Physics II: Electromagnetism
PH 102

Lecture 1

Bibhas Ranjan Majhi
Indian Institute of Technology Guwahati
bibhas.majhi@iitg.ac.in

Thanks to

Dr. Sayan Chakrabarti
January-May 2020



Syllabus

2

Mathematical Preliminaries: 4
Vector analysis: Gradient, Divergence and Curl; Line, Surface, and Volume integrals; Gauss's
divergence theorem and Stokes' theorem in Cartesian; Spherical polar and Cylindrical polar
coordinates;

, AP Before
Dirac Delta function. midsem
Electrostatics: Gauss's law and its applications, Divergence and Curl of Electrostatic fields,
Electrostatic Potential, Boundary conditions, Work and Energy, Conductors, Capacitors,

Laplace's equation, Method of images, Boundary value problems in Cartesian Coordinate
Systems, Dielectrics, Polarisation, Bound Charges, Electric displacement, Boundary conditions
in dielectrics, Energy in dielectrics, Forces on dielectrics. v
A
Magnetostatics: Lorentz force, Biot-Savart and Ampere's laws and their applications,
Divergence and Curl of Magnetostatic fields, Magnetic vector Potential, Force and torque on a
magnetic dipole, Magnetic materials, Magnetization, Bound currents, Boundary conditions. Aft
er
, , midsem
Electrodynamics: Ohm's law, Motional EMF, Faraday's law, Lenz's law, Self and Mutual
inductance, Energy stored in magnetic field, Maxwell's equations, Continuity Equation,
Poynting Theorem, Wave solution of Maxwell Equations.
Electromagnetic waves: Polarization, reflection & transmission at oblique incidences. v
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Classes

« There will be two classes and a tutorial in a week (Just like PH101).

« Classes: Wednesday: 11 am (Div. III & IV) and 4 pm (Div. I & II) and Thursday: 11
am (Div. Il & IV) and 4 pm (D1iv. I & 1I).

« Tutorial: Tuesday (8 am)

« Sometimes there will be class on Saturday/Sunday at the same time as a back up
class.

« Mode of teaching: mainly using slides, black boards will be used as and when

necessary.

Tutorials

 Tutorials are for you to interact with a teacher.

« Necessarily held to clear your doubts and answer your queries regarding the course
topic

- A problem sheet will be given after sufficient coverage of the course topics

*  You are expected to attempt these problems before you come to tutorials

« The teacher may or may not solve all the problems in the tutorial. If you find a problem

to be difficult, please ask the teacher to help.

75% attendance in class+tutorial is mandatory for appearing in end sem.



Assessments

All questions in the exams will be subjective type with short/or long answers

Events % Marks
Quiz 1 4th February, 2020 10%

Mid-sem 27th Feb to 4th March 30%
Quiz 2 To be decided 10%

End-sem 2nd to 9th May, 2020 50%

Have any query/doubt?

Office hour: Every Tuesday, 5-6 pm.
Department of Physics, Core IV
Office No: 305
Office Phone: 2722

Email: bibhas.majhi@1iitg.ac.in


mailto:bibhas.majhi@iitg.ac.in

Part |
Scalars and Vectors



What you already know : Algebra of vectors 1°

A quantity with magnitude :

A quantity with magnitude and direction: Vector

A few facts about the algebra of vectors:
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What you may not know : Levi Civita symbol

You may skip this part and stick to usual way of calculation of cross products.
But very useful to do the vector computations!!

— Z A;B; also written as — A;B; (Einstein’s summation convention)
i=1
(= A1By + A3By + A3B3) where 1 =z, 2=y, 3 =2

The cross product can be conveniently described by
introducing a symbol €;,, (Levi Civtia)

7,k 1 dummy indices kA v Bj y‘ 78"']]{14 B,

1 : free index

1=1 k=1
where €123 — €931 — £€312 — 1 and €132 — €391 — €213 — —1 and all 6,”] = &1 — 0
(z‘Y X 5)1 = €123A42B3 +¢€132043B2 = Ay,B; — A3Bo
(z‘Y X 5)2 = €931 4381 +€213A41 B3 = A3By — A1 B3 \
(z‘Y X 5)3 = ¢e31241B + €301 4281 = A1By — A3 By

Helps to simplify cross product calculations. \ )



LeVi C iVita . A n exa m p I e You may skip this part and stick to usual way of calculation of cross products

1. €551 has 3 x 3 x 3 = 27 components: 3 components are equal to 1, 3 are equal

to —1 and rest 21 are zero.

