°hysics |l: Electromagnetism
PH 102

Lecture 10

Bibhas Ranjan Majhi
Indian Institute of Technology Guwahati

bibhas.majhi@iitg.ac.in

January-May 2019



Potentials: Further discussion

The primary task of electrostatics 1s to find the electric field of a given stationary charge distribution.
In principle, this purpose is accomplished by Coulomb’s law in the form of the equation

A
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Unfortunately, integrals of this type may be difficult to calculate for many charge configurations
except a few simple ones.

Occasionally we can get around this by exploiting symmetry and using Gauss’s law, but ordinarily
the best strategy 1s first to calculate the potential, V, given by a somewhat more tractable equation:

/
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Still, even this integral is often too tough to handle analytically. Moreover, in problems involving
conductors £ itself may not be known in advance; since charge is free to move around, the only
thing we control directly 1s the total charge (or perhaps the potential) of each conductor.

So, what do you think is the way out of this situation?



Potentials: Further discussion

Recall the Poisson’s equation:

1
V2V = ——p
€0

which together with appropriate boundary conditions is equivalent to

V(F) = 47360 [ %p(f’/)dT/.

Very often, we are interested in finding the potential in a region where p = 0.
In this case Poisson’s equation reduces to Laplace’s equation:

Our aim 1is to solve this

In Cartesian coordinate o . )
equation 1n various circumstances

Note: If p = 0 everywhere then of course V' = 0, but that’s not what we meant.
There may be plenty of charges everywhere, but we are confining ourselves to
places where there is no charge.




A quick discussion on Differential Equation

A typical differential equation in single variable is given with an interval and boundary conditions

d?y
y”(x):@:O; a<xz<b

Boundary conditions : y(a) =

y(b) = 8

Q

Before applying the boundary conditions, the general solution of a differential equation 1s
expressed in terms of arbitrary constants.

Particular solution of a differential equation 1s obtained from the given boundary conditions.

An ordinary differential equation (ODE) 1s an equation containing a function of one independent
variable and its derivatives. Ex: The equation given above.

A partial differential equation (PDE) 1s a differential equation that contains unknown multivariable
functions and their partial derivatives. Ex: Laplace’s equation!



A quick discussion on Differential Equation
: 7 d2y
Let us start with y'(x) = o —0; a<z<b

Various boundary conditions lead to different results.

Boundary Condition: Nature of Solution

No condition (General Solution) Yy=mx+c Solution exist; Not unique
y(a) = y=m(r—a)+ « Solution exist; Not unique
y(a) = a, yb) = y = i::x 1 alg : fa Solution exist; Unique
y'(a) = o, y(b) = y=oax—>b)+ 0 Solution exist; Unique
y’(a) = «, y/(b) = f No solution Solution does not exist

Existence of solution

The goal is to know the for a differential equation

Unigueness of solution



A quick discussion on Differential Equation

Now, in general if the function y depends on more than one variable, then the differential equation
becomes partial differential equation.

) 0%y  50%
Wave Equation 52 v 92 0
a _’7 t hz — — —
Schrodinger Equation g wg; ) =5 V2 (7, t) + V(7))(F, )
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Poisson’s Equation 92 —8y2 9.2 =

The general solution to PDEs does not contain just two arbitrary constants, neither it contains any
finite number despite the fact that it 1s a second-order equation.

Since, now the boundaries contain infinitely many points and boundary conditions may become
more complicated.

We will focus only on those types of PDEs which will be of interest to us in the discussion of
electrostatics, mainly the Laplace’s equation: V2V = 0



Laplace’s equation in three dimensions

Properties of the electrostatic potential: A Theorem:

Consider the electrostatic potential V(r) in a region free of charge. (There can of course be charges

outside this region producing the V. Show that V', its average value over a sphere of any radius R

equals V(0), its value at the centre. (Note that this sphere is a mathematical surface and lies within
the charge free region)

Let us calculate the average of the potential over a spherical surface of
q radius R due to a single point charge q located outside the sphere. We
place the centre of the sphere such that g lies on the z axis. The potential
on the surface of the sphere is:

1
V= 9 where, 2= +/R2+ 12— 2Rrcosf
r 2 dmeq 2

Therefore, the average of V' over the spherical surtace

B 1 1 s 27 q
V = R? sin 0dOd
47 R? 4meg /0 /0 VR? +1r2—2Rrcosf ?

