Prof (Dr.) Rajib Kumar Bhattacharjya

Department of Civil Engineering
INDIAN INSTITUTE OF TECHNOLOGY, GUWAHATI
GUWAHATI-781039, ASSAM, INDIA



Multivariable problem with inequality constraints

Minimize f&X) Where X = [xq, %5, X3, oo, X |7
Subjectto  g;(x) <0 j=123,..,m

We can write  g;(X)+y/ =0

Thus the problem can be written as

Minimize ji0¢)

Subject to GX,Y)=g;X)+y; =0 j=123,..,m

Where Y = [}71, Y2,¥Y3, ---;Ym]T



Constrained Optimization

Multivariable problem with inequality constraints

Minimize f(X) Where X = [xq, x5, X3, ..., x5 ]"

Subjectto  GX,Y) =g;(X)+y/ =0 j=123,..,m
The Lagrange function can be written as
LY, D) = FO0 + ) 4G Y)
=1

The necessary conditions of optimality can be written as

OLX,Y, 1) _of(X) N 5. 29/0 _

0 1 =123, ..,n

Oxl- axi , ! axi
j=1
JdL(X,Y, A
BT =g, 437 =0 =123 .m
o7,
aL(X,Y,A)

ay] == 2/1]}]] :O ] — 1)2)3) ey, m



Constrained Optimization

Multivariable problem with inequality constraints

OL(X,Y,A)
ayj

Either ;=0 Or, ;=0
If A;= 0, the constraint is not active, hence can be ignored

From equation

If y;= 0, the constraint is active, hence have to consider

Now, consider all the active constraints,
Say set J; is the active constraints
And set J, is the inactive constraints

The optimality condition can be written as

of (X ag;(X)
f( ) + Z A] gj = 0 [ = 1;2;31 ey 1
6xl- . axi
J€J1
€
;00 = 0 J €

€
g;xX) +yf =0 J€/



Constrained Optimization

Multivariable problem with inequality constraints

aof 091 d9- 093 agp

——:A A °e | = 112;3;-")
axl- 1 axl- T 2 axi T /13 axi T T Ap axi l "
(0 \ 0 \
f/axl [ g] axl
—Vf=04Vg1+A4,Vg, + A3Vgs + -+ A,Vg, of g i
1 : : Vi =5 /6x2> Vg; =5 Jax2>
This indicates that negative of the gradient of 5 :
the objective function can be expressed as a kaf /o 09;
n

linear combination of the gradient of the active . /0x,)

constraints at optimal point.
If 14,4, > 0

Then the term STV is +ve
—Vf=4Vg:+A,Vg, /

This indicates that S is a direction

Let S be a feasible direction, then we can write . . )
of increasing function value

_oTyf — 3 T T
SV =MhSVg+457Vy, Thus we can conclude that if

Since S is a feasible direction S™g, <0 and S'Vg, <0 | |41, >0, we will not get any
better solution than the current
solution




Constrained Optimization

Feasible region 9.(X) =0

Infeasible regioi

—STVf = A]_STVgl + AzSTV'gZ

Since S is a feasible direction
S™Vg, <0 and S'Vg, <0

If Ay, 4, > 0
Then the term STVf is +ve

This indicates that S is a direction
of increasing function value

Thus we can conclude that if
A1, A; > 0, we will not get any
better solution than the current
solution




Constrained Optimization

Multivariable problem with inequality constraints

The necessary conditions to be satistied at constrained
minimum points X* are

of (X) 0g;(X)
. + Y [ =0 i =123, ..,n
axi ¢ axi
J€J1
120 i€,

These conditions are called Kuhn-Tucker conditions, the necessary conditions to
be satisfied at a relative minimum of f(X).

These conditions are in general not sufficient to ensure a relative minimum,
However, in case of a convex problem, these conditions are the necessary
and sufficient conditions for global minimum.



Multivariable problem with inequality constraints

If the set of active constraints are not known, the Kuhn-Tucker conditions can be
stated as

of) | N, 09, _

+3¥2 0 i=123,..,n
axi - J axi
j=1
4i9; =
9,<0 & j=123,..,m
;=0




Constrained Optimization

Multivariable problem with equality and inequality constraints

For the problem
Minimize f&X) Where X = [xq, x5, X3, oo, X |7
Subject to g;(X) <0 j=123,..,m

he(X) =0 k=123, ..,p

The Kuhn-Tucker conditions can be written as

a;;i)l() zA 5%}? Zp: kah;g) ~0 i=123,..,n
29 = 0 =123, .., m

g, <0 j=123,..,m

B =0 k=123, ..,p

150 j=123,..,m



%Wéf()() = x% + 2x% + 3x3
%M@Z g1(X) =x1 —x, —2x3 < 12

gz(X) = X1 + 2x2 — 3x3 <8



