°hysics |l: Electromagnetism
PH 102

Lecture 3

Bibhas Ranjan Majhi
Indian Institute of Technology Guwahatsi

bibhas.majhi@iitg.ac.in

January-May 2020



Fundamental theorem for gradients 24

e Scalar field ¢(x,y, 2). "
dr(t
e Start at a and move infinitesimal distance dr, along path C 2( )
to reach 7, + dr;, T, is position vector at a (%0, Yo, 20)
b Y

Recall from first lecture that the scalar function (Zns Yn» 2n)
¢ will change by d¢ = (Vo¢).dr

X

e Now, move a little further, by small displacement drs.

e The change in ¢ will be Va.dr.

e In this manner, proceeding by infinitesimal steps we reach point b. At each
step computing gradient of ¢ (at that point) and dot it into the displacement.

e This gives the total change in ¢ as Recall f; %ﬂﬂf)dm = f(b) — f(a)

b
/ (V¢)d77 — ¢(b) — gb(a) Fundamental theorem for gradients

Like the ordinary fundamental theorem of calculus, it says that the integral (here line integral) of a
derivative (here the gradient) 1s given by the value of the function at the boundaries (a and b)



Example

Note that the ﬁqb is a vector field and sometimes called the gradient field. The
function ¢ will be called a potential function for the field.

If F = V¢ is a gradient field where gl o), — cgst-ad . laen comppuger] — [ F.dF
along the curve C shown in figure.
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Example (contd.)
d(z,y) = vy’ +a°

e Method 1: Direct integration: (Line integral)

=V = + = +22) = (i® + 22)3 +
F = ( By y@y Z@z) (xy” +2°) = (y )T + 3xy“y

(1,2)

Looking at the curve, we see that its equation is@f\(oﬂ) it
therefore, we parametrise as x =t,y =2t; 0 <t <T- ;

1 1
I = / F.dr = / (yv° + 2)dz + 3zy’dy = / (8% + 2t)dt + 12t32dt = / (32t + 2t)dt = 9
C C 0 0

e Method 2: Applying Gradient theorem

/ ﬁ.df:/ Vo.dr = $(1,2) — $(0,0) = 9.
C C



Example (contd.) F=V¢=(y*+21)i + 3zy*y

Same problem with a different choice of path (1,2)

I could have taken a different path (in red): (0,0) — (1,0) — (1,2).

e Path (i) (0,0) — (1,0): y =0, x2:0 — 1

> - 1 21
I:/ F.di = Vcb.dF:/ Zxda::Q.—‘ _
(i) (4) 0 2 10

0,0
e Path (ii) (1,0) = (1,2): 2 =1,y : 0 = 2, i.e. dz = 0. i) (10
, - 2 3|2
I = / F.dr= Vo.dr = / 3zyidy = 3.1.—’ = 8
g g 3 |o
(44) (i7) 0
. to reach (1,2) from (0,0) via paths (¢ f@ + f(m) VF.di =1+8=09

Same as the one along curve C'

f; €¢.df’ is independent of the path taken




Some important corollaries

* Line integrals in general depend on the path taken from a to b.

Example:
Calculate the line integral of A = y22 + 2z (y+1)g from (1, 1,0) to (2,2,0) along
paths (1) and (2) in figure. y

T
We need to calculate [ A.d7, where dF = dzi + dyi + dz3. > 1
Red path (path 1):

Horizontal segment: dy = dz = 0, so dr = dxz, y = 1, (L

A.dF = y2dz = dz, Hence f12 A.dF = f12 dr =1."

Vertical segment: dxr = dz = 0, so dr = dyy, x = 2,

A.di = 2z(y 4+ 1)dy = 4(y + 1)dy, so fff.df’: 4f12(y + 1)dy = 10

Hence, by path (1), [0 A.di =1+10 W
Green path (path 2): Here, x =y, i.e. dv = dy and dz = 0. dr = dxx + dyy
- AdF = 22dx + 22(x + 1)dxﬁ (322 + 2x)dx,

fl(Ql’%’O) A.di = f12(3x2 + 2x)dx :E% } Che?k: .
- VXA#0




Some important corollaries

* Gradients have the special property that their line integrals are path indepen-
dent: ff V.dr is independent of the path from a to b.

*x ¢ ﬁqb.dff’ 0, since the beginning and end points are identical and hence

¢(b) — ¢(a) = 0.

Assume path independence and consider the closed paﬁh C' in Figure 1. Since
the starting point a and end point b are same, we get ¢ Vo.dim = ¢(b) —¢(a) = 0.
y 4 a=b

path independence = line integral around closed path=0 C

—» X

Assume f §¢.df’ = 0 for any closed curve. It C; and C5 are both paths between

a and b, then C'; — (5 is a closed path. So by hypothesis
]{ Vo.dr = Vo.dr — Vo.dr =0 Ci
C1—Cs

Cl C’2
Cs

— Vo.di = / Vo.di
Cl 02

line integral around closed path=0 = path independence



Fundamental theorem for Divergence (Gauss’s Theorem)
— Z —
Consider a vector field F'(x,y, z). 1 | / F(z,y,z)

Say, flow of water...

