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Helmholtz Wave Equation

 Spherical waves TE" spherical waves
F =E.(r,0, (p)f,/f =\

* Like in cylindrical waves case
* We will consider TE"and TM"spherical waves
* For TE" spherical waves
e F = E.(r,0, <p)?,/f =0
* Note that E. = 0 for TE™ modes since E = —i(V X ﬁ')

* Solving the source free region, for this case, For source free region, Tr
* VXV XF —w?ueF = —joueVd,, satisfies Helmholtz wave
* We get, equation and find the fields
2 E
(V +:8) (VZ_I_IBZ)?T=O

. Hence —< (not F ) satisfies Helmholtz wave equation
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Helmholtz Wave Equation 60\ e

For source free region, solve

Fr : : :
. SoIvE:> — by solving Helmholtz wave equation and find Helmholtz wave equation for
e F ) Y which could be equated to
°E'>=E'>F+E'>A=—l(\7><ﬁ)+%7ﬁ either =L or 2Z for TE” and
. € Joue r r
e H TM" modes respectively
— = — VXVXF
H=Hp+Hy==——+- (\7//)
, Find electric field (E4) and
* Let us solve Helmholtz wave equation for - —
magnetic field (H,) as
. - i L1 L. U xUxA
SFaIar g:nctﬁn Y which could be equated to Fo_= (\7 9 F) L2
- eltherTorT Jwpe
* for TE" and TM" modes respectively VXV XF

1 5
+—(V XA
(7 A)

Jwue
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* Wave equation:
e V2Y + B2¥Y=0
 Laplacian in General curvilinear coordinates

Viy=VeVy = 1 0 [ 8,8, Oy n 0 [ 8,5, Oy N o (s, 0w
$,8,8,| 0a,\ s, Oa, ) Oa,\ s, Oa, ) Oa,\ s, Oa,

* For Laplacian in spherical coordinates:
 Substitute

e s1=1,5, =1,53 =rsinf

s a4=r1,a,=0,a3 = ¢
* Wave equation becomes

10 ( 5 atll) 1 0 ( a‘P) 1 2
[ 'r' —_— T LIJ
r2 or ( or T r2sin6 00 Sin® 00 T r2sinZ0 6<p 'B 0
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Helmholtz Wave Equation

 Multiplying by r?sin?6

. ) ) 6‘{’) _( atp)
Sin Har( - +sm969 sin@ T

* Applying method of separation of variables
e Substitute ¥ = R(r)0(0)P(¢)
. ) R . [ . 00
« Odsin?6 —~ (rz —) + RPsing — (SmH 69) + RG) ,BZTZSLnZH(RG)CD) 0
* Dividingby ¥ = R(r)0(60)P(¢), we have

or
1 . 5 a(zaR) sinea(. 69) 10°® .o 5 . o
o — — — — L =
=sin“f —(r°——) + ——--|sind — +c1>a<p2 p“r“sin“0=0

r2sin?0¥=0

14-09-2020 Prof. Rakhesh Singh Kshetrimayum 5



HElthltZ V\/ave Equation ‘C\ mSTETUTEUFmeGUWAHMI

Since the third term is dependent of @

but all other terms of independent of ¢
19°® 2

= -m
CDc')go
» where —m? is an arbitrary constant
Hence,
2 ZaR) smea( ) 2 2.2 2.
o — + =
Smear( )T 5 35 \5 in@ me+L“r<sin“6=0

Divide by sin“@, we have,

19 ZaR) 1 9 ( ) wa
R Or (T‘ or +G)sin 06 Sin® 00 sm29 '8 re=0
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Helmholtz Wave Equation

First and 4t term dependentonr
2" and 3" term dependent on ¢
Can be converted into two equations as

. li( ZaR) +B%r*=n(n + 1)

R Or
1 0 m?
®sin 00 (SlTlH 69) B sin20 —n(n T 1)

* where n(n + 1) is an arbitrary constant
Rewritten as

:7( 26R)+{,82 2 _n(n + 1)}R=0

* Spherical Bessel Equations
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* First solution:
* R(r) = ayjn(Br) + biyn(BT)
* Note the small letter symbol of j,, and y,
* They are called Spherical Bessel functions of first and second kind
» Spherical Bessel functions represent
* radial standing waves
* Related to regular Bessel function as

* Jn(B= |55 ) 2 (BT

I (BrI= ¥ 2 (B

14-09-2020 Prof. Rakhesh Singh Kshetrimayum 8



Helmholtz Wave Equation (5 il

e Second solution:
* R(r) = a;h{P (1) + b,hP (1)
e They are called Spherical Hankel functions of first and second kind
* radial propagating waves
* Related to regular Hankel function as

- WP (Br)= |- HM(8r)

20T n+-

- 1= [ H 6
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Helmholtz Wave Equation

* Legendre’s equations

sulzeaae(le ) {n(n+1)— n§9}®=0

* whose solutions are associated Legendre functions
* O =e,P"(cosh) + f,07(cosh)
» where P, and Qj;* are associated Legendre functions of first and second kind
* n is degree and m is the order
* e, and f; are any arbitrary constants
* Note that
e P (cos@) is finite for & = 0, only if n is an integer
* Q" (cosB) tends to infinity for8 = 0,

14-09-2020 Prof. Rakhesh Singh Kshetrimayum 10



‘C\ I UTENfiTeh] HEm= arerel
INDIAN INSTITUTE OF TECHNOLOGY GUWAHATI

Helmholtz Wave Equation

 When n is an integer (n=0,1,2,...)
* P (cos@) also called as associated Legendre polynomial
* can be obtained from Legendre polynomial P, (x) for — n < m <nas

m gm
PO = (DML — 1)) e (Bu() = 5 (1= 622 e (6% — D))
* Note that m is the order of derivative of P,(x) w.r.t. x (m =0, it reduce to P, (x))
* Also Legendre polynomial can be obtained from Rodriguez formula as

e P,(x) = de—n((x - 1")
* Note that n is the degree of derivative of (x? — 1)™ w.r.t. x
 and P,(x) is a polynomial of degree n

e and it can be obtained from recurrence relation as well

* P,(x) form an orthogonal set of polynomials on [-1, 1]

14-09-2020 Prof. Rakhesh Singh Kshetrimayum 11



‘@ @' INDIAN INSTITUTE OF TECHNOLOGY GUWAHATI

Helmholtz Wave Equation

* Typical solutions of ¥
* Fields inside a sphere
with finite fields for r=0and 6 = 0,7

Y(r,0,9) = Cnnin(Br)B" (cosB) X
(Clcos(mgo) + Dlsin(mgo))

Fields outside a sphere
with finite fields forr=0and 8 = 0,

* W(,0,0) = Cnzhyy (Br)P(cost) x
(Cycos(me) + Dysin(me))
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