MA15010H: Multi-variable Calculus

(Practice problem set 2: Hint/Model solution)
July - November, 2025

1. Examine whether the set {(z,y) € R?: 0 < z < y} is (a) open (b) closed in R?.
Solution: We have already shown in Ex.25 of Practice Problem Set - 1 that S =
{(x,y) € R?:0 < z < y} is an open set in R?.
Again, since (5-,1) € Sforalln € Nand (5-,%) — (0,0) ¢ S, S is not a closed set

2n'n 2n’'n
in R2.

2. Examine whether the set {(x,z) : * € R} is (a) open (b) closed in R?.
Solution: We have (0,0) € S = {(z,z) : * € R}. If possible, let (0,0) € S°. Then
there exists r > 0 such that B,((0,0)) ¢ S. Since (£,0) € B,((0,0)) but (%,0) ¢ S,
we get a contradiction. Hence (0,0) ¢ S°. Therefore S is not an open set in R?.
Again, let ((z,,,)) be any sequence in S such that (x,,z,) — (z,y) in R% Then

T, — x and z, — y. Hence x = y and so (z,y) € S. Therefore S is a closed set in R?.

3. Examine whether the set {(z,y) € R*: y € Z} is (a) open (b) closed in R

Solution: We have (0,0) € S = {(x,y) : y € Z}. If possible, let (0,0) € S°. Then
there exists » > 0 such that B,((0,0)) C S. If s = min{3, %}, then (0,s) € B,((0,0))
but (0,s) ¢ S. Thus we get a contradiction. Hence (0,0) ¢ S° and therefore S is not
an open set in R2.

Again, let ((z,,y,)) be any sequence in S such that (x,,y,) — (z,y) in R?. Then
Yn — y. There exists N € N such that |y, — y| < % for all n > N and hence
Y — Yol < |yn —yl + |y — yo| < 1 for all n > ngy. Since y, € Z for all n € N, we get
Yn = Yo for all n > ng and so y,, — yo. Consequently y = yo € Z and so (z,y) € S.
Therefore S is a closed set in R.

4. Examine whether the set (0,1) x {0} is (a) open (b) closed in R2.

Solution: We have (1,0) € (0,1)x{0}. If possible, let (3,0) € ((0, ) x{0})". Then
there exists r > 0 such that B, (( ,0)) € (0,1) x {0}. Since (3,%) € B, ((%,0)) but
(1,2) ¢ (0,1) x {0}, we get a contradiction. Hence (1,0) ¢ ((0,1) x {O}) Therefore

(0,1) x {0} is not an open set in R
Again, since (-47,0) € (0,1) x {0} for all n € N and (-15,0) — (0,0) ¢ (0,1) x {0},
(0,1) x {0} is not a closed set in R

5. If f: R™ — R is continuous, then show that {x € R™ : f(x) > 0} is an open set in
R™.
Solution: Let (x,) be any sequence in R™\ S, where S = {x € R™: f(x) > 0} and
let x,, — x € R™. Since f is continuous at x, f(x,) — f(x). Also, since x,, € R™\ S
for all n € N, f(x,) < 0 for all n € N and hence it follows that f(x) < 0. Thus
x € R™\ S and therefore R™ \ S is a closed set in R™. Consequently S is an open set
in R™.
6. If f: R™ — R is continuous, then show that {x € R™ : f(x) > 0} and {x € R™ :

f(x) = 0} are closed sets in R™.
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Solution: Let (x,) be any sequence in S; = {x € R™ : f(x) > 0} and let x,, —
x € R™. Since f is continuous at x, f(x,) — f(x). Also, since x,, € S for all n € N,
f(x,) > 0 for all n € N and hence it follows that f(x) > 0. Thus x € S; and therefore
Sy is a closed set in R™.

Again, let (x,,) be any sequence in Sy = {x € R" : f(x) = 0} and let x,, — x € R™.
Since f is continuous at x, f(x,) — f(x). Also, since x,, € Sy for alln € N, f(x,) =0
for all n € N and hence it follows that f(x) = 0. Thus x € S, and therefore S, is a
closed set in R™.

. Using Ex.2 in the Practice Problem Set - 2, show that {(x,y, z) € R3: 22 + 2z < 3|y|}
is an open set in R and {(z,y,2) € R3 sm(xyz) |zy|} is a closed set in R3.