1 1 4
= — / d sin 60d6
24meg Jo VR2+ 12 —2Rrcosf

1 1 /1 q
= — dx
24mey J_1 VR2 4+ 12 — 2Rrx

q 1 1 g¢q B
= g+ R = =R = L = V(0)=V(P)




Properties of the electrostatic potential

Consider a charge free region ). Let point P is inside V. Generalisation of the
previous theorem: Consider a collection of point charges ¢, g2, - - , g, all placed
outside the region V. Let Vi, Vs, --- .V, be the potentials due to these charges
respectively. Then for each charge g;

Vi(0) = Vi(P) = V; = %/ V(3 da
)%

and due to superposition principle

n

> Vi(P)
=1
S,
1 ] )
= — Vi) | da =V
i [Lve

V(P)

Corollary.

Let V be a charge free region. There can be no maximum or minimum in electrostatic potential in V.



An important corollary

e Recall: V.(AVB — BV A) = (AV2B — BV2A); A, B scalar fields.
e Using Gauss’s divergence theorem: /(AVQB — BV?A)dr = %(AﬁB — BVA).da
% S

e Choose A = |—717| and B =V, i.e. B represents a solution of Laplace’s equation

and A satisfies: .
VA =V? = = —4753(77)

e

e If we assume the surface & to be a sphere of radius R

) O —
—\ ¢33/ = l = r —
A | V(7)6°(F)dr = — V)—I—ﬁv .dd
V S
1
P = — 0,0)d
VE=0) = 7 § VIR0
Since
= = Using divergence = S B
V2V =0—V.(VV)=0 heorem > fS(VV).da = fv V2Vdr =0

If V' satisfies Laplace’s equation inside a sphere of radius R, then the value of

V' at the origin of the sphere is the average of the value of V' over the surface of
the sphere.




Properties of the electrostatic potential

Let V be a charge free region. There can be no maximum or minimum in electrostatic potential in V.

Since there is no charge inside V: V2V =0

But note that the charges can be present outside as well as
on the surface of V.

We know that potentials will be there inside, on the surface,
as well as outside V.

Let us choose a point P inside and say that the potential at P has a maxima.

If potential V' has a maxima at P, then V must be decreasing everywhere
surrounding the point P.

Now, we know that in Whlchever dlrectlons potential decreases, the electric field
is directed in those directions. E = —VV.

So, if potential is decreasing in the surroundings of P, then electric field lines
will always come out of a Gaussian surface chosen around P!

That means there is a positive flux coming out of P, but that requires the
presence of positive charge at P. But p = 0 inside V. There is no charge.

Our assumption was wrong. There can be no maximum or minimum in electrostatic potential in V.



Boundary conditions and Uniqueness theorem:

Laplace’s equation does not by itself determine V. Suitable boundary conditions must be supplied.

Q. What are appropriate boundary conditions?

We have seen that this is easy in one dimension. The general solution is of the form V=mx+c. This
contains two arbitrary constants 7 and ¢ and we therefore require two boundary conditions.

Two and three dimensional cases are not easy, we confronted PDEs. The boundaries are not two
points (like in one dimension) any more. They are surfaces and a surface contains infinitely many
points and hence the boundary conditions become more complicated.

But, by now your intuition may tell you that V is uniquely determined by its value at the boundary.

The proof that a proposed set of boundary conditions will suffice is usually presented in the form of
Uniqueness Theorem. There are many such theorems in electrostatics. We will discuss a few.



First Uniqueness Theorem

The solution to Laplace’s Equation in some volume ) is uniquely determined if V' is specified
on the boundary surface S and p = 0.

Suppose the solution is not unique in the volume.

Say, there are two solutions to the Laplace’s equation: V7, V5 V wanted in this volume

V2V =0 and V21, =0 (inV)

Both of which assumes specific values on the boundary surface.

i.e. V1, V5 takes value V on the surface. V specified on this
boundary surface S

(say Vo)

We want to prove that they must be equal inside the volume too.
The trick 1s to look at their difference: V3 = V; — V5
Since V73 is a linear superposition of V7 and V5, it must obey Laplace’s equation:
ViV = V2V, — V21, =0 (in V)
What is the status of V5 on the surface?
V3 = 0 on the surface because V; = V5 = V|j on the surface and V3 = V] — 14
So, we have V3 = 0 on S and also V?V5 = 0. But, Laplace’s equation allows no

local maxima or minima. So maxima and minima of V3 are both zero. Therefore
V3 must be zero everywhere inside V. — V; = V4.



