THE HEAT CONDUCTION PROBLEM
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Partial Derivatives

If f1s a function of two varniables, its partial derivatives are the functions £

and f, defined by

flx.y) = lim Ax+ hy) — fxy

A—=0 h

flx v+ h — flx vy
£(x.y) = lim (x.y+ h) — fix y

h—1 h

Notations for Partial Derivatives If z = f{x. ), we write

f z
fe)=fi=t =L ey =L f=Dr=Dr

ax ax dax

af a dz
@{I,f?}—ﬁ-—g—gf{l,}}—a—fg —D-_f— Dy}r

Rule for Finding Partial Derivatives of 2= fix, v)
1. To find £, regard y as a constant and differentiate f{x. y) with respect to x

2. To find £, regard x as a constant and differentiate {x y) with respect to y.
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Find the first partial denvatives of the function.

13. flx,v) = 3x — ¢
14, fix,v) =x" + 3x™v" + 3y’

15. z = xe™ 16. z=vinx
17 flxy) = —= 18 f(xy) = x*

X+y
19. w = sina cos 8 20. f(s. 1) = st3/(5° + t*)
2. fir.s) = rin(r® + 5%) 22. f(x. ) = arctan(x/t)
23. u = te™" M. fix. v) = r cos(t?) dt

vy

January 2022



January 2022 4



EXAMPLE 5 Suppose that the graph z=>5xyexp(—x* — 2y?) in Fig. 13.4.7 repre-
Sents a terrain featuring two peaks (hills, actually) and two pits. With all distances
measured in miles, z is the altitude above the point (x, y) at sea level in the xy-plane.
For instance, the height of the pictured point P is z(—1, —1) = 5¢—3 A ().2489 (mi),
about 1314 ft above sea level. We ask at what rate we climb if, starting at the point
P(—1, —1,0.2489), we head either due east (the positive x-direction) or due north
(the positive y-direction). If we calculate the two partial derivatives of z(x. y), we get
Z 48 300 0z
ﬁ =5y(1 — 2x*) exp(—x> — 2y%) and oo =3x(1 4y%) exp(—x? — 2y?).
Y.
(You should check this.) Substituting x = y = —1 now gives

0
a0z =53 &~ (02489 and 9z =15¢3 ~ 0.7468.

X [(_1,-1) —1.~1)
The units here are in miles per mile—that is, the ratio of rise to run in vertical miles
per horizontal mile. So if we head east, we start climbing at an angle of

a = tan'(0.2489) ~ 0.2440 (rad),

about 13.98°. (See Fig. 13.4.8.) But if we head north, then we start climbing at an

angle of
B = tan"'(0.7468) ~ 0.6415 (rad),

.13.4.9.) Do these results appear to be consistent with

approximately 36.75°. (See Fig
¢

Fig. 13.4.7?
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B Functions of More Than Two Variables

Partial derivatives can also be defined for functions of three or more vaniables. For example,
if f1s a function of three variables x, v, and z, then 1ts partial derivative with respect to x1s

defined as

il x. V. z) = lim ﬂ:x + h.y.z) — ﬂ:x, V. ::I

A= h

and 1t 1s found by regarding y and z as constants and differentiating f{x, y, z) with respect
to x. If w = flx, y. z). then f; = dw/dx can be interpreted as the rate of change of w with
respect to ¥ when yand z are held fixed. But we can’t interpret it geometrically because the
graph of f lies in four-dimensional space.
In general. 1f u 1s a function of n vanables, u = flx. x1. .. ., Xp), 1ts partial derivative
with respect to the sth variable x;1s
£=]jm fAx, . . xernx+h o xa. . x)— Ax. . x. ... %)
dax; b0 h

af I filx+hé) — flx)
— — lim
Iﬁ'Ii h—0 h
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Higher Derivatives

B Higher Derivatives

If f1s a function of two varables, then 1ts partial derivatives frand £ are also functions of
two variables, so we can consider their partial derivatives ( f)y. ( £). ( £}y, and { £),. which

are called the second partial derivatives of £ If z

= flx. y). we use the following notation:

I | LA B
=== % ﬂﬁ—i) - ﬂf‘i‘?‘fx - ﬂiﬂx
i 382
(B)y=ty=tfa= ﬂi ﬂa—f) = g—:j — ::;‘;

Thus the notation 3, (or #f/dydx) means that we first differentiate with respect to x and
then with respect to v, whereas i computing £, the order 1s reversed.

Clairaut’s Theorem Suppose [ 1s defined on a disk [J that contains the point (a, b).
If the functions £, and f, are both continuous on [J, then

fifda, b) = £.la, b)
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Ta ngent Pla nes We know from Equation 12.5.7 that any plane passing through the point A xg. 0. z0) has

an equation of the form
Alx —x)+ Bly—n)+ dz—2)=0

By dividing this equation by € and letting a = —A/C and b = — B/, we can wrte it in
the form

1]

p = alx — xp) + by — )

|

2 —zp=alx — xy) T;

- =alx— x) where y = y P(xo, Zo )

|
|
!
|
|
|
|
|

a = fil x0. ).

| (Xo.1)) L}
f

E Suppose f has confinuous partial derivatives. An equation of the tangent
plane to the surface z = f(x. ) at the pomnt A xp. 3. 2p) 15

E—

= flx. wllx — x) + Blx. wlly — w)

]
=
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Normal

Normal to plane

Tangent plane

FIGURE 13.4.10 The surface
z=f(x, y), its tangent plane at
P(xo, Yo, Zo), and the vector —n
normal to both at P.
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FIGURE 13.4.11 The paraboloid
and tangent plane of Example 6.

Example 6: Write an equatlon of the tangent plane to the
Paraboloid Zz =5—2X° — y° atP(1, 1, 2)
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