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Are you using optimization?

The word “optimization” may be very familiar or may be quite new to
you.

....... but whether you know about optimization or not, you are using
optimization in many occasions of your day to day life .......
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A farmer has 2400 m of fencing and wants to fence off a rectangular field that borders
a straight river. He needs no fence along the river. What are the dimensions of the
field that has the largest area?

Maximize f = xy

Subjectto g(x,y) = x + 2y = 2400
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A manufacturer needs to make a cylindrical can that will hold 1.5 liters of liquid.
Determine the dimensions of the can that will minimize the amount of material used in
1ts construction.

Zwrr\‘l
: e i A
@ |
i ) Minimize: A = 2nr? + 2nirh
.~ Constraint: tr¢h = 1500
Area 2(7r?) Area (27r)h

1.5 liters = 1500 cm?3

Dimension is in cm
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Objectives
Topology: Optimal connectivity of the

structure
Minimum cost of material: optimal cross
section of all the members

We will consider the second objective only

The design variables are the cross sectional area
of the members, i.e. A; to A,

Using symmetry of the structure A, = A4, Ag = Ay, As = Az

You have only four design variables, i.e., A; to A,
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Objective @ ®

Minimize f = 1.132A40 + 24,1 + 1.789A31 + 1.24,1 K=t H5 WNE e

What are the constraints?

One essential constraint is non-negativity of design variables, I.e.
A,A,, A3, A, =0

Is it complete now?
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First set of constraints

Pcscl <
24, ~ ¢
Pcot6 <
24, ~—

Pcsca <
24, ~ 7t

P
24, (cotB + cota) < S,

+ csca
2

P
BD —3 (cotf + cota)

P=2kN

Another constraint is buckling Another constraint may be the

of compression members minimization of deflection at C
P__ _mEA P1(0.566 0.500 2.236 2.700
2sinf ~ 1281l2 E( a, + 7, + 7, + A, >S5max
E(cot@ + cota) < mEA
5.7612
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PcscO

—=0
2A4

P Pcot6 -0
Yt 24, T

Subject to Sye —

S Pcsca >0
Yoo 24, T

Sy (cotf + cota) = 0

¢ 24,
Minimize f = 1.132A41 + 24,1 + 1.789451 + 1.24,1 nEAf P,
1.2811%2 2sin®
2
55164142 — g (cotf + cota) = 0

- — + + +
max E

PL(0566 0.500 2236 2700\
A Az A3 Ay )

10 X 107% < A4, A,, A3, A, <10 X 1076
R.K. Bhattacharjya/CE/IITG



@0 A possible solution: ABED C Another solution: ABCDE
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What is Optimization?
* Optimization is the act of obtaining the best result under a given

circumstances.

* Optimization is the mathematical discipline which is concerned with
finding the maxima and minima of functions, possibly subject to
constraints.
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Introduction to optimization

f=(x—5) Equation of the line

Minimum

How to find out the minimum of the function
ff=2x(x—-5)=0

x* =5 Optimal solution
f=25-x? Equation of the line
fl=2x=0

x* =0 Optimal solution

Maximum
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Introduction to optimization

Equation of the surface

In this case, we can obtain the optimal
solution by taking derivatives with respect
to variable x and y and equating them to
Zero

Optimal solution is (0,0) of _ 2y =0 = y*= 0
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Objective function is defined as

Minimization/Maximization f(x)
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Stationary points

For a continuous and differentiable function f(x), a stationary point x"is a
point at which the slope of the function is zero, i.e.f'(x) = 0 at x = x7,

Minima Maxima Inflection point
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Global minimum and maximum

A;, A,, A; = Relative maxima
A, = Global maximum

B,. B, = Relative minima

B; = Global minimum

A function is said to have a global or absolute
minimum at x = x* If f(x*) < f(x) for all x in the
domain over which f(x) is defined.