First Uniqueness Theorem: Improvement

The potential in a volume V is uniquely determined if (a) the charge density p
throughout the region, and (b) the value of V' on the boundaries, are specified.

Suppose the solution is not unique in the volume V.

p 1s given

Say, there are two solutions to the Laplace’s equation: V7, V5

Now, we have V2V; = —£ and V2V, = —£

Vi = Vy and V5 = V[ on the surface S.
V =1V, given on &
Once again the difference V3 = V4 — V5 satisfies Laplace’s equation

so V2V3 = V4V, — V21, = _P T r_ 0 throughout V and V3 =0o0on §
€0 €0

Recall: V.(VaVVs) = (VV5)2 4+ V3V215

Gauss’s theorem —> fv{(ﬁ‘@@}ﬁh = ¢ VV3.dd
0Oon S

0 throughout V
Hence fv(ﬁVg)QdT —0 = Vli3=00onVY = V3 =V, — Vs = constant.

However, adding a constant to the potential does not change any physical quan-
tities like electric field. i.e. the iInitial assumption was incorrect



Conductors and Second Uniqueness Theorem

In a volume V surrounded by conductors and containing a specified charge
density p, the electric field is uniquely determined if the total charge on each
conductor is given (The region as a whole can be bounded by another conductor,
or else unbounded).

Suppose there are two fields satistying the conditions
of the problem.

In V: region between conductors

VE =L VE=~

€0 €0

outer boundary could
Both obeys Gauss’s law in integral form for a Gaussian be at infinity

surface enclosing each conductor

B, .da= <. By.da= &
i—th conducting €0 i—th conducting €0
surface(,S;) surface (,9;)
.. — — Qt t — — Qt t
Similarly, for the outer boundary }1{ F,.da ===, ]{ Fy.da = ==
outer €0 outer €0
boundary (5) boundary (.5)

where, Qor = >_1 1 Qs + [ pdr




Conductors and Second Uniqueness Theorem

As before, we examine the difference Eg — El — Eg; which obeys 6]@’3 = 0 In
the region between the conductors and

j{ Eg.dcfi: 0 over each boundary surface.

7{ Es.di =0 over the whole boundary

Conductors are equipotential — if E}, = —6‘/3

then V3 is a constant over each conducting surface
outer boundary could

If S is at infinity, then V3=V, =V; =0 on S. be at infinity

If S is a conductor, then V3 on S is constant.

—

Use €(V3E_)3) — Vg(ﬁE_)g) + Eg(ﬁVg) — —(E%) since 6E_)3 — O, Eg — —VV3

Using Divergence theorem: / V.(VaEs)dr = ]{ VaFs.dd = —/(E3)2d7
% S %
~

Covers all boundaries of the region

V3 is a constant over each surface and comes out of integral. But f Eg.d&’ —
0 = fV(Eg)sz:O — 53:() — Elzﬁg.



The method of images

Q
“o—>,

e A point charge ¢

e Held at a distance d above an infinite grounded
conducting plane

>
Y e Q. What is the potential in the region above the plane?

1\
V=0

1 —
dmeg L

e It i1s not

e Because ¢ will induce negative charges on the conductor.

e Total potential is due to ¢ and induced charge on plane.

e Need to solve Poisson’s equation in the region z > 0, with a single point charge
q at (0,0, d), subject to the boundary condition:

1. V=0 at z = 0 (since conducting plane is grounded),

2. V — 0 far from the charge (i.e. for x* + y* + 2% >> d).

e First uniqueness theorem tells us that there is only one function that meets
these requirements. If by trick or clever guess we can find the function, it is
going to be the answer.



The method of images

<

*
Ci’ e Trick: Forget the actual problem!!

e Trick: Think of a new configuration: 2 point charges: +¢

d at (0,0,d) and —q at (0,0, —d).
¥ >, ® Potential for such a configuration
d
*

o It follows that (1) V. =0at 2 =0; (2) V — 0 for 2% + y* + 2% >> d*.
e And the only charge in z > 0 is +q at (0,0, d).

e These are precisely the conditions of the original problem.

e Second configuration happens to produce the exactly same situation and
boundary conditions as the first one for z > 0.

e Hence the potential for a point charge above an infinite grounded conducting
plane is given by above formula.



