for deriving solutions to the555

1D consolidation PDE, making it inherently meshless. For a grid discretization of 100 × 1000,556

Δ𝑡 = 0.01, Δ𝑧 = 0.01, and 𝑐𝑣 = 1.8 m2/yr, the FDM solution became unstable, leading to numerical557

dispersion due to the violation of the stability criteria. In contrast, the Feynman-Kac framework558

produces stable and accurate solutions. One of the key advantages of the Feynman-Kac approach is559

its computational efficiency, especially in solving higher-dimensional problems. For solving the 2D560

consolidation PDE employing a 200×200 spatial grid and the same set of parameters, the Feynman-561

Kac framework requires 10.95 seconds, whereas FDM requires 18.01 seconds, demonstrating a562

notable reduction in computational time. This efficiency becomes even more pronounced when563
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random fields are employed to incorporate randomness in higher-dimensional problems, which is564

a key direction for future work.565

CONCLUSIONS566

In this paper, an accurate and stable probabilistic framework for solving the 1D consolidation567

equation for both single and double drainage boundary conditions is developed using the Feynman-568

Kac formula, and the solution is compared with the existing closed-form analytical solutions, FDM569

solutions, and experimental results. The proposed framework uses the concept of conditional570

probabilities at the exit point using the properties of martingales and Markov processes to obtain571

a corresponding SDE from a deterministic PDE. The background of the proposed framework is572

that the Feynman-Kac formula links the expected value of SDE simulated till the exit time with the573

solution of the backward Kolmogorov equation representing the 1D consolidation equation. The 1D574

consolidation equation is treated as a backward Kolmogorov equation for which the corresponding575

SDE acts as a generator process.576

As compared with the FDM solutions, the results obtained from the Feynman-Kac formulation577

are stable for any time discretization (Δ𝑡). This makes the proposed framework more favorable578

than the FDM as it uses a meshless path-dependent mechanism. Unlike the closed-form analytical579

solutions for both single and double drainage conditions, which remain valid only for restrictive580

standard domains (thin layer systems), the Feynman-Kac framework is more robust and efficient581

in handling large domain problems (thick layer systems) as the range of time and space variable582

increases. The Feynman-Kac formulation for the 1D consolidation equation uses MCS to simulate583

the SDE for the corresponding PDE. The proposed framework does not yield large RMSE for a584

comparatively lesser number of MCS, thus making it computationally efficient as the convergence585

rate for the MCS is O
(
1
/√

𝑀

)
, where 𝑀 is the number of samples.586

To accommodate the inherent variability in the coefficient of consolidation (𝑐𝑣), which is587

influenced by the type of soil, permeability, and compressibility, normally distributed samples588

within the range of 0.90-1.5 m2/yr (as observed in Mexico City Clay) (Bardet 1997) are considered.589

Each random sampling generates realizations using the proposed framework, and their ensemble590
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average produces the EPWP solution trajectory. The framework also demonstrates robustness across591

diverse 𝑐𝑣 ranges observed for different soil types. The MSE and RMSE for random 𝑐𝑣 between592

the Feynman-Kac solution and FDM/Analytical solution, for both single and double drainage593

conditions, are found to be very less. The second-order statistics derived from random 𝑐𝑣 through594

the proposed Feynman-Kac formulation are in close agreement with the analytical and FDM results595

of the 1D consolidation equation. Additionally, the framework exhibits excellent agreement with596

experimental data. Remarkably, this approach, utilizing 1D Brownian motion, uniquely addresses597

the 1D consolidation equation for both constant and random 𝑐𝑣, marking a pioneering advancement598

in the field.599
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APPENDIX A. ITO’S LEMMA606

Let 𝑝 : R → R be a twice differentiable continuous function and 𝐵(𝑡) be a Weiner process.607