2. EijkEimn — 5jm5kn — 5jn5km7 where 5@' =1 if :] and 0 if 2 7é ]

An example:

— —

Show that A.(B x C) = (A x B).C

LHS = Ai&?ijkBjCk = 57;jkAiBjCk

By cycling the indices, we get

5z‘jkAiBjCk — EkijOkAz'Bj — €J]€ZBC]€AZ
—~—

Hence l L

/\/



Little complicated example:
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Prove A x (BxC
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HOMQ. WovKs:
1. Zx (EX2) T EXC
5. (Zx'@) x (CxB) = E
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More Home Wovks - . - o o
(A +B) - (B+C) X CE'TA) = 2 X (ExC)

{.



Position, Displacement and SeDara,tlon veotors

Position: r=xxX+vy+zZ.
~ T XX+ +zZ i
Fr= —= {! — (x, v, 7)
r r _,:
QI[ ] y:
X
X -——-y——--*’
Infinitesimal displacement vector: From (x,y,2)to (x +dx,y +dy,z+dz) is
dr = dxX + dyy + dzZ
source point
Separation vector: r2=r-—r.
" 2 r—r’ field point
L = — —
2 r —r’|




How vectors transform
A quantity with magnitude and direction : Vector — Not satisfactory Why7

Components of a vector has to transform “properly” under a coordinate change.

Suppose T, Y, Zz coordinate system is rotated by .
angle ¢ relative to z, vy, z about a common

axis x = ¥ which is perpendicular to the page.

A, =Acosl, A, = Asin0

50 =

— Y
A, = cos(0 —¢) = A(cosfcos p+sinfsin @) = cos pA, +sin pA,

A co A
A, = Asinf = Asin(f — ¢) = A(sinfcos ¢ — cosfsin¢p) = —sinpA, + cos pA.,

A\ [ cos¢ sing) (A,
In a compact form < Az) — <_ sin @ cos ¢> <A2>

In general, for rotation about arbitrary axis in 3-D

A scalar remains invarian
under a change in coord.
system

Ay | = | RBya Ryy Ry Ay |= Ai = Z Rij 4

A vector is any set of 3 components that has the above transformation property



Part Il
Scalar and Vector Fields



Concept of a field

By a field we mean to associate a scalar or vector property to each point in a region of space.

Scalar field:
We can associate a number at each and every point in space.

Example: We can associate a temperature (a number) at every
point in this room. The field 1s the temperature field and it 1s a
scalar field because the field quantity “temperature” is a
scalar. Similarly density, potential energy etc... - ighkems

Vector field: 20 -
. . . TN i/ L S GEae
We can associate a vector at each and every point in space. LN e A - ’
S '*“VI/ L TN A
S R oA WO A NS R -
RN R 2R SRR A < e
Example: Gravitational field, electric & magnetic field, ocean  =2° "= e ©
»  PACIFIC Lo PN R b oceyl .y
w Ml S e W
current etc. .. R T




Scalar Fields: How to “see” them?

Imagine “contours” which are imaginary surfaces drawn through all points for which the field has
the same value: level surfaces (in 3 D)/level curves (in 2 D). For a temperature field these are
called “isothermal surfaces” or 1sotherms.

T(x,y) =a* +y° % =

Isotherms <

1
<¢<xl>2+y2+V<xT

Potential due to 2

identical point charges
at (1,0,0) and (-1,0,0)

EQuipotentials%

_2 _I L




Differential Calculus of the scalar field

We already know the definition of ordinary derivative of a function f(x) of a
single variable x

o fatAn) — f(@)
dx Az—0 Ax

Tells us how rapidly the function f(z) varies when we change the argument x
by a tiny amount Ax.

f

f
0.2 12j
10 -

0.1 m

-0.1+-

-0.2%-

The function varies slowly with x The function varies rapidly with x
The derivative 1s small The derivative 1s large

Derivative df /dx is the slope of the function.



Differential Calculus of the scalar field

What happens in higher dimensions? i.e. if the scalar field is function of more variables?