.

We want to find out the
flux of F(z,y, 2). Da— Aa = AzAz §

%

The left most face (orange) is at a fixed value of y and the incoming flux into
this surface is F'(x,y, 2).Ad = F(x,y, 2).nAa = (Fp2+F,g9+F.2).(—AxAzy) =
—Fy(z,y,2) AxAz.

> Yy

To do that, take an infinitesimal
volume element like a cube as shown.

..and look at the opposite
faces (coloured in figure) first.

The right most face (blue) is at a fixed value of ¥y + Ay and the flux going out

— —

of this surface is F(z,y + Ay, 2).Ad = F(x,y + Ay, z).nAa = (F,2 + F,y +
F.2).(AzxAzy) = Fy(z,y + Ay, 2) AzAz.



Fundamental theorem for Divergence (Gauss’s Theorem)

So, the outward flux from the blue face is 4 4 ‘r Fz,y,7)
F(x,y+ Ay, 2).Ad = Fy(z,y+ Ay, 2)AxAz / A
OF I Na= AzAz
= (Fy + —yAy> ArAz - !
0y y
v
Net flux out of the box through these two - S
opposite (orange and blue) faces X ’
OF OF OF
—F,AzAz+ | F, + —2Ay | AzAz = —2AyAzAz = —2L At
dy dy dy

Net flux going out through the sides parallel to yz plane: (%)AxAyAz
Net flux going out through the sides parallel to xy plane: (%)AszAw

Summing over all the faces: F.7Aa

- [ OF, N @ N OF,
-\ Oz oy 0z

Flux over a closed surface can be written as a sum over the surfaces of elemental
volumes that make the volume: ) F.nAa =) (V.F)AT

) AxAyAz = V. FAT

all surfaces

In the limit Ax, Ay, Az — 0 / (ﬁﬁ)dT — ?{ ﬁﬁda Gauss’s Divergence Theorem
14 S



Fundamental theorem for Divergence (Gauss’s Theorem)

What does it mean?

We want to find the total outward flux of the vector field F(7) across a surface
S that bounds a volume V: ¢ F.da T‘M

—

da is e normal to the local surface element

e points everywhere out of the volume

Gauss’s theorem tells us that we can calculate the flux of vector field across a
surface §, by considering the total flux generated inside the volume V.

Gauss’s Theorem: /(6ﬁ)d7’ = 7{ F.fdd
V S

Volume integrals are easier than the surface integrals: computational efficiency!



How to “see” this?

If we sum over the volume elements, this results in a sum over the surface
elements!

Note: if two elementary surfaces touch,
their da vectors are in opposite directions!

Therefore the da vectors cancel whenever
there are two surfaces in touch

Thus the sum over surface elements gives the overall bounding surface!

/ V. dr — 7{ F.da
% Surface of V

Seems reasonable! Because, the “boundary” of a line are its endpoints, and
boundary of a volume is a closed surface!



Example

Verity the divergence theorem when F = z3 + yy + zZ and S is the surface
composed of the upper half of the sphere of radius a and centred at the origin,
together with the circular disc in xy-plane centred at the origin and of radius a.

S o oF, O0F, OF,
= =14+1+1=
v < ox 0y 0z ) T >

> o 2
g / V.F dr = 3.(vol. of hemisphere) = 3 §7m3 = 27’(‘&3‘
1%

To check the result, we need to calculate the surface
integral of F' over the closed surfaces &7 and Ss.

. R xx + yy + 22 xx + yy + 22
Normal vector on &1 (hemisphere) : 71 = =
Vo2 + y? + 22 a

Normal vector on Sy (disc at the base): 1o = —2. >

Surface integral for the flux through S; + Sa: «o%&

2
7{ F.da = / Ty +Z —/ ada
S1+82 S1 a Sq

So, the value of the surface integral is a(area of 1) = a(2wa®) = 27a°.




S\/\Y{G.C,Q, OJ: S \ - P C%,X) %) = %L+ Z\/{/gl — al((;owej\)
N —GdP 1%%—\'2\3\3+2Q?
’V\| = — -
\V 2 \r%q”v Zl\/+zt




Example

Evaluate ff F.ndS, where F = dxzi—y°j+yzk and S is the surface of the cube bounded

S
by »=0,x=1,y=0,y=1, z=0, z=1.