Then it holds that608

𝑑𝑝 (𝐵𝑡) = 𝑝′ (𝐵𝑡) 𝑑𝐵𝑡 +
1
2
𝑝′′ (𝐵𝑡) 𝑑𝑡609

The integral form that corresponds to Ito’s lemma can be written as:610

𝑝 (𝐵𝑡) = 𝑝 (𝐵0) +
𝑡∫

0

𝑝′ (𝐵𝑠)𝑑𝐵𝑠 +
1
2

𝑡∫
0

𝑝′′ (𝐵𝑠)611

Consider 𝑍 (𝑡) as a diffusion process on [0, 𝑇] with drift term, 𝑓 (𝑡) and diffusion term, 𝐿 (𝑡) given612

by:613

𝑑𝑍𝑡 = 𝑓 (𝑡)𝑑𝑡 + 𝐿 (𝑡)𝑑𝐵𝑡614
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Then it holds that615

𝑑𝑝 (𝑍𝑡) = 𝑝′ (𝑍𝑡) 𝑑𝑍𝑡 +
1
2
𝑝′′ (𝑍𝑡) 𝐿2 (𝑡) 𝑑𝑡616

APPENDIX B. ITO TAYLOR SERIES617

Let us consider 𝑝 : [0, 𝑇] × RR as a twice differentiable continuous function with respect to618

both arguments time (𝑡) and space (𝑧) and let 𝑍 (𝑡) as a diffusion process on [0, 𝑇] given by:619

𝑑𝑍𝑡 = 𝑓 (𝑡)𝑑𝑡 + 𝐿 (𝑡)𝑑𝐵𝑡620

The Taylor series expansion for 𝑝(𝑡, 𝑍 (𝑡)) is given as:621

𝑑𝑝 (𝑡, 𝑍𝑡) =
𝜕𝑝 (𝑡, 𝑍𝑡)

𝜕𝑡
𝑑𝑡+𝜕𝑝 (𝑡, 𝑍𝑡)

𝜕𝑍𝑡
𝑑𝑍𝑡+

1
2
𝜕2𝑝 (𝑡, 𝑍𝑡)

𝜕𝑡2
(𝑑𝑡)2+1

2
𝜕2𝑝 (𝑡, 𝑍 (𝑡))

𝜕𝑍2 (𝑑𝑍𝑡)2+1
2
𝜕2𝑝 (𝑡, 𝑍𝑡)
𝜕𝑡𝜕𝑍𝑡

(𝑑𝑍𝑡) (𝑑𝑡)622

Using the multiplication rules of stochastic calculus

(𝑑𝑡)2 = 0

(𝑑𝐵𝑡) (𝑑𝑡) = 0

(𝑑𝐵𝑡)2 = 𝑑𝑡

and expanding 𝑍𝑡 we get623

(𝑑𝑍𝑡)2 = 𝑓 (𝑡) (𝑑𝑡)2 + 2 𝑓 (𝑡) 𝐿 (𝑡) (𝑑𝑡) (𝑑𝐵𝑡) + 𝐿2 (𝑡) (𝑑𝐵𝑡)2 = 𝐿2 (𝑡) 𝑑𝑡624

625

(𝑑𝑍𝑡) (𝑑𝑡) = 𝑓 (𝑡) (𝑑𝑡)2 + 𝐿 (𝑡) (𝑑𝐵𝑡) (𝑑𝑡) = 0626

and so627

𝑑𝑝 (𝑡, 𝑍𝑡) =
𝜕𝑝 (𝑡, 𝑍𝑡)

𝜕𝑡
𝑑𝑡 + 𝜕𝑝 (𝑡, 𝑍𝑡)

𝜕𝑍𝑡
𝑑𝑍𝑡 +

1
2
𝜕2𝑝 (𝑡, 𝑍𝑡)
𝜕𝑍𝑡

2 𝐿2 (𝑡) 𝑑𝑡628

APPENDIX C. QUADRATIC VARIATION629

Consider 𝑧 as a continuous function defined on the interval [0, 𝑡]. The Quadratic Variation630

28



𝑄 (𝑉𝑛) (Hassler 2016) of 𝑧 can be expressed as the limit of a sum given as:631

𝑄𝑉𝑛 (𝑧, 𝑡) =
𝑛∑︁
𝑖=1

(𝑧 (𝑠𝑖) − 𝑧 (𝑠𝑖−1))2
632

The interval [0, 𝑡] is divided into 𝑛 partitions (𝑃𝑛) such that 𝑃𝑛 ( [0, 𝑡]) : 0 = 𝑠0 < 𝑠1 < · · · < 𝑠𝑛 = 𝑡.633