Suppose we have a scalar field T(x.,y,z) describing a temperature field and we want to know how
the temperature at one place is related to the temperature at a nearby place.

How does T vary with position? Caution: T now depends on 3 variables x, y and z!

——— Do we differentiate T with respect to x? Or with respect to y, or z?

Remember: Useful physical laws do not depend upon the orientation of the coordinate

system. Therefore the laws should be written in a form in which either both sides are
scalars or both are vectors!

What is the derivative of a scalar field, say 0T /0x? Is it a scalar, or a vector?

— It is neither. Because if you took a different x-axis, 07T /0x would certainly
be different.



The Gradient

Notice: since T'= T'(x, y, z), we have three possible derivatives: 9T /0x, 0T /0y ,0T /0z.
And recall: it takes three numbers to form a vector.

Perhaps, these three derivatives are the components of a vector:

ol o1 0T
ox’ Oy’ 0z

) = A vector?

But, any 3 numbers do not form a vector. The components has to transform
among themselves correctly under a rotation of the coordinate system.

Think about the temperature field at P; and P separated by AR

>

AT = Ty — 17 — Scalar
In certain coord. system 177 = T'(x,y, z) and

To =T(x+ Ax,y + Ay, z + Az).

Az, Ay, & Az are components of the vector AR.

oT oT oT
AT = —A —A —A
Ox v 0y Y 8z

(Theorem on ”partial derivatives”: true in the limit
Ax, Ay, Az tends to zero)



The Gradient

Y A
AT = —Aaj — 8—TA + a—TAz
oy 17 52
/ /

Scalar Components of vector AR

Must be x, y, z component
of another vector

>
p or 9T oT
AT = | 4=—— + §=— A A A
(aj(?aery(?er 8z>( I+ Ay + A22)
AT = VT.AR

We call this new vector Gradient of T' (or ”del-T”, or "grad-T”). The symbol
V (called ”del”) is supposed to remind us of differentiation!

Important: The quantity VT is a vector.

AT = VT.A R—— says that the difference in temperature between two nearby
points is the dot product of the gradient of 7" and the vector
displacement between the points.



The Gradient: Geometrical meaning
AT = VT.AR = |VT||AR)| cos § is the angle between VT and AR.

If we fix magnitude |AR| and search around in various directions (i.e. vary 6),
the maximum change in T occurs when § = 0 (i.e. cosf = 1).

i.e. for a fixed distance \Aﬁ\, AT is greatest when you move in the same
direction as VT

The gradient VT points in the direction of maximum increase of the scalar
function T'.

The magnitude |VT| gives the slope (rate of change of T(z,y,2)) along this
maximal direction.

VT =0 at a point (x,y,2) = maximum or minimum or saddle point.

asdXl' =0

Saddle point

Analogous to the situation for functions of one variable!



The Gradient: Geometrical meaning

Gradient of a scalar function 7' is always normal to the level surfaces or level
curves.

Level curve : parametrised by a variable ¢, which varies from point to point
on the curve. Example of such a parameter for the circle is angle #, so that
r = Rcosf,y = Rsinf, where R (fixed) is the radius and 0 < 6 < 27 is the

polar angle.

A AN

Position vector on the level curve 7(t) = z(t)z + y(t)y + 02

' ) — dT _
Equation of the level curve T'(x(t),y(t), 2(t) = 0) = constant — T =

Tangent to the curve 7/ = 923 + %Wg 4 03 /

d' 0T dx L or oT dy o
dt ~ Ox dt = Oy dt \

Which shows that the gradient is normal to the level curve.

4



Directional Derivative

Recal: A .B =ABcosf

Projection of 4" along B OR vice versa.

dT =dR -V T

Variation of T along dR .

The change of any quantity (Q) along a vector, say N -

— — 0
N-VQ-= Nng : Directional derivative

Q can be scalar or vector.



The operator \V

\%

0 0
5y V= 0

2 152 20 hieh feourse Vo = —, ¥,
By Y Iy 5, Which means of course Va = o

Important: V is a vector operator, alone it does not have a meaning.

In PH101, you have already encountered the derivative as an operator (recall
momentum operator —ihd/0x in quantum mechanics).

