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Linear Problem (LP) General system of equations

aA11X1 -+ A12X9 -+ aA13X3 + -+ A1nXn = b1
aAr1X1 —+ aAyrX~H —+ Ar3X3 + -4 AonXn = bz

Qa1 Xy + AayXy + AaaXa + o+ + Aap Xy, = b Pivotal variables

Non pivotal variables
Am1X1 + Ay X1 + A3 X "+ AnXn = b

Constants
Andn >m

1xy + 0x5 + -+ Oxy| H A s 1 Xy + o0 + 1%y [=| by
Ox; + 1x, + -+ + Oxpy | HAS 4 1 Xmer + oo + Ao Xy [=| by
Ox; + 0xp + -+ Oxpy | HAg 1 Xma1 + oo + A3,Xn [=| b3

0%y + 0% + -+ + 1o, + A1 Xmer + - + AmnXn = by
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Linear Problem (LP) General system of equations

1xy + 0xy + -+ 0x,, + A4 1Xma1 + -+ A1 Xy, = bg
Ox; + 1x, + -+ 0xpp, + A%y 1 Xy + o + Ao Xy, = by
Ox; +0xy + -+ 0xp, + A3 41 Xy + oo + A3, X, = b3
Ox; +0x, + -+ 1x,, + Arys1Xma1 + - + A Xy, = by
One solution can be deduced from the system of equations are
x; = b] Fori =1,2,3,...,m
x; =0 Fori=m+1m+2m+3,..,n
This solution is called basis solution

Basic variable x; 1 =1,2,3,...,m
N trasic'Variable x; i=m+1m+2m+3,..,n



Linear Problem (LP) General system of equations

Now let’s solve a problem

2Xq |+ 3x, —2x3 —7x, =1 Ryo
Xl‘l‘ XZ‘l‘ x3+ 3x4:6 RlO

x1 — xZ + x3 + 5x4 —_ 4‘ RZO
3 7/ 1 1
Xt 5X X3 T 5X =5 R01:§R00
1 13 11
0 sz ~+ x3+ ) X4 > 11 10 01
17 7/
O—EXZ‘F ZX3+7X'4=§ R21 =R20 R01
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Linear Problem (LP) General system of equations

3
X1+0+5.X3+16X4 =17 R02 =R12 —ERlz
O + x2 — 4x3 — 13x4 — _11 R12 —_ _2R11

5
0+ 0— |8x3—24x, = —24 Ry2 = Ry + §R12
X1+O+O+x4=2 R03=R02—5R23
0+x2+O_X4=1 R13 =R12+4R23

1

O+O+x3+3x41_=3 R23=_§R22
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Linear Problem (LP) General system of equations

Solution of the problem is
x1 —_ 2 — X4
Xo =14+ x4

X3 =3 —3Xx4

The solution obtain by setting independent variable equal to zero is
called basic solution.
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Linear Problem (LP) General system of equations

2X1 |+ 3x, —2x3 —7x, =1 2Xq |+ 3x, —2x3 —7x, =1
X1+ | X+ x3+ 3x, =6 X1+ | X+ X3+ 3x, =6
X1 — Xp+| X34 5x, =4 X1 — X+ x3+ 5x,=4

X1 =2,x%=1,x3=3,x,=0 x;=1,x,=2,x3=0,x, =1

2X1|+ 3xy — 2x3 — 7x, =1 2X1 +383xy —2x3 —7x, =1
X1+ X+ X314 3x, =6 X1+ X+ X3t 3x, =6
xl_ x2-|- X3-|- 5x4=4‘ xl_ x2+ XB+ SX4=4

X1 =3,x=0,x3=6,x,=—1 x1 =0,x, =3, x3 = —3,x4 =2
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Linear Problem (LP) General system of equations

n n!
How many combinations? (m) ~(n—m)m!

The problem we have just solved has 4 combinations

Now consider a problem of 10 variables and 8 equations, we will
have 45 different combinations

If a problem of 15 variables and 10 equations, we will have 3003
different combinations

As such, it is not possible to find solutions for all the combinations
Moreover, many combinations, we may get infeasible solutions

As such we need some set of rules to switch from one feasible
solution another feasible solution
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Linear Problem (LP)

Now before discussing any method, let’s try to solve a problem

Minimize —x; — 2Xx, — X3

Subject to

2x1+x2_X3S2 ZX1+x2— X3+X4 = 2

2xX1 — X3 +5x3 <6 2x1 — x5 + 5x3 + x5 =6

4‘X1 + X9 + X3 <6 4‘X1 + X9 + X3 +x6 —

x; =0 1 =1,2,3

l —x1—2x2—x3 —f=
The initial basic solutionis x, =2  x: =6 X¢ =06 Basicvariable
X1 =Xy =x3=0 Non basic variable
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Linear Problem (LP)

Now look at the objective function

—x1—2x2—x3 —f:O

Is it an optimal solution?