If 𝑧 = 𝐵(𝑡), where 𝐵(𝑡) is a Weiner process, and 𝑛→ ∞, it holds that:634

a.
𝑛∑
𝑖=1

(𝑠𝑖 − 𝑠𝑖−1)2 →
𝑡∫

0
(𝑑𝑠)2 = 0635

b.
𝑛∑
𝑖=1

(𝐵 (𝑠𝑖) − 𝐵 (𝑠𝑖−1)) (𝑠𝑖 − 𝑠𝑖−1)
2−→

𝑡∫
0
𝑑𝐵 (𝑠) 𝑑𝑠 = 0636

c.
𝑛∑
𝑖=1

(𝐵 (𝑠𝑖) − 𝐵 (𝑠𝑖−1))2 2−→
𝑡∫

0
(𝑑𝐵 (𝑠))2 = 𝑡637

where, 2−→ represents the convergence in mean square.638

Proof. a.
𝑛∑
𝑖=1

(𝑠𝑖 − 𝑠𝑖−1)2 →
𝑡∫

0
(𝑑𝑠)2 = 0639

Let 𝑖𝑑 be the identity function on [0, 𝑡] such that 𝑖𝑑 (𝑠) = 𝑠. The function is of infinite variation640

as it increases monotonically given by:641

𝑉 (𝑖𝑑, 𝑡) = 𝑖𝑑 (𝑡) − 𝑖𝑑 (0) = 𝑡642

If 𝑛 is finite, then it holds that:643

𝑄𝑛 (𝑖𝑑, 𝑡) =
𝑛∑︁
𝑖=1

(𝑖𝑑 (𝑠𝑖) − 𝑖𝑑 (𝑠𝑖−1))2 =

𝑛∑︁
𝑖=1

(𝑠𝑖 − 𝑠𝑖−1)2 > 0644

For 𝑛 terms of 𝑄𝑛, the lengths 𝑠𝑖 − 𝑠𝑖−1 are of magnitude 1/𝑛. But due to squaring, the 𝑛 terms of645
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𝑄𝑛 are having the magnitude 1
𝑛2 . For 𝑛 → ∞, the sum converges to zero as follows:646

𝑄𝑛 (𝑖𝑑, 𝑡) =
𝑛∑︁
𝑖=1

(𝑠𝑖 − 𝑠𝑖−1)2

≤ max
1≤𝑖≤𝑛

(𝑠𝑖 − 𝑠𝑖−1)
𝑛∑︁
𝑖=1

(𝑠𝑖 − 𝑠𝑖−1)

= max
1≤𝑖≤𝑛

(𝑠𝑖 − 𝑠𝑖−1)𝑉𝑛 (𝑖𝑑, 𝑡)

= max
1≤𝑖≤𝑛

(𝑠𝑖 − 𝑠𝑖−1) 𝑡 → 0

647

since max(𝑠𝑖 − 𝑠𝑖−1 → 0) for 𝑛 → ∞.648

b.
𝑛∑
𝑖=1

(𝐵 (𝑠𝑖) − 𝐵 (𝑠𝑖−1)) (𝑠𝑖 − 𝑠𝑖−1)
2−→

𝑡∫
0
𝑑𝐵 (𝑠) 𝑑𝑠 = 0649

The covariation 𝐶𝑉𝑛 for the above expression is as follows:650

𝐶𝑉𝑛 =

𝑛∑︁
𝑖=1

(𝐵(𝑠𝑖) − 𝐵(𝑠𝑖−1)) (𝑠𝑖 − 𝑠𝑖−1)651

As, MSE(𝐶𝑉𝑛, 0) → 0, the claim holds for E(𝐶𝑉𝑛) = 0. Hence, one can obtain:652

MSE(𝐶𝑉𝑛, 0) = Var(𝐶𝑉𝑛)653

Hence, to prove the above condition, it can be shown that the variance tends to zero. Now, due to654

