MULTIVARIABLE CALCULUS

This part of MA101 course will enable you to

+ Relate Mathematics to the real world.
+ Use Mathematics as a tool in Engineering.

Emphasis will be more on

% The physical interpretation of the
mathematical expressions.

® HAVING FUN WITH CALCULUS.
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Wind velocity is a vector because

it has both magnitude and direc-
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o Displacement Vector, Initial point
Ay and terminal point.
d c’
A
FIGURE 1
Equivalent vectors

B Combining Vectors _>B

4

FIGURE 2

Definition of Vector Addition If u and v are vectors positioned so the initial point of
v is at the terminal point of u, then the sum u + v is the vector from the initial
point of u to the terminal point of v.
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lllustration of vector addition

FIGURE 3 The Triangle Law FIGURE 4 The Parallelogram Law

Definition of Scalar Multiplication If ¢ is a scalar and v is a vector, then the scalar
multiple cv is the vector whose length is | ¢| times the length of v and whose

direction is the same as v if ¢ > 0 and is opposite tovifc < 0. Ifc=0orv = 0,

then cv = ().
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Scalar multiples of v



Illustration of vector subtraction (difference of vectors)

(a) (b)
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B Components

(1) DEFINITION A two-dimensional vector is an ordered pair a = {(a, a,) of
real numbers. A three-dimensional vector is an ordered triple a = (a, a2, as) 4
of real numbers. The numbers a,, a,, and a; are called the components of a.
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a={a,a, a={a,, a,,a;)

We denote by V5 the set of all two-dimensional vectors and by V3 the set of all three-
dimensional vectors. More generally, we will later need to consider the set ¥, of all
n-dimensional vectors. An n-dimensional vector is an ordered n-tuple:

where a;. ay. . ... a, are real numbers that are called the components of a.
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M t d The magnitude or length of the vector v is the length of any of its representations and
ag nrtuae is denoted by the symbol | v| or | v|. By using the distance formula to compute the length
O r Length of a segment OJF, we obtain the following formulas.

The length of the two-dimensional vector a = {ay. a1) is

la| = yaj + a3

The length of the three-dimensional vector a = (ay. ay. as) is

la| = a2 + a3 + a?

Ifa = {(a. a) and b = (b, br). then
Vector a+b=(a+b.a+ bn) a—b=(a — b.a— b)
Addition ca = (cay, ca)
And Similarly. for three-dimensional vectors.
Scalar (an, &, a3) + (b by, bs) = (a1 + b a» + by, as + bs)
Multiplica (ar an as) — (b, by bs) = (a1 — b ay — by, a5 — bs)
tion c{ay. ar. a3) = (cay. cay. cas)
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la, + bhaz + bﬂ
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FIGURE 14

Addition and scalar multiplication in V, 1s defined in terms of components just as in
the case of n = 2 and 3.
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Position Vectors:

A (4, 5)
(1,3 |P3,2)
A ol }]
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FIGURE 12

Representations of the vector a= (3, 2}

position
vector of P
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FIGURE 13
Representations of a = {a@,, d., 113}

tation E 18

[1] Given the points A(x1, y1. 21) and B(xa, y2. 22). the vector a with represen-

a=(x— x.»— y.o0— 1)
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Properties of Vectors If a. b, and c are vectors in V; and ¢ and « are scalars. then
. a+bh=b+a 2a+(b+c)=(a+hb)+c

3. a+0=a . a+(—a)=0

5. cla+ b)=ca+ cb 6. (c + d)a= ca + da

1. (cd)a = dda) 8. la=a

Standard Basis Vectors

Three vectors in V5 play a special role. Let

i={(1.0.0) j={ﬂ'._l.ﬂ} k=<¢0.0.1)
YA I
l'ﬂ’]']_h.h L
J k| .
> > ]
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(@) (b)
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(a) a=ai+ a,j 2}

(b) a=aji+a,j+ak

If a = (ai. a». a3). then we can write

a= {(a.a.a = {(a.0,0) + {(0.a.0) + (0.0, as)

= a,(1.0.0) + a,{(0,1.0) + a:{0.0,1)

2 ﬂ=a1i+ajj+33k
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Unit VVector

A unit vector is a vector whose length is 1. For instance, i, j. and k are all unit vectors.
In general. if a # 0. then the unit vector that has the same direction as a is

1 a

1l=—ﬂ=—|

|a a

NSNS N A 100-1b weight hangs from two wires as shown in Figure 19. Find the ten-

prl icafions sions (forces) Ty and T in both wires and the magnitudes of the tensions.

