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Linear Problem (LP) General system of equations

Minimize f = cix1 + C3X5 + -+ + CpXm

Subject to
ai1X1 -+ aA12X>y + aA13X3 + -+ A1nXn = bl
aAr1Xq -+ aArrX>H -+ aAy3X3 + -+ AynXn = bz

a3z1X1 + aA32Xy ~+ aA33X3 + .-+ A3nXn = b3

Am1X1 + Ao Xq + A3 xq + -+ QX = by
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ai1X1 -+ A12X> -+ a13X3 + -+ A1nXn = bl
ar,1X1 ~+ Ar2 X9 + aAy3X3 + .-+ AoxnXn = bz

as1X1 ~+ A32X9 + a3z3X3 + -+ A3nXn = b3

Am1X1 + AmaXq + Az Xy + o+ QnXn = by

C1X1 + CXp + -+ Cpxn — f = —fo



Linear Problem (LP) SIMPLEX METHOD

1xy + 0xy + -+ 0x,, + A4 1Xma1 + -+ A1 Xy, = bg
Ox; + 1x, + -+ 0x,, + A%y 1 Xmyq + - + A5 X, = by
Ox; + 0xy + -+ Ox,, + A3 41 Xmeq + - + a3,%, = b3
Ox1.+ Ox, + -+ 1x,.n + a,’nmﬂxmﬂ. + -+ apn Xy, = by,

0x1 + 0xy + -+ 0xp, — f + Cpg1Xme1 + -+ Cnxpp = —f,

x; = b] Fori =1,2,3,...,m
x; =0 Fori=m+1m+2m+3,..,n
fzfo’

If the basic solution is feasible , then b;> 0 for i = 1,2,3,...,m

Rajib Bhattacharjya, IITG



Linear Problem (LP)

From the last row
0x1 + 0xy + -+ 0xp, — f + Cpg1Xme1 + -+ Cnxpn = —f,

We can write that

n
F=fi+ ) cx
I=m+1

If all ¢; are positive, it is not possible to improve (reduce) the objective
function value by making a non basic variable as basic variable

Maximum benefit can be obtained by making the non-basic variable with
minimum negative coefficient as basic variable

In case of a tie, any one can be selected arbitrarily
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Linear Problem (LP)

X1 = by — ajgx, b; =0

X, = by — ApeX, b, >0

Xy = by, — QppeXs by, =0

/] . I . . . !/ /
If a; is positive, the maximum possible value of x4 is b;/a;
If a;, is negative, the maximum possible value of x; is 4o

In this case, the problem has an unbounded solution
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Linear Problem (LP)

Example 1 (Unbounded solution)

Minimize f = —3x; — 2x,
Subject to
xl—x2S1 xl—x2+x3 :1
3x1 —2x, < 6 3x1 — 2x, +x, =6
Xi >0 [ = 1,2,3 Xi = 0 I = 1,2,3
-————---
x4 —2 O
f -3 -2 0 O -1 O
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Linear Problem (LP)

-————---
- 3

x4 0
f 0 -1 3

, -—
-————---

- G~
f o o -12 5 18

All a;; are negative
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Linear Problem (LP)

Example 2 (Alternate optimal solutions)

Minimize f = —40x; — 100x,

Subject to
10x; + 5x, < 2500 10x; + 5x5 + x5 = 2500
4x; + 10x, < 2000 4x, + 10x, + X4 = 2000
2x1 + 3x, <900 2x1 + 3x, + x: = 900

Xi >0 [ = 1,2,3 Xi > () [ = 1,2,3,4,5
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Linear Problem (LP)

1 2500 500
o 2000 200 =
900 300

- ---
Solution is
x3 = 1500

-------
X3 1500 187.5 <= Xy = 200
X2 0.4 1 o 0.1 o o 200 500 xs = 300

X5 0.8 0 0 -0.3 1 0 300 375

-,-—-—-- =X =0
f =-20000
i snaacnara ifs Al €j are positive, so no improvement is possible




Linear Problem (LP)

0.125 -0.0625 187.5
x2 O 1 -0.05 0.125 O O 125
-0.1 -0.25 150
---------
Solution is The problem has infinite number of
x; = 187.5 optimal solutions, which can be obtained
x, = 125 using the following equation
X5 = 150 X(1) = AX* + (1 — )X?

x3 — x4 — O
f = —20000

Rajib Bhattacharjya, IITG



Linear Problem (LP)

Example 3 (Artificial variable)

Minimize f = 2x; + 3x, + 2Xx3 — x4 + X5
Subject to

3x1 — 3%y +4x3 +2x, — x5 =0 3% —3x;+4x3+2x,—xs+y; =0
X1+ x5, +x3+3x, + x5 =2 X1+ Xy +x3+3x,4 + Xxc + vy, =2

XlZO i=1,2,...,5

y; and y, Artificial variable
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Linear Problem (LP)

3x1 — 3xy +4x3 + 2x4 — X5 + Y4 =0
X1+ X, +x3+3x4 + X5 + v, = 2
2X1 + 3Xy + 2X3 — X4 + X5 —f=0

The Artificial variables have to be removed from the basis initially (Phase 1)

This can be remove using the following formulation

Minimize w = y{+y,

Now the problem
3x1 — 3xy +4x3 + 2x4 — X + V4 =0
X1+XZ+X3+33C4+X5 +y2 = 2
2X1 + 33Xy + 2X3 — X4 + X5 —f =0

y1+y,—w =0
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Linear Problem (LP)

