MA224: Real Analysis

Assignment 1: Metric Spaces and Normed Linear Spaces
January-April 2026

1. For each statement below, determine whether it is true or false. Provide a brief justification.
(a) There exists a metric space having exactly 36 open sets.
(b) It is impossible to define a metric d on R such that only finitely many subsets of R are open
in (R, d).
(c¢) If A and B are open (closed) subsets of a normed vector space X, then A+ B ={a+b:
a € A be B} is open (closed) in X.
(d) If A and B are closed subsets of [0,00) (with the usual metric), then A + B is closed in

[0, 00).

(e) It is possible to define a metric d on R such that the sequence (1,0, 1,0,...) converges in
(R, d).

(f) Tt is possible to define a metric d on R? such that ((+,-15)) is not a Cauchy sequence in
(R%d).

(g) It is possible to define a metric d on R? such that in (R?,d), the sequence ((£,0)) converges
but the sequence ((+,+)) does not converge.

(h) There exist two non-empty disjoint sets A and B in R such that inf{|z —y|: 2 € A and y €
B} =0.

(i) If (z,) is a sequence in a complete normed vector space X such that ||z,+1 — x,]| — 0 as
n — 0o, then (z,) must converge in X.

(j) If (fa) is a sequence in C[0,1] such that |fni1(2) — fu(z)] < =5 for all n € N and for all

1
x € [0, 1], then there must exist f € C[0,1] such that [ |f,(z) — f(z)|dz — 0 as n — occ.
0

(k) If (z,,) is a Cauchy sequence in a normed vector space, then lim ||z, | must exist.
n—oo

() {f € C[0,1] : || f|l < 1} is a bounded subset of the normed vector space (C[0,1], ]| - ||o)-
(m) There exists a set A C (R,u) such that § (A°U {0}) = 0 but 6 ((A)°) = 1, where ¢ stands
for diameter.
(n) For z,y € £, d(x,y) = min{1, limsup,,_, ., |Z» — ¥n|} defines a metric on ¢>°.
(0) The sequence f,(t) = e~"*5" converges uniformly to 0 on (0, 1).

2. For each of the following choices of X and d, determine whether (X, d) is a metric space.
a) X =R and d(z,y) = 24 for all z,y € R.

1+|zy|

b) X =R and d(z,y) = min{+/|x — y|, |z — y|?} for all z,y € R.
() X=Rand d(z,y) = |z —yP forall z,y e R (0 <p < 1).

)

) . . . .
d) X =R and for all 2,y € R, d(z, y) = { 1+ |z —y| if exactly one of z and y is positive,

)

)

(

(

( |z —y|  otherwise.

(e) X =R? and d(z,y) = (|21 — 1| + |22 — y2|%)% for all 2 = (931,352)>1y = (y1,42) € R%.

(f) X =R"and d(z,y) = [(z1 —y1)? + 3 (x2 — y2)* + - - + 2 (2 — yp)?]2 for all z = (21, ..., 2y),
y:(y17"'7yn) e R™ ) )

(g) X =C and for all z,w € C, d(z,w) = min{|z| + Jwl, [z = 1]+ fw =1} if 2 # w,

’ ’ ’ 0 if z=w.
|z —w| if é = ﬁ,
|z] + |w| otherwise.

(i) X =C and d(z,w) = % for all z,w € C.

(j) X = The class of all finite subsets of a nonempty set and d(A, B) = The number of elements
of the set AAB (the symmetric difference of A and B).

(h) X =C and for all z,w € C, d(z,w) = {



10.

11.

12.

(9 X = C[0,1] and d(f,g) = ([ |f(t) — g(t)*dt)* for all f.g € [0, 1],

0

For each of the following definitions, determine whether || - || is a norm on R?, where for each
(z,y) € R?,
(a) [I(z, y)ll = (/]| +
x2 2
(b) [[Gz, )l = /& + T
2 +y?  ifaxy >0,
© Nl ={ Yot §e

max{|z|, |y|} if zy <O0.
If x € R”, then show that hrn 1%, = [|%]] co-
If 1 <p<q< oo, then show that ||z]|, < ||z||, for all z € (7.

Determine whether || - || is a norm on C10, 1], where for each f € C[0, 1],

(&) (1A = mind]] flloo, 201 {11} (b) [IF1l = sup{t [f(£)] - ¢ € [0, 1]}

Show that
(a) if x € R", then lim 1%, = [|%]]oo -
p—

(b) if x € ¢? for some 1 < ¢ < 00, then hm x|, = ||%]lco -
p—
(€) i f € Cla,b], then limn |7, = /lle

Let d be a metric on a real vector space X satisfying the following two conditions:
(i) d(z + z,y + 2) = d(z,y) for all x,y, z € X,
(ii) d(ax,ay) = |a|d(z,y) for all z,y € X and for all a € R.
Show that there exists a norm || - || on X such that d(z,y) = ||z — y|| for all z,y € X.