100

FIGURE 19

FIGURE 20
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I The Dot Product I

|I| Definition Ifa = {ai., a), as) and b = (b1, by, bs). then the dot product of a
and b is the number a - b given by

a*b=ab + ab + aib

@ Properties of the Dot Product If a, b, and c are vectors in 15 and cis a

scalar, then
2 2ab=Dhb-a

. a-a=|a

3 a*(b+c)=a-b+a-c 4 (ca)b=cla-b)=a- (ch)
5, 0-a=0
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Geometric Interpretation of the dot product:

4 T
a ll."l -"'-"l-;# a - h -:‘_'} ﬂ
L & acute
LY -~
a\‘\ e h’f a-b=0
(S g=1/2
-___.Jf
"”i; a-b=10
- 6~ 8 obtuse

E Theorem If 6 is the angle between the vectors a and b. then

a-b=|a||b|cos#

@ Corollary If @ is the angle between the nonzero vectors a and b. then

a-b
cos =
|a]|b]
Two vectors a and b are orthogonal if and only ifa « b = 0.
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Direction Angles and Direction Cosines

The direction angles of a nonzero vector a are the angles «. 8. and vy (in the interval [0, 7])
that a makes with the positive x-, y-. and z-axes. (See Figure 3.)
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Projection: Scalar Projection and Vector Projection

f R
J’f ! 1I.I'R\\\‘\ b
h.-"'r; III IIII- \\\‘\\ a
f’; ! __?l.---* | _:5__- E.
;7@".“ - o h— P ;
P s s
l\ PrDj:] b Projﬂ h

Figure 4 shows representations P and PR of two vectors a and b with the same initial
point P, If 5is the foot of the perpendicular from R to the line containing Jﬁ then the vec-
tor with representation FS is called the vector projection of b onto a and is denoted by
proja b. (You can think of it as a shadow of h).

’ |h|cc.; # = comp, b

The scalar projection of b onfo a (also called the component of b along a) is defined
to be the signed magnitude of the vector projection, which is the number | b | cos 6, where
A is the angle between a and b. (See Figure 5.) This is denoted by comp, b.
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@ Theorem If a. b. and ¢ are vectors and ¢ is a scalar, then

aXb=-bXa

. (ca) X b= c(a X b)=a X (cbh)
ax(b+c=axXb+aXc
.(fa+tb)Xe=aXc+bXc
a*(bXc)=1(axXhb) c
aX(bxe=(a-c)b—(a-b)c

R
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Scalar projection of b onto a:

Vector projection of b onto a:

a-b

|al

a*b\ a a-
pmjnbz( ) =
Clal Jlaf o a

comp, b =

b

a

Applications

Is work done W=Fd?
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One use of projections occurs in physics in calculating work. In Section 5.4 we defined
the work done by a constant force F'in moving an object through a distance das W = Fd. but
this applies only when the force is directed along the line of motion of the object. Suppose.
however, that the constant force is a vector F = PR pointing in some other direction, as
in Figure 6. If the force moves the object from P to (). then the displacement vector is

D= 1'% The work done by this force is defined to be the product of the component of the
force along D and the distance moved:

W= (| F|cos 6)|D]

But then, from Theorem 3. we have

[12] W=|F||D|cos6=F-D

FETTTETF] A wagon is pulled a distance of 100 m along a horizontal path by a constant

force of 70 N. The handle of the wagon is held at an angle of 35° above the horizontal.
P Find the work done by the force.
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The Vector Cross Product

E Definition Ifa = (a1, @), a:) and b = ( by, by, b3), then the cross product of
a and b is the vector

aXxX b= (ab — aih. asby — aibs. ailh — a:1hn)

Theorem The vector a X b is orthogonal to both a and b.
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E Theorem If @ is the angle between a and b (so 0 = 6 = 7). then

la X b|=]al||b|sin@

Corollary Two nonzero vectors a and b are parallel if and only if

axXh=10

The length of the cross product a X b is equal to the area of the parallelogram
determined by a and b.
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Scalar triple product

The product a + (b X c¢) that occurs in Property 5 is called the scalar triple product of the
vectors a, b, and c.
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The volume of the parallelepiped determined by the vectors a. b, and ¢ is the
magnitude of their scalar triple product:

V=la-(b X )]
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Applications

FIGURE 4

FIGURE 5

The idea of a cross product occurs often in physics. In particular, we consider a force F
acting on a rigid body at a point given by a position vector r. (For instance, if we tighten
a bolt by applying a force to a wrench as in Figure 4, we produce a turning effect.) The
torque 7 (relative to the origin) is defined to be the cross product of the position and force
vectors

r=rxF
and measures the tendency of the body to rotate about the origin. The direction of the

torque vector indicates the axis of rotation. According to Theorem 6, the magnitude of the
torque vector is

|r|=|r2‘#(2F|=|r||17'|5.i11|';’|I

where # 1s the angle between the position and force vectors. Observe that the only com-
ponent of F that can cause a rotation is the one perpendicular to r, that is, |F|sin 6. The
magnitude of the torque is equal to the area of the parallelogram determined by r and F.

Figure 5. Find the magnitude of the torque about the center of the bolt.

January 2022 23

EXAMPLE & A bolt is tightened by applying a 40-N force to a 0.25-m wrench as shown 1n