By the divergence theorem, the required integral is equal to

ff V.rdv fff ['a'a;(tlxz) + éya'(—-y?) + 'aa;(yz)] dV
v f

i | |
fff(4z—y)dV = f f f(4z—y)dzdydx

x=0 ¥=0 2=0

I |
f f 222 — y2z Iz o dydx = f f (2=y)dydx

x=0 ¥=0 xX=0 ¥=0

i n

1
(X



Example

Evaluate jfron dS, where S is a closed surface.
S

By the divergence theorem,

ffr-ndS fffVordV
S 4
- 9
= ff J + 3, K)-(xi+yj+zk)dV

SegeSow o f]fa -
ff (ax+ay+az)dv 3 dv 3V
V

V

!

where V is the volume enclosed by S.



Fundamental theorem for Curl (Stokes’ Theorem)

Let us find the|circulation|of a vector field F (x,y, z) around a closed curve C.

+ \

= Fo(z,y+ Ay,z})

7{ F.dr y+ Ay < 0

C B} =

8

. . . S Y Ayt | <

The fields in the z- direction at bottom and top are = i
Az —

Fw(xay7z) and Fm(ﬂj,y—FAy,Z) :Fx_l_ 88FyxAy° Y Fx(ZQﬂ)» )
The fields in the y- direction at left and right are ” T+ A?

Fy(z,y,2) and F,(z + Az,y,2) = F, + aany Ax.

Summing around from bottom in anti-clockwise manner

AC = Z F.A7 = Folx,y,2)Ac + Fy(z 4+ Az, y, 2) Ay — Fy(x,y + Ay, 2)Ax — Fy(x,y, 2)Ay

Zﬁ.AfF’ _ (9 9k AzAy = (V x F).AzAy?
Ox oy

(V x F).Ad

This implies that curl can be defined as circulation per unit area...



Fundamental theorem for Curl (Stokes’ Theorem)

Now, if we add these little elementary loops together, the internal line sections
cancel out because the dr’s are in opposite directions, except on the bounding

line.

This gives the larger bounding contour. l l

Stokes’ Theorem: %ﬁ.df': /(6 X ﬁ).d&" > Y 3
C S

Corollaries:

o | (6 < F ).dd depends only on the boundary line, not on the particular surface
used.

° ¢ (Vx F).dd = 0 for any closed surface, since the boundary line, like the mouth
of a balloon, shrinks down to a point and hence the L.H.S of above equation

vanishes.
e bWﬁ



Example

Verify Stokes’ theorem when S is the rectangle with vertices at (0,0,0), (1,1,0), (0,0, 1),
and (1,1,1), and F = y2& + x2y + zyZ.

AZ
Direct Method: 0.0.1)

Line integral ¢, F.dF = b yzde + xzdy + xydz . \@Z)\a .

over path () + (i1) + (ii2) + (2v): (iv)y T

f(i) F.dF =0, since z = dz = 0 on (4). 0,0.0) _ oy
f(ii) F.dF = fol l.1dz =1, since x =1,y =1, de = 0 = dy. () "

f@.m.) F.di = f(m.) ydx + xdy = flo rdx + xdx = —1, since * (L,1O)

y=ux,z=1,dz=0.
f(Z)Fdfr—O since x = 0, y = 0, on (iv)

%ﬁf’:(/ oLt L) P
(7) (i) (244) (iv)

=2(x—x)+yly—y)+2(z—2)=0 .’./S(ﬁxﬁ).dc_i:(]

Q

By Stokes’ Theorem:

VxF=

% g|QD &>
12:32 83|QJ@>
g 83|Q3 O




Example
Verify Stokes’ theorem for A = (2x—y)i —y22j — y2zk, where S is the upper half surface of
the sphere x? +4? +22 = 1 and C is its boundary.

The boundary C of S is a circle in the xy plane of radius one and center at the origin. Let x = cos¢,
y =sin¢, z=0, 0 € ¢t < 277 be parametric equations of C. Then

f A«dr = f (2x —~y)dx — y22dy — y%z dz
C C
27
= f (2cost — sint) (—sint)dt = 77
0
i J k
AISO, Vx A - -a _a_ _a._ - k
%  Jy o
—~yz?  —y?%z

Then ff(VxA)-n dS = ffk ndS = ffdx dy
R

since n-k dS =dxdy and R is the projection of S on the xy plane. This last integral equals

I | =x2 ! Vi=-x2 |
f f dy dx = 4ff dy dx = 4f V1—x2dx = 71
0 0 0

x==1 y=--\/l—x2

and Stokes’ theorem is verified.



What did we learn today

§ UAUSS g bermssemened bmecrscimenad Point
Curve b
’ i
a
Point
Surface encloses volume Curve encloses surface Points enclose curve
/ F.di = / V.Fdr j'{ F.dr = / (V x F).da / Vo.dif = ¢(b) — p(a)
S % C S C
Rememberj 9 9 9
= In Cartesian Coordinates, with V = ( #— + §— + 2—
Ox 0y 0z
. - OF, OF, OF, - _ qb qb 09
V.F = + — + VX F=|% Vo = 5— i
o o ) Ox oy 0z
T Y z F, F, F (9 8y (92




