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MA15010H: Multi-variable Calculus

(Practice problem set 1: Limits and continuity)
July - November, 2025

. If x,y € R™, then show that

@ - vi<hx-yl
(b) [x+ylllx = yll < [[x]I* + [ly]*-
(¢) lIx|l < max{llx + y[, [|x = y|}-
(d) ||x + ayl|| > |Ix|| for all « € Riff x -y = 0.

. Let x,y € R™ and o > 0. Show that |x - y| < of|x|* + == || y]|*.

. Let x,y € R™. Show that ||x|| — ||y|| = ||x — y| iff ax = By for some «, 5 > 0 with

(o, 3) # (0,0).

. Let x,y € R™ and r > 0 such that y -z = 0 for all z € B,(x). Show that y = 0.
. If 2 € R™ and r > 0, then determine sup{||x — y|| : x,y € B,(x¢)} with justification.

. Let S € R™ such that S C B,(xg) for some z7 € R™ and for some r > 0. Show that S

is a bounded set.

Let a € (0,1) and let x,, = (nn, 1[na]) for all n € N (For each z € R, [z] denotes
the greatest integer not exceeding z). Examine whether the sequence (x,) converges
in R?. Also, find lim,_, X, if the sequence (x,) converges in R.

o0
. Let (x,) be a sequence in R™ such that the series Y n?||x,||? is convergent. Show that

n=1

o
the series > ||x,|| is convergent.
n=1

. Let (x,) and (y,) be sequences in R™ such that x,, - x € R™" and y,, -y € R™.

Show that x, +y, > x+yand x, -y, > X y.

Let x € R™ and let (x,) be a sequence in R™ such that ||x,| — ||x|| and x,,-x,, — x-x.
Show that (x,,) is convergent.

State TRUE or FALSE with justification for each of the following statements:

(a) If x,y € R™ such that x # y and ||x|]| = 1 = ||y||, then it is necessary that
Ix+yl <2

(b) If (x,) is a sequence in R™ such that for each x € R™, lim,,_,o, X, - X exists (in R),
then lim,, o, ||x,]|* must exist (in R).

(¢) There exists an unbounded sequence (x,,) of distinct real numbers such that the
sequence (z,,cos ,) in R? has a convergent subsequence.
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Let S ={(z,y) € R?: 2 #y} and let f: S — R be defined by f(z,y) = for all
T —

(x,y) € S. Show by using the definition of continuity that f is continuous at (1, 2).

If f:R? — R is continuous and f(z,y) = 22+ y? for all z € Q and for all y € R\ Q,
then determine f(v/2,2).

Examine the continuity of f: R? — R at (0,0), where for all (z,y) € R?,
Jry  itay >0,
(&) flay) = {—xy if xy < 0.
Ty .
—— if x,y ;é 070 )
(b) flz.y) = "+ ¥ w7 0.0
0 if (z,y) = (0,0).
1 ifz>0and0<y < 22,
(c) flay) = . ’
0 otherwise.
Determine all the points of R? where f : R? — R is continuous, if for all (z,y) € R?,
xy .
if x ,
label=(a) f(z,y) =< T—Y¥ 7
0 ifr=y.
if xy € Q,

Ibbel=(b) f(z,y) = {gi?icy if zy € R\ Q.

Let a, 8 be positive real numbers and let f : R? — R be defined by

W it (4) # (0,0),
fle,y) = § 2 + 222 + ¢

0 if (z,y) = (0,0).

Show that f is continuous iff o + 5 > 2.

Let S be a nonempty subset of R™ and let f; : S — R for each j € {1,...,k}. If
f(x) = (fi(z),..., fe(x)) for all x € S, then show that f : S — RF is continuous at
xo € S iff f; is continuous at zy for each j € {1,...,k}.

Examine the continuity of f : R? — R? at (0,0), where for all (z,y) € R?,

(ﬁ,mw N y2)) if (2, ) # (0,0),
(0,0) if (z,y) = (0,0).

flx,y) =

If f,g: S CR™— R are continuous at z¢ € S and if p(x) = f(z)-g(z) for all z € S,
then show that ¢ : S — R is continuous at x.
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Let f : S C R™ — R* be continuous at zo € S and let f(zy) # 0. Show that there
exists r > 0 such that f(z) # 0 for all x € B,(zo).

Let S be an open subset of R™ and let f : S — R* and g : S — R* be continuous at
xo € S. If for each € > 0, there exist x,y € B.(x) such that f(z) = g(y), then show

that f(z) = g(o).
If S = {(z,y) € R*: x +y > 2}, then determine (with justification) S°.
IfS={(z,...,7,) € R™: xz,, = 1}, then determine (with justification) S°.

If x € R™ and r > 0, then determine (with justification) all the interior points of B, [x].

Examine whether {(z,y) € R?: 0 < x < y} is an open set in R%.