the independence increment of the Brownian motion, one can write:655

Var(𝐶𝑉𝑛) =
𝑛∑︁
𝑖=1

Var (𝐵 (𝑠𝑖) − 𝐵 (𝑠𝑖−1)) (𝑠𝑖 − 𝑠𝑖−1)2

=

𝑛∑︁
𝑖=1

(𝑠𝑖 − 𝑠𝑖−1)3 ≤ max
1≤𝑖≤𝑛

(𝑠𝑖 − 𝑠𝑖−1)
𝑛∑︁
𝑖=1

(𝑠𝑖 − 𝑠𝑖−1)2

= max
1≤𝑖≤𝑛

(𝑠𝑖 − 𝑠𝑖−1)𝑄𝑛 (𝑖𝑑, 𝑡)

→ 0

656

Here, 𝑄𝑛 (𝑖𝑑, 𝑡) is a quadratic variation of the identity function, which is shown in the proof. a as657
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𝑄𝑛 (𝑖𝑑, 𝑡) → 0. Hence, one can claim that the above identity exists.658

c.
𝑛∑
𝑖=1

(𝐵 (𝑠𝑖) − 𝐵 (𝑠𝑖−1))2 2−→
𝑡∫

0
(𝑑𝐵 (𝑠))2 = 𝑡659

To prove the above statement, one has to show that the mean square error,660

MSE (𝑄𝑛 (𝐵, 𝑡), 𝑡) = E
[
(𝑄𝑛 (𝐵, 𝑡) − 𝑡)2] → 0661

For this proof, two steps will be required. One has to show E(𝑄𝑛 (𝐵, 𝑡)) = 𝑡 and Var(𝑄𝑛 (𝐵, 𝑡)) → 0662

as 𝑛 → ∞663

(1) In the first step, one needs to show E(𝑄𝑛 (𝐵, 𝑡)) = 𝑡664

E(𝑄𝑛 (𝐵, 𝑡)) =
𝑛∑︁
𝑖=1

Var(𝐵(𝑠𝑖)−𝐵(𝑠𝑖−1))

=

𝑛∑︁
𝑖=1

(𝑠𝑖 − 𝑠𝑖−1)

= 𝑠𝑛 − 𝑠0

= 𝑡 − 0 = 𝑡

665

(2) In the second step, one needs to show that the Var(𝑄𝑛 (𝐵, 𝑡)) → 0 is 𝑛 → ∞. As the666

Brownian motion possesses independent increment, one can write:667

Var(𝑄𝑛 (𝐵, 𝑡)) =
𝑛∑︁
𝑖=1

Var
[
(𝐵(𝑠𝑖) − 𝐵(𝑠𝑖−1))2] (37)668

Now, further solving for Var
[
(𝐵(𝑠𝑖) − 𝐵(𝑠𝑖−1))2] using 𝐵(𝑠𝑖) − 𝐵(𝑠𝑖−1) ∼ N (0, 𝑠𝑖 − 𝑠𝑖−1) and669

applying properties of kurtosis of 3 for Gaussian random variables gives:670

Var
[
(𝐵(𝑠𝑖) − 𝐵(𝑠𝑖−1))2] = E

[
(𝐵(𝑠𝑖) − 𝐵(𝑠𝑖−1))4] − {

E
[
(𝐵(𝑠𝑖) − 𝐵(𝑠𝑖−1))2]}2

= 3[Var(𝐵(𝑠𝑖) − 𝐵(𝑠𝑖−1))]2 − (𝑠𝑖 − 𝑠𝑖−1)2

= 3(𝑠𝑖 − 𝑠𝑖−1)2 − (𝑠𝑖 − 𝑠𝑖−1)2 = 2(𝑠𝑖 − 𝑠𝑖−1)2

671

Now, substituting the value of Var
[
(𝐵(𝑠𝑖) − 𝐵(𝑠𝑖−1))2] in Eq. 37 and further evaluating the672
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summation gives:673

Var (𝑄𝑛 (𝐵, 𝑡)) = 2
𝑛∑
𝑖=1

(𝑠𝑖 − 𝑠𝑖−1)2

≤ 2 max
1≤𝑖≤𝑛

(𝑠𝑖 − 𝑠𝑖−1)
𝑛∑
𝑖=1

(𝑠𝑖 − 𝑠𝑖−1)

= 2 max
1≤𝑖≤𝑛

(𝑠𝑖 − 𝑠𝑖−1) (𝑠𝑛 − 𝑠0)

→ 0, 𝑛 → ∞.

