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Helmholtz Wave Equation

• Spherical waves
• Like in cylindrical waves case
• We will consider ௥and ௥spherical waves

• For ௥spherical waves 
• ௥

• Note that ୰ for ௥ modes since ଵ

ఌ
• Solving the source free region, for this case,

• ଶ
௠

• We get,
• ଶ ଶ ிೝ

௥

• Hence ୊౨

୰
(not ୰) satisfies Helmholtz wave equation
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௥spherical waves 

௥

For source free region, ୊౨

୰

satisfies Helmholtz wave 
equation and find the fields

ଶ ଶ ௥



Helmholtz Wave Equation

• Solve ୊౨

୰
by solving Helmholtz wave equation and find

•

• ி ஺
ଵ

ఌ

ఇ×ఇ×஺⃗

௝ఠఓఌ

•

• ி ஺
ఇ×ఇ×ி⃗

௝ఠఓఌ

ଵ

ఓ

• Let us solve Helmholtz wave equation for

• Scalar function which could be equated to 
• either ୊౨

୰
or ୅౨

୰
• for ௥ and ௥ modes respectively
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For source free region, solve 
Helmholtz wave equation for 

which could be equated to 
either ୊౨

୰
or ୅౨

୰
for ௥ and 

௥ modes respectively

Find electric field ( ஺) and 
magnetic field ( ஺) as 



Helmholtz Wave Equation
• Wave equation: 

• ଶ ଶ =0
• Laplacian in General curvilinear coordinates

• For Laplacian in spherical coordinates:
• Substitute 

• 𝑠ଵ = 1, 𝑠ଶ = 𝑟, 𝑠ଷ = 𝑟𝑠𝑖𝑛𝜃 

•  𝑎ଵ= 𝑟, 𝑎ଶ = 𝜃, 𝑎ଷ = 𝜑

• Wave equation becomes

•
ଵ

௥మ

డ

డ௥
ଶ డஏ

డ௥

ଵ

௥మ௦௜௡ఏ

డ

డఏ

డஏ

డఏ

ଵ

௥మ௦௜௡మఏ

డమஏ

డఝమ+ ଶ =0
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Helmholtz Wave Equation

• Multiplying by ଶ ଶ

• ଶ డ

డ௥
ଶ డஏ

డ௥

డ

డఏ

డஏ

డఏ

డమஏ

డఝమ + ଶ ଶ ଶ =0

• Applying method of separation of variables
• Substitute 

• ଶ డ

డ௥
ଶ డோ

డ௥

డ

డఏ

డ஀

డఏ

డమ஍

డఝమ + ଶ ଶ ଶ =0

• Dividing by , we have

•
ଵ

ோ
ଶ డ

డ௥
ଶ డோ

డ௥

௦௜௡ఏ

஀

డ

డఏ

డ஀

డఏ

ଵ

஍

డమ஍

డఝమ + ଶ ଶ ଶ =0
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Helmholtz Wave Equation

• Since the third term is dependent of 
• but all other terms of independent of 

•
ଵ

஍

డమ஍

డఝమ
ଶ

• where ଶ is an arbitrary constant
• Hence,  

•
ଵ

ோ
ଶ డ

డ௥
ଶ డோ

డ௥

௦௜௡ఏ

஀

డ

డఏ

డ஀

డఏ
ଶ+ ଶ ଶ ଶ =0

• Divide by ଶ , we have,

•
ଵ

ோ

డ

డ௥
ଶ డோ

డ௥

ଵ

஀௦௜௡

డ

డఏ

డ஀

డఏ

௠మ

௦௜௡మఏ
+ ଶ ଶ=0
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Helmholtz Wave Equation

• First and 4th term dependent on r
• nd rd

•

•
ଵ

ோ

డ

డ௥
ଶ డோ

డ௥
+ ଶ ଶ

•
ଵ

஀௦௜௡

డ

డఏ

డ஀

డఏ

௠మ

௦௜௡మఏ

• where is an arbitrary constant
• Rewritten as

•
డ

డ௥
ଶ డோ

డ௥
+ ଶ ଶ

• Spherical Bessel Equations
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Helmholtz Wave Equation

• First solution:
• ଵ ௡ ଵ ௡

• Note the small letter symbol of  ௡ and ௡

• They are called Spherical Bessel functions of first and second kind
• Spherical Bessel functions represent 

•
•

• ௡
గ

ଶఉ௥

 

௡ା
భ

మ

• ௡
గ

ଶఉ௥

 

௡ା
భ

మ
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Helmholtz Wave Equation

• Second solution:
• ଶ ௡

ଵ
ଶ ௡

ଶ

• They are called Spherical Hankel functions of first and second kind
•
•

• ௡
ଵ గ

ଶఉ௥

 

௡ା
భ

మ

ଵ

• ௡
ଶ గ

ଶఉ௥

 

௡ା
భ

మ

ଶ
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Helmholtz Wave Equation

• Legendre’s equations

•
ଵ

௦௜௡ఏ

డ

డఏ

డ஀

డఏ

௠మ

௦௜௡మఏ

•
• ଵ ௡

௠
ଵ ௡

௠

• where ௡
௠ and ௡

௠ are associated Legendre functions of first and second kind
•
• ଵ and ଵ are any arbitrary constants

• Note that 
• ௡

௠ is finite for only if n is an integer
• ௡

௠ tends to infinity for 
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Helmholtz Wave Equation

• When n is an integer (n=0,1,2,…)
• ௡

௠ also called as associated Legendre polynomial
• ௡

• ௡
௠ ௠ ଶ

೘

మ
ௗ೘

ௗ௫೘ ௡
ଵ

ଶ೙௡!
ଶ

೘

మ
ௗ೙శ೘

ௗ௫೙శ೘
ଶ ௡

• Note that m is the order of derivative of ௡ w.r.t. x (m=0, it reduce to ௡ )
• Also Legendre polynomial can be obtained from Rodriguez formula as

• ௡
ଵ

ଶ೙௡!

ௗ೙

ௗ௫೙
ଶ ௡

• Note that n is the degree of derivative of ଶ ௡ w.r.t. x
• and ௡ is a polynomial of degree n
• and it can be obtained from recurrence relation as well
• ௡ form an orthogonal set of polynomials on [−1, 1]
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Helmholtz Wave Equation

• Typical solutions of 
• Fields inside a sphere 
• with finite fields for r=0 and 
• ௠௡ଵ ௡ ௡

௠

ଵ ଵ

• Fields outside a sphere 
• with finite fields for r=0 and 
• ௠௡ଶ ௡

ଶ
௡
௠

ଵ ଵ
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