Lecture 13

Hamiltonian
Hamiltons Equations
Guidelines for Mid Sem



A quick review of previous class

QL= L(Ch: - dn, q.l' ST qn, t)

1 Using the chain rule of partial differentiation
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Hamiltonian H(qj, g, t)

aL
dt prqf =0

1 Can introduce new function

h(4jpj djpt) = 2 pjdj = L(a;,4;.t)

L 1f g; is substituted with p; using their relation obtained from p; = 35,
J

then the function is known as Hamiltonian

H(q;,p).t) = Z pjq; — L
j

h(q]-, Pj, q;, t) Substitute q; with p; H(qj,pj t)




Hamiltonian Example 1: Simple Pendulum

Step 1: Find Lagrangian of the system

1 :
L = -=ml?0% + mgl cosb

2
Step 2: Find generalized momentum (p j) using p; = ;—C,IL_
J
oL = 2 (Luzé? + mgi coso 126
>m mgl cosf | =m
PO =36~ a6 J

Step 3: Find the function h(q;,p;,4;,t ) = Y. piq; — L
h =pg — %mlzéz — mgl cos6
Step 4: Find Hamiltonian H (q jrDj» t) from h by replacing g j
with p; using step-2
pg 1 Po \° Po°

H(q;,pj,t) = pe W_Emlz (W) — mgl cosf = ——

—mgl cos0O



Hamiltonian Example 2: Projectile

Step 1: Find Lagrangian of the system

L= Em(a’cz + 22) —mgz

X Step 2: Find generalized momentum (p j) using pj =

L L

px=a=m5€ ) pz=£=mz'

dq;

Step 3: Find the function h(qj, pj,q;t ) =2pjq; — L

1
h(x,z,%,2,t) = pyX + Pyz — Em(a’cz + %) + mgz

Step 4: Find Hamiltonian H (q jrDj» t) from h by replacing g j
with p; using step-2

p p, 1 (py* p.°
H(xiztpxipz't)=pxﬁ+pzﬁ_§m(£2+7»;2)+ng

2 2
Nz Pz
= o + > +mgz




Hamilton’s equations

J

dH(q;,p; t) = d lz pjdj — L]
]

L.H.S = dH(q;,p; t)
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Hamilton’s equations

ijflj - L]
J

oL
~ Jp; ot ot




Hamilton’s equations

OH . 0H

Hamilton’s equations :> p; = ——: g = -
J

(d Hamilton equations are first order differential equations

dj — 1....n for a system of n —degree of freedom.
Thus there are 2n number of first order Hamilton’s equations

(n— forpjandn — for q;)

A comparison with Lagrangian: Lagrange's equations are second order
differential equations and the number of equations is n (no. of degrees
of freedom)

 There is nothing new. Just have rearranged the equations to give
momentum much importance than generalized velocity.

(] Hamiltonian concept: Extremely important for quantum mechanics,
statistical mechanics.



Conservation of energy from Hamiltonian

H = H(Qj' Pj, t)
dH=aqu]+aHdp]+aH=_pq+qp+a_H
dt dq; dt 0p; dt Ot 7R R ot

dH OH
dt ot

O If Lagrangian does not explicitly contain time, then Hamiltonian must not have
explicit time dependence, as

dL  O0H 7 = dH
at ot dt’
U Remember; if potential is Velocizj/ independent

Z , aT | _ o

H = constant of motion

Then,H=ijqj—L =2T—(T—V)=T+V=E

O If H does not have explicite time dependence (Z—IZ = 0) and
potential is velocity independent,then H = E = const



Questions?
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General Instructions

a) Make sura that there are seven sheets (including this) in this Question-cum-
Answer Booklet.
b} Write your Name and Roll Numbers on .".“::l
£) You mustwrita the answers ONLY IN THE SPAC IDED for the given
question. Answers written elsewhere W T i
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A wedge of mass, M, having a height, h, and angle, a.
is free to move along the x-axis. Ancther mass, m,
attached to the wedge through a light spring (of spring-
corstant, k, and unladen length, [) can ascillates on
the slanting surface of the wedge [see figure on right).
‘Obtain the Euler-lagrange{E-l]) eguations for the
system. Alzo, wsing the E-L eguations obtain the
frequency of oscllation of the mass, m.




Names Rall Ma:

02 | A paint particle of mass m i constrained to mave .
on the inner surface of a fied, open-tane of haif- 1

ongie, @ [see figure on right). Obtain the Euler- \;__ __-;‘)
Lagrange eguations for the general mation of the e |
mass, m, undar the given conditions. Mention any i
eonserved quantity [ether than the total energy).
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