3xX1 — 3Xy +4x3 + 2x4 — X5 + V4 =

X1+XZ+X3+3.X'4+X5 +yZ = 2
2X1 + 3Xy + 2X3 — X4 + X5 —f =
—4x, +2x, —5x3 —5x, + Oxc —w = =2

-_---
x1 x2 x3 x4 x5yl y2 f w b
vl 3 -3 4 [27] -1 1 0 0 0 0 0 =

y2 1 1 1 3 1 0 1 0 0 2 0.67

f 2 3 2 -1 1 0 0 -1 0 0
VAN e e O =T = 2
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Linear Problem (LP)

-_---.
xI x2 x3 x4 x5 yl y2 f w b
x4 1.5 -1.5 2 1 -0.5 0.5 0) 0) 0) 0)
y2 -3.5[55]
f 3.5 1.5 4 0 0.5 0.5 0 -1 0 0
--y---------
1
o

-5 0 25 -15 1 0 0 2 036 <=

~ Varigbe
----------
x4  0.55 0.64 018 0.09 0.27 0.55

x2 0.64 1 -0.91 O 045 -0.27 0.18 0 O 0.36
4.45 5.36 -0.18 0.91 -0.27 - -0.55

- ----
All ¢; are posmve, SO nho improvement is possible
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Linear Problem (LP) Phase II

~ Variable  bifais
--------

x4  0.55 0.64 o 18 0.55

x2  -0.64 -0.91 0.36 o g

-----T--- N
¥ v\ = 04

-_--
- T . -
x4

O

2 0 S O O G/ - 0.4
All ¢; are positive, so no improvement is possible

. 4 : : : Optimal
’ °
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Linear Problem (LP)

Example 4 (Unrestricted in sign)
Minimize f = 4xq + 2x,
Subject to

X1 — 2%y, = 2

x1+2x2:8
xl—x2S11
x1 =0

X, is unrestricted in sign
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Consider x,=Xx3 — x4
Where, x3,x, = 0
Now, the problem can be
written as
Minimize f = 4x; + 2x3 — 2x4
Subject to

X1 — 2x3 + 2x4 = 2

X1+ 2x3 —2x, =8

X1 —Xx3+x, <11

x; =0 1 =1,3,4



Linear Problem (LP)

X1 — 2X3+ 2x4 — X5 + V4 =

X1+ 2x3 — 2x, + vy =
xl_xS+X4 +x6=11
4X1+ZX3_ZX4 _f:
Phase |

Minimize w =y, + y,

Or, Minimize w = —2x; +0x3 + 0x, + x5 = —10
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Linear Problem (LP)

Phase | problem can be written as

X1 — 2X3 + 2x4 — X5 + Y4 =

X1+ 2x3 — 2x4 + v, —

X1 — X3+ X4 +x; =11
dxy + 2x3 — 2x4 — f =
—2x1+0x3+0x4+x5 —w = -10

y =
X6 1 -1 1 O 1 O O O O 11 11

2 -2 0 0 0 0 0 -1 0




Linear Problem (LP)

PR
--------
x1 1 -2 2 -1 0 1 0 0 0 2

y2 5 <=

X6 0 1 -1 1 1 -1 0 0 0 9 9
f 0 10 -10 4 0 -4 0 0 -1 -8
w0 4g 4 1 0 2 0 1 0 6

EII e
--------
1 1

-0.5

X3 O 0.25 O 025 025

X6 0 0 0 0.75 1 -0.75 -0.25 O O 7.5
f 0 0 0 1.5 0 -1.5 -25 0 -1 -23

ow S T T
All ¢; are positive, so no improvement is possible
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Linear Problem (LP) B:F:-1
e s e e
xI x3 x4 x5 x6

-0.50
x3 O 1 -1 0.25 O O 1 5
0.75

It can be noted that all the coefficients of the cost function is
positive, hence it is not possible to improve the objective

function value

This the optimal solution of the problem is

Xy =5 x3=15 Xg = 7.5 Xy =xc=0 f =23
X, = X3 —X4 = 1.5
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Linear Problem (LP) Example 5

A manufacturer produces, A, B, C, and D, by using two types of machines (lathes and
milling machines). The time required on the two machines to manufacture one unit of
each of the four products, the profit per unit products and the total time available on
the two types of machines per day are given below.

Time required per unit (min) for | Available

product time

A B C D
Lathe machine 7 10 4 9 1200
Milling machine 3 40 1 1 800

Profit per unit 45 100 30 50

Find the number of units to be manufactured of each product per day for maximizing
profit.
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Linear Problem (LP) LP Formulation

Maximize f = 45x; + 100x, + 30x3 + 50x,
Subject to

7x1 +10x, + 4x3 +9x, < 1200
3x1 +40x, + x3; + x, < 300

;>0 i=1234 '

Minimize f = —45x; — 100x, — 30x3; — 50x,

Subject to
7x1 +10x, + 4x3 + 9x,4 + xc = 1200
3X1 ~+ 40x2 ~+ X3 + X4 + Xeg = 800
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Linear Problem (LP)

1200 120
800

--T-------¢

.
e 1 o s e 1WA

X5  6.25 3.75 [8.75] 1 -0.25 1000 114 <=
x2 0.075 0.025 0.025 0.025 3800

----T-----
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Linear Problem (LP)

x4  0.71 0.11 -0.03 114 266 <=
x2  0.06 o 01 0.00 0.03 1200

---T------

--%---

X3 1.67 2.33 0.27 -0.07 267

x2  0.03 -0.03 -0.01 0.03

This the optimal solution of the problem is

x1 =0 X, =13 x3 =267 x,=0 x5=0 x¢ =0 f=-9333
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Linear Problem (LP)

C?
\\?’&
A
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