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Multivariable problem
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Multivariable problem

v'Univariate search method
v'Steepest descent direction method

v' Newton’s method
v'Conjugate direction method
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Multivariable problem Univariate method

A multivariable problem can be converted to a single variable problem using the
following equation  X'*! = Xt + qd?

Eq.No.1 f(x,y) = (x?+y?)+ 4

X*=X"+ad
= (D) d=(Q) X0 = Q) +0)= (0,
Xt = G) + a ((1)) = (1 _Il_ a) Putting in equation (1)

Putting in equation (1)
fl@=(1+a)?+12)+4

Taking first derivative

f'lla)=2(1+a) =0 o = —1

cex= (9 -0 - )

fl@=0+0+a)) +4
Taking first derivative

f'la)=2(14+a)=0
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Multivariable problem Steepest descent direction method

A search direction dtis a descent
direction at point x" if the
condition Vf(x%).d" < 01is
satisfied in the vicinity of the
point x*

fx*) = f(x* + ad")
= f(x) +aVlf(xb).dt
The f(x*™1) < f(x")

TR When aVTf(xt). dt <0
S0 Or, FTf(xt).dt <0




Multivariable problem Steepest descent direction method

%, y) = (% +y?) + 4 1= (1 =(1-
Eq.1 floy) =( y©) X (1) Ta (—2) (1 — Za)
x1 = X0 + ad Putting in equation (1)

X0 = (1) d=-Vf(X°)

) fl@)=((1-2a)2+(1—-2a)?)+4

d=-Vf(X° Taking first derivative
7fx®) = () f(@) =0

1
d=-rf(x*) = () “ =3

_ OPTIMAL
v -(229-0)




Multivariable problem

Newton’s method

2
Taylor series f(x + h) = f(x) + hf'(x) + %f”(x) et

f(xip1) = f(x;) + Ocgpr — x)f () +

Newton’s method

(n—1)!

(Xi41 — Xi)

hn
R0 +— 100 + -

2
F ) + -

By setting derivative of the equation to zero for minimization of f(x), we have

flie) =04 f70) + 7 (x)(xip1 —x) =0

Xi+1 =

f(x;)

RGO




Multivariable problem Newton’s method

Quasi Newton’s method

Sometime it is not possible to have the closed form expression of the function or it may be difficult to
calculate the derivatives of the objective function. In such a scenarios, the derivative of the function

can be calculated

fQx; + Ax) — f(x; — Ax)
2Ax

i) =

flx; +Ax) = 2f(x;) + f(x; — Ax)
Ax?

£ (x0) =

B Ax[f (x; + Ax) — f(x; — Ax)]
FHL TN T (g + Ax) — 2f () + £ (g — Ax)]

Convergence |f'(x;)| <€



Multivariable problem Newton’s method

1
Taylor series f(X+ h) = f(X) + h'Vf(X) + EhTHh F ..

1
f(Xi+1) — f(Xl) + Vf(Xi)T(Xi+1 o Xi) + Z(Xi+1 — Xi)TH(Xi+1 — Xi) + .-

By setting partial derivative of the equation to zero for minimization of f(X),
we have

Vi=0+V (X)) + HX;41 —X;) =0

Xip1 =X; —H'Vf

Since higher order derivative terms have been neglected, the above equation
can be iteratively used to find the value of the optimal solution

a(XTAX)

— AX + ATX
9X T

In this case

d(XTAX)
0X

(AX)

0X

= 24X

T

o(xTA)
oxX
d(ATX)

0X =4




Multivariable problem

Newton’s method

Show that the Newton’s method finds the minimum of a quadratic function in one iteration

A quadratic function can be written as
f(X) =>XTAX + BTX+C

The minimum of the function is given by

Vf(X) =AX+B =0
X=-A"1B
Now apply Newton’s method. The iterative step gives
Xiv1 =X; — HVF(X)
In this case H=A
Xi+1 = X; — A7 (AX; + B)
Xiy1 =—A7'B

d(XTAX)

= AX + ATX
9X T

Inthiscase A = AT

0(XTAX)
X

a(4AX)

X

o(XTA)
oxX
d(ATX)

0X =4

2AX

AT




Multivariable problem

Steepest descent method

Newton’s method

Xip1 =Xi+al-Vf; ]

Xi+1 = Xi + a[—Hi_lVfi]

Now we can combine these two method

Marquardt Method

Where S; = —-Vf

Where Si = —Hi_1|7fl-

Xip1 = X; + a[—[H; + BIIT'Vfi]

For the large value of 3, the effect of hessian matrix will be negligible and the method will be
similar to steepest descent method. On the other hand when f is equal to zero, the method is

similar to Newton’s method.



Multivariable problem Quasi Newton’s method

Newton’s method

Xipr =X — [HIT'VF(XD)

Considering [A;] = [H;] and [B;] = [H;]™*
Xiv1 = X; — [B]Vf (X))

We have
VIX) =Vf(Xo) + HX — Xp)

Now consider two points X; and X; 1 Subtracting these two equations, we have

Viier = VIXo) + [4;]1(Xi11 — Xo) [Ai](Xiy1 — X)) =Vfis1 — VS
Vi = Vf(Xo) + [Ai](X; = Xo) [A;]d; = g; = d; = [B;lg;



Multivariable problem Quasi Newton’s method

Now [B;] needs to be updated in each iteration. It can be updated

|Bi+1] = [B;] + [AB;]

Theoretically [AB;] can have its rank as high as n. However, in practice we only use rank 1 or 2

[AB;] = czz" [B;+1] = [B;] + czzT
We have  d; = [Bi41]g; = d;= [[B;] + czz"|g; = [Bilg; + cz(z" g;)
Since zT g; is a scalar, we have . d; — [Bilg;
7 =
z"g;

1

The simple choice for z and ¢ would be c = 2T z =d; — [Bi]g
i

Thus, the rank 1 update will be zzT [d; — [B;19;1[d; — [B;1g:1"

= [Biy1] = [Bi] +

[d; — [Bi]g:]1" g




Multivariable problem Quasi Newton’s method

Rank 2 update

[AB;] = c1212," + 32,7,

T

[Biv1] = [Bi]l + c12121" + cp252,"

d; = [Bi+1lg; d; = [[Bi] + 129297 + CZZZZZT]gi
d; = [Bilg; + ¢121(z1" 9i) + c225(25" g7)

d; — |Bilg; = C1Z1(Z1Tgi) T Cy2; (ZzTgi)

1 1
The following choices can be made c1 = o~ c, = — o~
z; = d; z; = [Bilg;
T
212, 232" didiT _ [[Bi]gi][[Bi]gi]

[B...] = [B;] + - =Bl +
i+1 Yz Tgr zTg; l diT.gi [[Bi]gi]Tgi



Multivariable problem Powell’s conjugate direction method

Parallel subspace property

Given a quadratic function f(X) = %X TAX + BTX + C of two variables and
X' and X? are the two arbitrary but distinct points.

If Y1 is the solution of the problem
Min f(X! + Ad)

If YZis the solution of the problem
Min f(X? + Ad)

Then the direction (Y* — Y1) is conjugate to d, or other words, the quantity
(Y2—-vHrad =0

For quadratic function minimum lies on the direction (Y% — Y1)



Multivariable problem Powell’s conjugate direction method

X1 y! Optima is in this line
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