A

fx)

A

A function iIs said to have a global or absolute
maximum at x = x™ If f(x*) = f(x) for all x In
the domain over which f(x) is defined.
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Necessary and sufficient conditions for optimality

Necessary condition

If a function f(x) is defined in the interval a < x < b and has a relative minimum
at x = x*, Where a < x* < b and if f/(x) exists as a finite number at x = x*,
then f/(x*) =0

Proof

Fle = im L h;)l ~ [
Since x* is a relative minimum f(x) < f(x*+h)

For all values of h sufficiently close to zero, hence

—
h
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Thus

fl(x*) =0 If h tends to zero through +ve value
fl(x) <0 If h tends to zero through -ve value

Thus only way to satisfy both the conditions is to have

Note:
* This theorem can be proved if x* is a relative maximum

« Derivative must exist at x*
« The theorem does not say what happens if a minimum or maximum occurs at an end point of

the interval of the function
* It may be an inflection point also.
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Sufficient conditions for optimality

Sufficient condition

Suppose at point x*, the first derivative is zero and first nonzero higher
derivative is denoted by n, then

1. Ifnisodd, x* is an inflection point

f'(x*)=0
. . . fr/(x*) =0
2. Ifniseven, x* is alocal optimum
3(+*) —
v’ If the derivative is positive, x* is a local minimum fFlx’) =0
v’ If the derivative is negative, x* is a local maximum fA(x) =0
ffx*) #0
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Proof Apply Taylor’s series

2 hn—l

! * " * n— * hn n *
fO+h) = f) +hfI ) + o f (x)+---+(n_1)!f T A )

Since f'(x™) = f"(x") = =f""1(x") =0

hn
FG+R) = () = — 1 (x)

n

) h
When n is even — >0

Thusif f™(x*) is positive f(x* + h) — f(x*) is positive | Hence itis local minimum

Thus if f™*(x*) negative f(x*+ h) — f(x*) is negative | Hence itis local maximum

When n is odd, (’;—n) changes sign with the change in the sign of h.

Hence it is an inflection point
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Sufficient conditions for optimality

Take an example

f(x) =x3—10x — 2x% — 10

Apply necessary condition fl(x) =3x2—10—4x =0
Solving for x x*=2.61land — 1.28 These two points are stationary points
Apply sufficient condition fl'"(x) =6x—4

f(2.61) = 11.66 positive and nis even f'(—1.28) = —11.68 negative and n is ever

x* = 2.611s a minimum point x* = —1.281s a maximum point
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Multivariable optimization without constraints

X1
X
Minimize f(X) Where X = 52

xn
Necessary condition for optimality

If f(X) has an extreme point (maximum or minimum) at X = X™ and if the first partial
Derivatives of f(X) exists at X*, then

of(X) _of(xX) __of() _
dx;  O0x,  0x,
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Multivariable optimization without constraints

Sufficient condition for optimality

The sufficient condition for a stationary point X* to be an extreme point is that the
matrix of second partial derivatives of f(X) evaluated at X" Is

(1) positive definite when X~ is a relative minimum
(2) negative definite when X™ is a relative maximum
(3) neither positive nor negative definite when X™ is neither a minimum nor a maximum

Proof Taylor series of two variable function
of . of 2f °f 2 0F)
flx+Ax,y +Ay) = f(x,y) + Axa— + Ay@ + — T (Ax 322 + ZAXAyaxay + Ay? 32
_af_ B aZf aZf T
_ x|, 1 dx2  0xdy|[Ax
flx+Ax,y +Ay) = f(x,y) + [Ax Ay] g +Z[Ax Ay] 0%f  92f Ay] 4 ..
0y |0xdy 0dy? |
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Multivariable optimization without constraints

fX*+h)=fX)+hTVF(XY) + %hTHh + .-

Another test

Since X* is a stationary point, the necessary
condition gives that Vf(X*) =0

Ay = |aqq]
Thus
1 a;; Q12
* — N = _hT —
FOC+R) = F(X) = - hTHR + Pl
Now, X* will be a minima, if hT Hh is positive 11 Q12 Q13
Az = |Az1 QG2 Qp3
X* will be a maxima, if AT Hh is negative d3; Q3; (33
hT Hh will be positive if H is a positive definite matrix Q1 Gz iz Gig v Qi
A = dz1 A2z Q23 Apgq " App
n — . . . . :
hT Hh will be negative if H is a negative definite matrix
An1 An2 QAp3 QApga ° App
A matrix H will be positive definite if all the
eigenvalues are positive, i.e. all the 1 values are v' A matrix A will be positive definite if any only if all the
positive which satisfies the following equation values Ay, 4;, 4s, ..., A, are positive.

v" The matrix will be negative definite is and only if the
|JA—AIl =0 R.K. Bhattacharjya/CE/IITG signof 4;is (=1)/ forj =1,2,3,..,n
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Unimodal and duality principle

Optimal solution x* =0

Optimal solution x* =0

Minimization f(x) = Maximization —f (x)

N.N\. Dlilatllaul Id.ljyd.lCE/”TG
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Thank you
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