Let R* be the real vector space of all sequences in R, where addition and scalar multiplication

are defined componentwise. Let d((x,), (y,)) = Z 5 lf‘zny’;  for all (), (yn) € R*®. Show

that d is a metric on R* but that no norm on ]Roo induces d.

Let (X, -]|) be a nonzero normed vector space. Consider the metrics dy, ds and ds on X:

dy(2,y) == min{L, [l — y|[},

d =
2(1’7y) 1 ||I yHu
14 ||z — if © £y,
d3($,y) : { 0 H yH if = z

for all z,y € X. Prove that none of d;,d, and ds is induced by any norm on X.

Let X be a normed vector space containing more than one point, let x,y € X and let £,0 > 0.
If B.[x] = Bsly|, show that x = y and € = §. Does the result remain true if X is assumed to
be a metric space? Justify.

Determine whether the following sets are open and/or closed in R? (with the usual metric).
(a (my)ERQ:xy>0}
) z € R}
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(e) {(z,y) eR?:x+y <1}
(f) {(z,y) eR? 1y € Z}

Let A = {(z,y,2) € R?: 22 +4y? < 1} and B = {(z,y,2) € R* : 2 = 0}. Examine whether
AN B is a closed/an open subset of R? with respect to the usual metric on R3.

Determine whether a finite subset of a metric space is open and/or closed.

For all z,y € R, let dy(x,y) = |x — y|, do(z,y) = min{1, |x — y|} and ds3(z,y) = 1J‘f|2|y‘ If Gis

an open set in any one of the three metric spaces (R, d;) (i = 1,2,3), then show that G is also
open in the other two metric spaces.

Let X be a nonzero normed vector space. Show that {x € X : ||z|| < 1} is not closed in X and
{z € X :||z|| <1} is not open in X.

Show that A = {f € C[0,1] : || f||1 < 1} is an unbounded subset of the normed linear space
(CL0 2] [ - floo) -

Let X be a normed vector space and let Y (# X)) be a subspace of X. Show that Y is not open
in X.

Let F, be a sequence of closed sets in R such that F,, C (n,n + 1] and F,, N F,, = (), whenever
m # n. Show that F' = J F, is a closed set in R.

n=1

Let A(# () C R™ be such that every continuous function f : A — R is bounded. Show that A
is a compact subset of R".

Let f:R?* — R be continuous such that lim f(x) = 1. Show that f is bounded on R?.

[[x[l2—o0

Let X, Y be metric spaces and let X be compact. If f : X — Y is a bijective continuous
function, then show that f~!:Y — X is continuous.

Let @ > 0 and let f: (R™, |- []2) = (R™, ] - ||2) be continuous such that
|f(x) — f(¥)ll2 > al|x — y||2 for all x,y € R". Show that the range of f is a closed subset of

(R [ - {l2)-

Let f :[0,1] — R be continuous. Show that f(A) C f(A) for all A C [0,1].

Let f: X — Y be continuous, where X and Y are metric spaces. If x € X is a limit point of
A C X, then show that f(z) € f(A) or f(z) is a limit point of f(A).

Let f:(X,d) — R be a continuous function. Show that {z € X : f(z) # 0} is an open set in
the metric space (X, d).

Let (x,) and (y,) be Cauchy sequences in a metric space (X,d). Show that the sequence
(d(xp,yn)) is convergent.
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oo
Let (x,) be a sequence in a complete metric space (X, d) such that > d(z,, z,41) < 0o. Show
n=1

that (z,) converges in (X, d).

Let (x,) be a sequence in a metric space X such that each of the subsequences (z2,), (T2,-1)
and (x3,) converges in X. Show that (z,,) converges in X.

Show that each of the following metric spaces is not complete.
(a) (N,d), where d(m,n) = |+ — L] for all m,n € N
(b) ((0,00),d), Whered(x,y):|1—1|forallx y € (0,00)

(
(R,d), where d(z,y) = |%|x‘ 1HMforallxyER
(R,d), where d(z,y) = |e* — e¥| for all z,y € R

Examine whether the following metric spaces are complete.
(a) ([0,1),d), where d(z,y) = |15, — | for all 2,y € [0, 1)
(b) ((—=1,1),d), where d(z,y) = |tan Tf — tan 5’| for all 2,y € (—1,1)

For X(# 0) C R, let d(x,y) = ‘ |x  for all z,y € X. Determine whether the metric space
(X, d) is complete, where X is

(a) [0, 1] nQ.