Can we improve the objective function value by making one non basic
variable as basic?

For this problem, all the coefficients of the objective function is
negative, as such making one of them as basic variable, we can
improve (reduce) the objective value.

However, making x, as basic variable we will have maximum advantage

‘So, select the variable with minimum negative coefficient
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Linear Problem (LP)

In our problem, x, is the new entering variable (basic variable)

Now, next question is which one will be pivoting element

2X1 Xy = x3+Xy =
2X1 — X5 1+ 5x3 + Xs =
4x, +xo + X3 +x;, =
—X1 — 2X3 — X3 —f =

The initial basic solutionis  x, = 2

2X1 + X, — X3+ X4 =2
4x; + 0x, + 4x3 + x4 + X5 = 8
2x1 + 0xy + 2x3 —X4 +x, =4
3x1 + 0xy — 3x3 + x4 —f =4

xc =8 Xe¢ =4 Basicvariable

X1 =X3=x,=0 Non basic variable

= —4
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Linear Problem (LP)

2X1 + Xy — X3+X4 =2 4x;+0x, +4x3 + x4 +xc = 8
2X{ —T X9 1+ 5x5 + Xs =6 —2x1 +x, — 5x3 — Xs = —6
4x; + x5, + X3 +x;, =6 6x;+ 0x, + 6x3 +xc + x5 = 12
—X{ — 2Xy — X3 —f = 0—5x1 + 0x, — 11x3 —2xs — f = —12
The initial basic solutionis x, = -6 x, =8 Xg = 12 Basic variable

X1 =X3 =xg5 =0 Non basic variable

f=-12
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Linear Problem (LP)

2X1 + Xy — X3+X4 =2 —2x1+0x, —2x3 + x4 —X; = —4
2X1 — X, + 5x3 + X5 =6 6x, + 0x, + 6Xx3 + x5 + x5 =12
4x, + X + X3 +x, =6 4x; + x5 + x5 +x, = 6
—X1{ — 2X5 — X3 —f=0  7xqy+ Oxp + x3 + 2x — f =12
The initial basic solutionis  x, =6 x4, = —4 Xs =12 Basicvariable

X1 =X3 =X =0 Non basic variable

f=+12
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Linear Problem (LP)

2x1 H X — X3+Xxy =
2X1 T X 1+ 5x3 + Xc =
4‘X1 + xZ -+ X3 -|—x6 —
Infeasible Infeasible
—X1 — 2X; — X3 —f = solution solution

X1=X3=.X4_=O

f=—4

Now what is the rule, how to select the pivoting element?
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Linear Problem (LP)

What is the maximum value of x, without making the solution negative?

2X1 + X, — X3+X4 = 2
le_x2+5x3 +x5 =6
4‘X1+XZ+ X3 (6 =6 x2=6/1

Select the minimum one to avoid infeasible solution

Thus the general rule is

. by
1. Calculate the ratio a—‘ (For a;c = 0)
lS
2. Pivoting elementis x; = mintmum (ﬁ)
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Linear Problem (LP)

le + Xy — X3 +X4 —

2X{ — Xy + 5x4 + Xs =
4x1 + X9 + X3 +x6 =
—X1 — 2X3 — X3 —f =

-

Basic - Variable

. Variable
Variable | x1 | x2 | x3 | x4 | x5 | x6 |
2 11 1 1 o o

ooz
0 2 2 =

x4

X5 2 -1 5 0 1 0 0) 6

X6 4 1 1 0) 0 1 0) 6 6
f -1 -2 -1 0 0) 0) -1 0)
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Linear Problem (LP)

Basic | |  Variable bi
Variablel x1 | x2 | x3 | x4 | x5 | x6_ o
X2 2 1 -1 1 0 0

x5 4 0 1 1 0 0 8 2
X6 2 0 2 -1 0 1 0 il 2
f 3 0 2 0 0 -1 4
o -
mmmmm“
X2 3 1.25 0.25 0 4
X3 1 0 1 0.25 0.25 0 0 2
X6 0 0 0 -1.5 -0.5 1 0 0

f -1 10

All ¢; are positive, so no improvement is possible
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Linear Problem (LP)

Basic | |  Variable e
X2 2 1 -1 1 0 0 0 2
X5 4 0 4 1 1 0 0 8 2
X6 2 o B 1 0 1 0 4 2 &=
f 3 0 -3 2 0 0 -1 4
4 -
Basic | |  Variable w
ﬂﬂ“ﬂ““
X2 3 1 0 05 0 05 0 4
X5 0 0 0 3 1 -2 0 0
X3 1 0 1  -05 0 05 0 2
f 6 0 0 05 0 15 -1 10
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C?
\\?’&
A

Rajib Bhattacharjya, IITG



