Proof by infinite descentl R. Inkulu

Principle: There is no infinite sequence of strictly decreasing non-negative integers.

To prove a proposition P is true, on the way of arriving to a contradiction, suppose — P is true. Construct
a solution S; to — P, prove the existence of S| implies another solution Sy to —P, .. ., wherein Sq, S, . ..
is a decremental sequence of non-negative integers. As you might have noted, this proof method is closely
related to proving using well-ordering principle.

« For a positive integer k, v/k is irrational if it is not an integer.

VEk = "= % = T;—,/;sinceo < (WVk—|VE]) <1,m' <m,n <mn,andm’ n' are positive

m! _ mVEk—|Vk]) _ nk—m|VEk]. ’ ’ ~ P
further, W = (o LVED) — menlVE] ; hence, m’ and n’ are non-negative integers

* No integral solutions to a? + b? = 3(s? + ¢2), other than the trivial solution a = b = s = t = 0.

noting that (3|(a? + b%)) iff (3|a1 and 3|b1),
- proof of <= is immediate; for =, consider the contrapositive: (((3 fa)V (3 /b)) = (3f (a®>+b%))) = (83)a) = 3/
(@®+0%)) A ((B)b) = (3/ (a® +17)))
- in proving the former, (3 f a) = (a = 3¢ + r) where r € {1,2} and b = 35 + r’ where ’ € {0, 1, 2}; the other part’s proof is
symmetric

if a1, b1, 51,1 is a solution then s1, t1, %, b1 s also a solution; further, if s1, 1, 9, %1 is a solution, then %, b5 tgalsoa
solution; hence, leading to a strictly smaller (lexicographically) solution vector

» No non-trivial non-negative integral solution to =3 + 2y3 = 423,

- due to each term’s power, it is immediate that every possible solution must be non-negative
- for any solution (x1, y1, z1), considering LE? must be even, 1 must be even

pluggin in x1 = 2z2 leads to 81% + Zy% = 4zi1”, which is 41“;’ + y% = 22?

now since y1 must be even, substituting y1 = 2y leads to 2z3 + 4y3 = 23

again, since z1 must be even, substituting z; = 2z2 leads to xg + 4yg’ = zg’

- thatis, (z1,y1, 21) is a solution implies (z2 = %,W = %l,zz = %1) is a solution implies .. .implies (z, = S+ =M =
5+ ) is a solution . . .

the infinite descent is due to 1 > x2 > ... > xy > .. .; the same is with the y;s and z;s

» Sylvester-Gallai theorem: If there are n (n > 3) points on the plane such that not all on a line, then there
exists a line passing through exactly two of these points.

- let L be the set comprising all lines that pass through at least two points of .S; among all pairs (p, £) with p € S noton £ € L, choose a
pair (po, £o) such that pp has the smallest distance to £o; then £o must have exactly two points

otherwise, the length of p17 is lesser to pog: from similar triangles, p1p2r and popaq, Zi’zg = % = p1r = (poq) zégz < pogq

ak.a., Fermat’s method of descent
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