VT means that V is a vector operator that acts upon a scalar field T to give a
vector field. (VT does not mean V is a vector that multiplies a scalar T ).

Since V is an operator, TV # VT (unlike ordinary algebra)

SN

Still an operator, “hungry for The operator V has already
something to differentiate” acted to give a Vector field



Examples on gradient operation:

1. Find V f(r) where f(r) = Inr, 7 = x£ + y9 + 25.

1
r=1/x*+y*+7° :>f(r)=lnr=51n(x2+y2+z2).

Lo o Lo
Now V() =Xx—+y—+7—
f( )= 0x ) dy : 07

of 2x X

Here — = —
ox 2(x?4+y>+4+z%) r?
d
Similarly, 2 = 2 and £ = 2

dy r? oz 12

— xX+yy+zZ F
Therefore, Vf(r) = 4 =

2 2

More examples to work out will be given in Tutorial 1



2. Find the directional derivative of ¢ = x%yz + 4x22 at (1,~2,~1) in the direction 2i — j — 2k.

Vo = Vixyz +4x2®) = (2xyz + 4220 + 2223 + (22 + 8xz)k
= 8i—j— 10k at (1,-2,—1).

The unit vector in the direction of 2i — j — 2k is
2i — j — 2k 2 1, 2
a = = 71 — 3] — 7k
Ve + (-1 +(=22 ° 3

Then the required directional derivative is

. = — ] ._2.'_.!'.'__2. - 16 _1_ 29
Vo -a (81 — § — 10K) + (£i — i — £K) +3+ 5

Since this is positive, @ is increasing in this direction.

i
w33



3. Find the angle between the surfaces x?+y?+22=9 and z =x?+y?—3 at the point (2,—1,2).

The angle between the surfaces at the point is the angle between the normals to the surfaces at the
point.

A normal to x%2 +y2 +2z2 =9 at (2,-1,2) is
Vb, = V2 +y2+2%) = 2xi + 23 + 2zk = 4i — 2j + 4k
A normal to z = x2+y2—3 or x2+y2—z =3 at (2,-1,2)is

Vo, = Vi2+y®—2) 2¢i + 2§ — k = 4i — 2j — Kk

(V1) (V) = | Vipy| | Vib,| cos O, where 8 is the required angle. Then

(4 — 2 +4K)-(4i — 2§ —k) = |4i—2j+4k| |4i—2i~k]| cos &
16 + 4 — 4 = V(@)Y +(=22+@Y V(@aP+(=27°+(—~1Y cos &
and cos @ = 16 = %‘/3—2—1 = (0.5819; thus the acute angle is € = arc cos 0.5819 = 54°25'.



Differential Calculus of the vector field

What else can we do with the del or grad operator? —— Try combining it with a vector field

/\

—

(a vector).V V.(a vector)
(Still a hungry operator) (is a Scalar)

+2 459 159 (0ai+uyi+v.2)
Ox y@y 0z ) 7 vy T Uz

0 Oy 0z

0 WRXXN N M A A AL AAAA 2| /f//»»»»*\\\\\\ ]
XXX A A A AAAAT AAA A A SO
NXXNNANN A A A AT AT . . CAAA A e s NN
s TIWINNN LA s 77 Divergence is a measure of how much . A4/ oo = NN
2. S O NN NIV W & . . A A A A s o = S NN
T oo oo~~~ 0 the vector 1s spread out (diverges) from | M;;j BN H |
pETTT o T the point in question. J H S H ]
A a4 & ¥ 4 F PV N N A A AT :\\\\\\\«/x////fi
P A R DI S S S N AV AV A 2
NV 9 e A A A T T N N N N N XXX~~~y Yy
VAR RN XXXXS s s Y Y Y
FFEFEFF P I T VNN LA NS S SRSy 2

NI S A A RERRRR R LN AN N S S e

N
N
o -
=
N

1 1 1 1 1 1 1 1 1 1 1 1 1 1 L
-1.0 -0.5 0.0 0.5 1.0

non-zero divergence zero divergence: “solenoidal field’



e Source: V.7V >0 — X

[ N A

‘/
1
1
e ' b 1 e » -
—
[ ] . é — - - “ » - - -
e Sink: V.v <0 S S IS S
. e . e s
“1
4
4
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—

e Solinoidal: V.v =0




l. given b = 2x3y2z4. (a) Find V+Va (or div grad o).
2 2 2
(b) Show that V-V = V2q§, where V° = _3_2 + —-‘-3—2 + —“-3—5 denotes the Laplacian operator
Ox Jy oz
i~a-—<2xsy2z’*> + j—?-(z:c"y“’zﬂ + k 3<2x3y2z4>
x 3y Oz

