FDTD: An Introduction

® Convention:

® Integer time and space step for E
* Half time step for H

* Half space step for H

o Hx(i,j+1/2), Hx(i,j-1/2)

o Hy(i+1/2,j), Hx(i-1/2,j)
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FDTD: An Introduction

* Update equation for Hy
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FDTD: An Introduction
® Finally,
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FDTD: An Introduction

© Sirnilarly update equation for Hx
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FDTD: An Introduction

* Update equation for split electric field may be obtained

sirnilarly

£ =——*4g E
ot oy Gy
EZ :Esxz+Esyz
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FDTD: An Introduction

1. . [E;‘x,z(i, i, j)+${}1§+1/ Hi+1/2,7)-H?(i-1/2, j)}}

S {E:y,z@,j)ay(i,j)—i{H::“/z(i,j+1/z>—H;+“2<i,j—uz>}}
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FDTD: An Introduction

* Reflectionless theoretically,
® may not be true for numerical simulations
® Sudden change of conductivity from O to that of the PML layer,

® undesirable numerical reflections may occur

® Technique:

° gradually change the value of oye, within the PML

s
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FDTD: An Introduction

® For examples,
® we can set the conductivity as an

e mth order poiynomial (m=2 or 3isa good choice)

Oy,y,z = Omax (%) ,ym=12,
® ] is the distance from the PML surface,
® [ is the thickness of the PML and

® o_ is the maximum conductivity inside the PML
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FDTD: An Introduction

¢ Uniaxial PML

® Assume a diagonally anisotropic medium and write down

Maxwell’s equation in this medium

A = a’iag(a,b,c)
VXE:—ja),uOKﬁ°V><[§:ja)50KE°
VOZS:VO(AE) OV-B VO(K]?) 0;

- 1 | Cn |
R —dzag(a b c) dzag( )
abc bc ac’ ab
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FDTD: An Introduction

7oA

Reflected

Transmitted /JA, eN
0

Fig. Plane wave incident on the surface of an anisotropic

medium
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FDTD: An Introduction

VxE =—jou A H=(A )_Vxﬁz—jwyoﬁ
Vxﬁzja)ggAE:( ) tzja)g()E’
+(R,) Vx(A,) (VXE)=o e, E=KE
VOD:VO(/EE):OVOE VO(QA):O
Klzidiag(a,b E dzag( )

abc bc ac ab
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FDTD: An Introduction

® For spatially constant case,
A (VX(AT(VXE))) =@ e E =K E
Ory= (Vo(AV))E+V(Ve(AE))=KE
'.'VO(KIE):0
Ory=(Vo(AV))E=KE
® For plane wave propagation, we have
(=)o (A jK))E =k o(AK)E =KJE
b
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Digression: Plane wave reflection from
media interface at oblique incidence

* We will consider the problem of a plane wave
° obliquely incident on a plane interface

® between two lossy conducting regions

® We will first consider two particular cases of this problem as
follows:
® the electric field is in the xz plane (parallel polarization)

® the electric field is in normal to the xz plane (perpendicular

polarization)
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Digression: Plane wave reflection from

media interface at oblique incidence

* Any arbitrary incident plane wave can be expressed

® 35 a linear combination of these two principal polarizations

e The plane of incidence is that plane containing
® the normal vector to the interface and

® the direction of propagation vector of the incident wave
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Digression: Plane wave reflection from

media interface at oblique incidence

® For Fig., this is the xz plane

® For perpendicular polarization (TE),

® clectric tield is perpendicular to the plane of incidence

® For parallel polarization (TM),

® clectric field is parallel to the plane of incidence
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Digression: Plane wave reflection from media

interface at obliquejncidence

Region | Region 11

Fig. Oblique incidence of plane EM wave at a media interface
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Digression: Plane wave reflection from
media interface at oblique incidence

Perpendicular polarization (TE):

* In this case, electric field vector is perpendicular to the xz

plane,
® Hence, it will have component along the y-axis
® Since the electric field is transversal to the plane of incidence

® They are also known transverse electric (TE) waves
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Fig. Wave propagation vector for (a) incident (b) reflected and (c) transmitted

waves at obliﬂue incidence
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Digression: Plane wave reflection from

media interface at oblique incidence

® [ et us assume that the incident wave propagates in the first
uadrant of xz plane without loss of generality and
q P g b
°* 7' (incident propagation vector) makes an angle 0, with

the normal (see Fig. 6.6 (a))
7/ 9Z =(y,cos0Z+y, sinfx)e(zZ+xx) =y, cosfz+y sinfx =y (zcos6 +xsind))

Ei :Eoe—g/l(zcosé’i+xsin(9i)j>
V x El.
—J oL,

'.‘VxEl. :—ja)ylljll. :>]in =
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Digression: Plane wave reflection from

media interface at oblique incidence

X » 5
2 1 i i 0 A E, {(_ ae—yl(zcos@,-ersinH,-) £)+(8671(2008<9i+xsin(9i) 2)}
SO O ay Oz| —jop, 0z Ox
0 Eoe—yl(zcosé’i—i-xsinﬁi) 0

E _yl(ZCOSHi+XSin0i) = —yl(zcos6?i+xsin6’,») E —71(zcos @, +xsin ~ 4
e % ¥, de 2 :_0—71(3 n{ze0s6, @){—cos@x+ésm0i}
Jjou, Oz Ox JOH,