674

Therefore,
𝑛∑
𝑖=1

(𝐵 (𝑠𝑖) − 𝐵 (𝑠𝑖−1))2 2−→
𝑡∫

0
(𝑑𝐵 (𝑠))2 = 𝑡675

APPENDIX D. FEYNMAN-KAC FORMULA FOR HOMOGENEOUS EQUATION676

In the case of a homogeneous PDE (𝑟 𝑝 = 0 in Eq. 5), the corresponding SDE will be the677

same, but now one has to apply Ito’s formula to 𝑝(𝑡, 𝑧) instead of exp( − 𝑟𝑡)𝑝(𝑡, 𝑧). Substituting678

the corresponding SDE in Eq. (7) and further simplifying gives679

𝑑𝑝 =
𝜕𝑝

𝜕𝑧
𝐿 (𝑡, 𝑧) 𝑑𝐵𝑡680

Again, integrating from any arbitrary point 𝑡′ to the exit time 𝑇𝑒 yields681

𝑝 (𝑇𝑒, 𝑧 (𝑇𝑒)) − 𝑝 (𝑡′, 𝑧 (𝑡′)) =
𝑇𝑒∫
𝑡′

𝜕𝑝

𝜕𝑧
𝐿 (𝑡, 𝑧) 𝑑𝐵𝑡682

Substituting the value at the terminal point gives683

Φ (𝑧 (𝑇𝑒)) − 𝑝 (𝑡′, 𝑧 (𝑡′)) =
𝑇𝑒∫
𝑡′

𝜕𝑝

𝜕𝑧
𝐿 (𝑡, 𝑧) 𝑑𝐵𝑡684

Taking the expectation operator on both sides and recalling the properties of Ito’s integral, one can685

derive the Feynman-Kac solution for a homogeneous equation as686

𝑝 (𝑡′, 𝑧 (𝑡′)) = 𝐸 [Φ (𝑧 (𝑇𝑒))]687

688
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Fig. 5. Different Feynman-Kac solution trajectories of 1D consolidation for random 𝑐𝑣 for time
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Fig. 6. Feynman-Kac solution trajectories of 1D consolidation for random 𝑐𝑣 for both (𝑎) single
drainage and (𝑏) double drainage conditions.
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Fig. 7. Comparison of the Feynman-Kac solution trajectory with the analytical solution of 1D
consolidation for random 𝑐𝑣 for different time instants for both (𝑎) single drainage and (𝑏) double
drainage conditions.
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Fig. 8. Comparison of the Feynman-Kac solution trajectory with the FDM solution of 1D consoli-
dation for random 𝑐𝑣 for different time instants for both (𝑎) single drainage and (𝑏) double drainage
conditions.
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Fig. 9. Comparison of Feynman-Kac solution trajectories of 1D consolidation with experimental
data for single drainage boundary condition.
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Fig. 10. Feynman-Kac solution trajectories of 1D consolidation for both (𝑎) single drainage and
(𝑏) double drainage conditions for various soil types having different 𝑐𝑣 values.
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Fig. 11. Feynmam-Kac solution trajectory of 1D consolidation for different drift values for both
(𝑎) single drainage and (𝑏) double drainage condition.
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Fig. 12. Plots showing percentage error between the mean Feynman-Kac solution trajectory and
analytical solution for both constant and random 𝑐𝑣 in both (𝑎) single drainage and (𝑏) double
drainage conditions.
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Fig. 13. Plots showing percentage error between the mean Feynman-Kac solution trajectory and
the FDM solution for both constant and random 𝑐𝑣 in case of both (𝑎) single drainage and (𝑏)
double drainage conditions.
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