6x2)'224 i + 4x3y 24 j + 8x3y223 k

(@) Vo

Then V-Vop = (%1 + -éa;j + —a;k) . (Bx 2 i + 4xy2t§ + 8x%%%k)

i(6x2y224) + 9-(4x3yz4) + —a—(8x3y223)
x By Oz

12xy224 o4t 4 24x3y222

4]

1}

by V-Vo — —f 4+ — K)o (i + — h
®) (axi+ayj sz) (axi ayj+az )

0% , 22 , 3% Yo,k Yo k6 o

T %S TG T RGeS
R
T Gptaetaa® = Ve



2. Determine the constant a so that the vector V = (x +3y)i + (y—2z)j + (x +az)k is solenoidal.

A vector V is solenoidal if its divergence is zero (Problem 21).

Vv = -@-(x+3y) + —a—(y—ZZ) + —a(x+az) = 1+ 1 + a
x 2

S

Then V-V =ag+2=0 when a = —2.



Differential Calculus of the vector field

Another operation with the gradient operator

The Curl

Curl means how much a vector swirls

around the point in question. If vector field
1s a velocity field of a fluid then non-zero

curl indicates rotational flow.
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Vector fields with zero curl is

called “irrotational” for obvious reasons!




How does the curl represent swirling of a vector field

Consider water is flowing on a circular path shown in figure. A e

small volume of water at point (x,y)at time t has coordinates // p O
wt \“

r =1rcoswt,y = rsinwt

Velocity vector field at point (X,y) \\ /

v z(dx/dt) + y(dy/dt) = rw|—2 sin wt + g cos wt]
w(—ty + gz)

—

The curl of the velocity vector field: V X U = 2Zw (Non-zero)

Curl of a vector field can be ideated by placing a paddle wheel

¥

=

will rotate with its axis pointing in the direction of the curl.

él y in the flow. If the wheel rotates, the curl is non-zero. The wheel
vl




More interesting example

Imagine a vector field V= (?]er_yQ/)‘z/‘_\ T T A T T

As expected the curl will be zero: VX ¥ = () ]

e R

Field lines point along y and the magnitude varies with y! ] [

G
-

However, consider U

, /A

1 T T 1 Field lines still point along y but the magnitude varies with x!
T J I T X 6>< — N 23: _$2/>\2 N I
1 ) U= —2Up~5¢€ on-zero curl!
11 )
T l}
A
4 O P’
This can be understood by the non-zero torque T T

on the paddle wheel in the field, although, there
IS No visible swirling of the field.




Second derivatives of vector fields

So far we had only first derivatives. Why not second derivatives?

Combinations which are possible

L 0°T  0°T  O*T
Vo VT p— — —
( ) vx(vazT) _I_ Vy(vyT) _I_ VZ(VZT) 833‘2 + 8y2 _I— 82’2

V.(VT)=V.VT V? : new operator (scalar) - “Laplacian”

Scalar field

V x (VT) =0 (why?) Theorem: If V X 7= 0, there is a ¢ such that v = ﬁgb

V.(V x 7) =0 (why?) Theorem: If V.D = 0, there is a C such that D = V x C









2. If v=wxr, prove @ = 3 curl v where w is a constant vector.



Some identities involving Gradient ,
Divergence and Curl



What did we learn today:

e The gradient of a scalar field is defined as VT = (zfcg—g + @%—Z + 2%—5).

e VT is a vector field and it points in the direction of maximum increase of
T(x,y,2).
o VT is perpendicular to level curves/surfaces.

e The scalar field T has extremum /saddle point if VT = 0.

e Divergence of a vector field is denoted by V.7 and is a scalar. It gives the
outward flux of the field around a point.

e Curl of a vector field is a vector field and denoted by V x ¥ and non-zero curl
implies rotational flow in case of a velocity field of a fluid.