- Eo e—;fl(zcosai+xsinl9i) (

= —%cos 6, +Zsin b))
T
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Digression: Plane wave reflection from

media interface at oblique incidence

® [ et us assume that the reflected wave propagates in the

second quadrant of xz plane and

° 7 (reflected propagation vector) makes an angle 0, with

the normal (see Fig. 6.6 (b))

7/ eZ'=(—y,cos02+y,sin6 x)e(zZ+xx)=—y,cos6 z+y sinf.x=y (—zcosd +xsind,)

it 4f —}/1(—zcosé’r+xsin9r) A

r
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Digression: Plane wave reflection from
media interface at oblique incidence

® Note that 7" and 7' will have the same magnitude
® since both the waves are still in the same region I,

° only their direction changes

® Since the Poynting vector must be negative like the previous
case of normal incidence,

—3 FE ,
) —71(—Zcos9,+xsm¢9r) A % dud
H, =—1e (xcosf, +Zsind,)

r

Ui

® You could also use the Maxwell’s curl equation below to find
this i - \% 5 E
— JOU,
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Digression: Plane wave reflection from
media interface at oblique incidence

® The transmitted fields will have similar expression with the
incident fields except

® that now the 8, should be replaced by 0, (angle that transmitted

propagation vector makes with the normal),
® Y, should be replaced by v, (wave is in region Il now) and

® multiplication by (transmission coefficient)

® The transmitted fields are P e o 72600, +x5in)
1 DAl s

[—{' gt VXEt . EOTTE e—yz(zcoset—i-xsin@,)(

_ —Xcos6, +2sind,)
—JOH, 7,
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Digression: Plane

wave reflection from

media interface at oblique incidence

Table Fields in two regions (oblique incidence: perpendicular

polarization)

=

Region I (lossy medium 1)

Region II (lossy medium 2)

—71(zcos@, +xsinb. ) »
E e l( i 1)
0

it

FI :ﬂ —71(zcos0, +xs1nt9)(
U
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E =El e y
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m

—7,(zc0s6,+xsin b, )
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Digression: Plane wave reflection from
media interface at oblique incidence

* Equating the tangential components of electric field
® (electric field has only E, component and it is tangential at the
interface z=0) and
® magnetic field

® (magnetic field has two components: H_and H, and only H_is

tangential at the interface z=0)

® at z=0 gives - - -
—71xs1n G, STednty, EF —¥,Xsin b,
=1 0. i T T . 0
—cosfe " + L cos e " = ——TE cosGe T
U h m,
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Digression: Plane wave reflection from

media interface at oblique incidence

°* IfE and Hy are to be continuous at the interface z = O for all

X,

® then, this x variation must be the same on both sides of the
equations (also known as phase matching condition)

y1sin@; =y sinf, =y, sin b,

=0 =0;y,smmb =y,sin0
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Digression: Plane wave reflection from
media interface at oblique incidence

® The first is Snell’s law of reflection

® which states that the angle of incidence equals the angle of

reflection

® The second result is the Snell’s law of refraction

® (refraction is the change in direction of a wave due to change in

velocity from one medium to another medium)

® Also note that refractive index of a medium is defined as

e Vb Srtoto™2 /:urgr
vp \ luogo
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Digression: Plane wave reflection from
media interface at oblique incidence

® hence, for a lossless dielectric media,

sint. _y, B, & v _\/g_n2

simé,  y, p e Vy &N

e Now we can simplify above two equations by applying Snell’s

two laws as follows

5 Bt Al
cos 6 cos & T
— L+, —L=——"Ecosé,
m, m 7,
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FDTD: An Introduction
kj+ky2_|_kzz_k2 : :
o D i, whose solution is

k, = kvbe sin@cos g, k, = kvac sinOsin g, k, = k/ab cos

® For incident and reflected fields, it is still the same

® For xz plane (region II), transmitted fields, we have uniaxial

medium hence, p=0"0= 0k = k\/ﬁsin 0,k = k\/ECOS 0,

® ForTE case, . I
fem A — jk(xsin @, +zcosé,)
= yE e

¥ A L 'k(xsin@ XAl ) E S e—yz(zcosé?,+xsin0,)
Er ! yl-* E e J r 4 ¢ = VEgTrg
BT g U]
s A = 'k(\/ExsinH +z~/abcos® )
Faer 2 E e : f
TE™—0
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FDTD: An Introduction

® From Maxwell’s curl equations,

L E b
iete A B 0 —jk(xsin@ +zcosd,)
H' =(-%cosé, +zsm6’i)76

A A e E Ty 1 =t
H™ =(%cosé. +2sinf ) O St 2 )

Ht ¥ —X ’_ COS@ +Z /_ Sln et TTE _e—]k(\/ExsmH +zﬁcos€)

3 Trg - 0, +xsing),
H, _ ZaTrg orafaczsin )( xcosd, +Zsind,)
7,
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FDTD: An Introduction
° Tangential components are x- and y-components at z=0
interface = 0,=6.;y,sin0. =y,sin

. . . = gt —k\/bi 1 Zﬁ 0
S Hi For Slner = \/b(} S1nN Ht Et — yTTEEOe jk(Nbexsin@ +z-/abcos o)

_cosd T, cost, 1y cos0)
b U U Up)
cos@, — Iz cosl,. =1, - cosd,
b
cos@; —,|—cos0,
. T a =
S = =y
b
cos . +.|— cosb,
a
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FDTD: An Introduction

Choose bc =1, then 0. =0,

® If we take b/a=1, then b=a, then

FTE/TM =0

® Or in other words, a=b=1/c¢

* Anisotropic medium will be reflectionless
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