Introduction

¢ Finite element analysis of vector fields
e FEM can be extended to deal BVP involving vector fields

® It is very important for electrodynarnic problems

® which deal with vector electromagnetic fields

e BVP:
* Consider the problem of finding the electric field intensity E

® due to impressed electric current density [, in a domain £}

characterized by permittivity & and permeability u

ﬁ
® To calculate E we need to solve Maxwell’s equations
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-VxE=—jwuﬁ (1)
e VX H=jweE + Jymp  (2)
- 1 - - 0 ” .
° V'(EE) — _j_wV']imp vV == apt = —]WPy
-V-(uﬁ)=0

subject to certain BCs

® In first equation divide by t;- we have

. (HirV X E) = —ja),uoﬁ
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e Taking another curl

VX (Mierﬁ) = —jouy(V x H)

e Putting second equation
. Vxﬁ=jwe§+fimp

® In
oV X (Mirv X E) = —jwuo(V x H)
¢ we have
o/ X (MirV X E) = —ja)uo(ja)eﬁ "‘fimp)
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1 = oo T
oV X (—\7 % E) = w?ug€o€rE — jwptofimp

Uy
1 = o T
eV X (M—V x E) = k3e.E — jopofimp
T
where k(z) = w?lg€y, Zy = /?amd
0

® hence Zoko = (1)\//,[060 ? = (l)/lo
0
* So

1 - = . 7
o [/ X ([,L_TV X E) — k(Z)ErE — _]ZOkO]imp
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e The functional for such electrodynamic problems! is

« F(E) = [y |- (VX E) - (VX E) - k}e,E - E| da +

jZOkOf E ']imde
e For source free vector wave equation

-Vx(ﬂierﬁ)—kEer§=0

e The functional is
« F(E) = [, |- (VX E) - (v x E) — k7€, - E| d2

o 1 J.-M. Jin, The Finite Element Method in Electromagnetics, John
Wiley & Sons, 2002
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e The solution is the set of eignevalues k; and associated
eigenvectors E;
* High frequency variational function

® The 2-D variational functional analysis for a homogeneous
Waveguide

® For homogeneously filled waveguide, eigenmode splits into TE
and TM modes

® The functional for the transverse field components subject to
the prescribed boundary condition

'ﬁXEt=O

® is given on next slide
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o F(E) = J I Ltir (Ve x E¢) - (Ve X E¢) — k§erEy -
E|ds

* Considering TE modes
e E, =0

® The vectors of unknowns {e} in the generalized eigenvalue

problem is found as

* [SI{e} = k*[T]{e}

* which will also include prescribed values also
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e In order include only contribution from free edges
* [Sprller} = K2[Trs[{er}

* which will also include prescribed nodes also

® This can be obtained from the functional

S S
o Fle} = {efep} ISZZ 5]:;] {efep}

e Differentiate F{e} w.r.t. {ef}
® then applying the prescribed conditions {ep} =0

* We can get the above relation

o |Srrlier} = k?[Trr)ier)
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e Explicit formula for the elemental matrix entries
® and
Tij :ffS NLIV]dS
® For wave propagating along Z-axls,
® I/t and V; X are operators in the x-y plane

® The three simplex coordinates are given by

e A = a; +bix + ¢y
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® Therefore,
el =a; +bix+cy
A, =a, +b,x+c,y
* A3 = as + byx + c3y

® [n matrix form
Al by ¢ aq]x
e (4, b, c¢; a, l)’]
1

* Also we know that 4; is equal to 1 for node i and zero for other

nodes
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® |n matrix form

1 0 O] by ¢ aq lx1 X2 x3]

0O 1 O b, ¢ ax||y1 Y2 VY3
0 0 1 _b3 C3 a3_ 1 1 1

® Hence we can find (b;, ¢;, @;) as follows

by ¢ a4 lx1 Xy x3]_1

°|b, ¢, a, Yi Y2 V3
1 1 1

o I:et us define
® T})U = V/ll X VA] = (blﬁ? + Ci:)//\') X (bJJ/C\ + C]:)//\') =
(biCj — b]Cl)ZA — _73]'1'
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® Let us also define

® ¢l] = Vﬂ.l . V){] — (blf + Ciy) . (bJJ/C\ + C]j/\') — blb] + CiCj
® Now we can find curl of N; = Wil,iz = A VA, — A5V A
where 11 and 1, are the endpoints of edge i as follows

VXN, =V XAy VAiy — AV A1) =V X (A1V ;) — V X
(Ai2V A1)

® Note that V' X (qﬁ/f) = ¢V X (/T) + Vg X (/T)

® And since V' X (VW) = 0 where W is scalar function, we have,

e VX (A1VA;) =VAiy X VA and V X (A1;,VA;1) = VA;, X
Vﬂ'il = _V}{il X Vﬂ.iz

o 2 VX N; =2V X VAip = 201112
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® Hence
.Sij :ffS (VtXﬁi)'(VtXIV})ds=

4 o (Tiniz) - (Fjn,j2) S = 4A(Vin,i2) - (Uj,52)
® where A = |A'| and A’ is defined as

) 1 x5 ¥
e A" = 5 1 x ¥
1 x3 Y3

® Also note that ﬁi . IV; = (/11'1 V/liz — /11'2 V/lil) . (/1]1 7/112 —

A2V 2j1)
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o N, IV} = A1V iz — 22V A1) - (A1V Az — 412V A1)

* = Aiadj1VAiz - VAjz — AisAjaVAia - VAjs — AipAji VA -
VAis + AndipV iy - Vi

* = Aindj1®izj2 — Airdj2Piz,j1 — AizAdj1Pir,j2 + AizAj2Pis,j1
® Hence,

Ty =[J; N;-N;dS

o — ffS (Ail){jld)iZ,jz — /’{il/lj2¢i2,j1 T /11'2/1]'1¢l'1,]’2 +
Aizdia®in 1 ) dS
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® Hence, Tij = ffS N)i . N} dS
o = [ [ (Madj1dizj2 — dirdjzPiz 1 — AizAj1din jo +
AizAj2i1,j1 ) dS
= ¢i2,j2 f fS /1i1/1j1 ds — ¢i2,j1 f fs /1i1/1j2 as
o ~Pinjo [ Jo AiaAj1 dS + birj1 | [ AixAjz dS
® It has been shown that M;; = ffS Aid; dS
Tij = ¢i2,j2Mi1,j1 — ¢i2,j1Mi1,j2
* —¢i1,j2Miz j1 + Pi1,j1Miz j2
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