(b) [=L,0] UL, 00).

(¢) {n*:n e N}L

For f € C'0,1], define ||f|| = || fll1 + || f|loo- Determine whether (C*[0, 1], - ||) is a complete

normed linear space.

Determine whether the sequence (f,,) converges in (C|0, 1], dw,), where for all n € N and for all
te[0,1],
n 2
(a) fult) = 15
(b) fult) =14+t+5+-- -+ 5.

nt 1f0<t§%

@ n={ % FIZVEY
nt ifo<t<l
(d) fn(t):{n%(l—t) if L <t<1.

Let f : [0,1] — R be continuous and f(1) = 0. If f,(z) = f(x)z" for all x € [0, 1] and for all

n € N, then examine whether the sequence (f,,) converges uniformly on [0, 1].

Let X be a metric space and let f, g, fn, g, : X — R (n € N) be such that f,, — f uniformly
on X and ¢, — ¢ uniformly on X.

(a) Show that f, + g, — f + ¢ uniformly on X.

(b) Is it necessary that f,.g, — f.¢g uniformly on X 7 Justify.

(c) If f and g are bounded on X, then show that f,.g, — f.g uniformly on X.

Let X be a metric space and let (f,) be a sequence of real-valued bounded functions on X. If
f X — Ris such that f, — f uniformly on X, then show that f is bounded on X.
Does this result hold if f,, — f pointwise on X 7 Justify.

Let (f,) be a uniformly convergent sequence of real-valued bounded functions defined on a
metric space X. Show that there exists M > 0 such that |f,,(x)] < M for all x € X and for all
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n € N.

(=)™ on—1 : : :
- T is uniformly convergent in R.

o0
Determine whether the series Zl o=
n=

Let X be a normed vector space and let x € X. Show that
||| = inf {A ca € R\ {0}, flaz| < 1}.

lal

Let X be a normed vector space and let z,y € X. Show that |z| < max{||z +y|, ||z — v}

Let X be a vector space over R and let p: X — [0, 00) satisfy the following three conditions:
(i) p(z)=0iff z =0 (z € X).
(i) p(ax) = |a|p(z) for all x € X and for all o € R.

(iii) {z € X : p(z) < 1} is a convex subset of X.

Show that p is a norm on X.

(A subset S of X is said to be convex if (1 —t)z 4ty € S for all z,y € S and for all t € [0, 1].)

Let f: R™ — R" be continuous and let there exist o > 0 such that ||f(x) — f(y)| > a|x —y||
for all x,y € R". Show that f(R") is complete.

Let X be a complete metric space. Let f : X — X be a contraction and let g : X — X be
such that fog = go f. Show that g has a fixed point in X. Is it necessary that the fixed point
of g in X is unique? Justify.

Let (X,d) be a complete metric space and f : X — X be such that f™: X — X is a contrac-
tion for some m € N. Show that f has a unique fixed point in X.

Let (X,d) be a compact metric space and let f : X — X be such that d(f(z), f(y)) < d(x,y)
for all z,y € X with x # y. Show that f has a fixed point in X.

Let f: R™ — R" be a contraction and g(x) = x — f(x) for all x € R". Show that g : R" — R"
is one-to-one and onto. Also, show that both g and ¢g=! : R® — R" are continuous.

Using the contraction mapping theorem, show that the equation 4% — 22% — 42 + 1 = 0 has

exactly one root in (07 %)

Using the contraction mapping theorem, show that the initial value problem % = x + sin(z%y)

d
for z € [0,1], y(0) = 3, has a unique solution.

Let f : R™ — R" be a contraction and let g(x) = x— f(x) for all x € R™. Show that g : R" — R"
is one-to-one and onto. Also, show that both g and ¢g=! : R® — R" are continuous.

Let a; = 1 and a,41 = /1 + a2. Using fixed point theory, prove that the sequence {a,} is
convergent, and that its limit satisfies the equation 23 — 22 — 1 = 0.

Using fixed point theory, determine all functions f € C|0, 1] such that f(z) = fox(x —y)f(y)dy.
Let B={x € R": |x||2 < 1} and let f : (B,dy) — (B,ds) be continuous such that

| f(x)]|2 < |Ix||2 for all x € B\ {0}. Let x; € B\ {0} and let x41 = f(xx) for all £k € N. Show
that x, — 0.