Solution: If f(z,y,2) = 3Jy| — 2% — 22 and g(z,y,2) = sin(zyz) — |zy| for all
(z,9,2) € R3 then we know that both f : R* — R and g : R® — R are continuous.
Hence by Ex.2(a) of Practice Problem Set - 2, {(z,y,2) € R? : 2% + 22 < 3|y|} =
{(x,y,2) € R® : f(z,y,2) > 0} is an open set in R® and by Ex.2(b) of Practice
Problem Set - 2, {(z,y,2) € R? : sin(xyz) = |vy|} = {(z,y,2) € R®: g(z,y,2) = 0} is
a closed set in R3.

. Let f:R? — R be defined by

sin(zy) ¢ xy # 0,
flz,y) = { o

1 if zy = 0.

Show that f is continuous.

Solution: If p(z,y) = xy and ¥ (z,y) = sin(zy) for all (x,y) € R? then we know
that ¢, 1 : R? — R are continuous and ¢(z,y) # 0 for all (z,y) € R2. Hence it follows
that f is continuous at each point (z,y) € R? for which xy # 0.

Let (z,y) € R? such that zy = 0 and let ((x,,y,)) be any sequence in R? such that
(Tn, Yn) — (z,y). Then z, — z,y, — y and so x,y, — zy = 0. Now f(z,,y,) =
Smx(fzny") if 2y, # 0 and f(x,,y,) = 1 if z,y, = 0. Since lim; ,o 22¢
that f(x,,y,) — 1 = f(x,y) and consequently f is continuous at (m y). Therefore f
is continuous.

Smt = 1, it follows

2

x“ =2z

. Let f:R? — R be such that f(z,y) =¢ Z\ for all (z,y) € R? with z # y. If
r € R, then find f(z,z) such that f is continuous on R.

Solution: Since 22 —2xy+1y? = |z—y|? for all 7,y € R, we find that f(x,y) = e~ l*Vl
for all (z,y) € R* with z # y. If € R, then (z + £,2) — (z,z) and for f to be
continuous at (z,x), we must have f(z,x) = lim, . f(z + %,x) = lim,,_ o, e » = 1.
So, let f(x,z) =1 for all z € R.

If g(z,y) = —|z — y| for all (x,y) € R? and p(t) = ¢’ for all t € R, then f(z,y) =
o(g(z,y)) for all (z,y) € R% Since we know that g : R*> - R and ¢ : R — R are
continuous, hence f = ¢ o g is also continuous.
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10. Let f : S C R™ — R* be continuous and let g : R™ — R* be such that g(x) = f(x)
forall z € S.
(a) Show that g need not be continuous on S.
(b) If S is an open set in R™, then show that g is continuous on S.
Solution:

(a)

Let f(z,y) =1 for all (z,y) € S = {(x,y) € R? : 2* + y* < 1} and

)1 i (x,y) €S,
9(.y) = {2 if (z,y) € R2\S.

Then f : S — R is continuous (as a constant function) and f(z,y) = g(z,y) for
all (z,y) € S. However, g is not continuous at (1,0) € S, since (1+ +,0) — (1,0)
but

1
g(l—i—E,O) =2—=2#1=y¢(1,0).

Let zg € S and € > 0. Since S is an open set in R, there exists r > 0 such
that B,(x¢) C S. Since f is continuous at xy, there exists s > 0 such that
| f(z) — f(zo)]] < e for all x € SN Bs(xp). If 6 = min{r,s} > 0, then Bs(xy) C
B,(x9) C S and Bs(xg) C Bs(zg). Hence for all z € Bs(xg), we have g(z) = f(z)
and ||g(x) —g(zo)|| < €. Therefore g is continuous at xy. Since zy € S is arbitrary,
g is continuous on S.

11. Let S; = {(z,y) e R?: (x — 1> +y?* <4} and Sy = {(z,y) e R? : 22 + (y — 1)? < 9}.
Does there exist a continuous function from S; onto S57 Justify.
Solution: Let u = (1,0),0 = (0,1) and let f(z) =v+2(z —u) = (£ - 3,1+ 2)
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for all z = (z,y) € S1. If z € Sy, then [|f(z) — v|| = ||z — u|| < 3 and so f(z) € Ss.
Thus f maps 57 to Sy and clearly f is continuous (since both the component functions
of f are continuous).

Again, if y € Sy, then 2 = u+3(y—v) € R? and ||z —u = 3|y —v[| < 2,ie z € 5y,
and also f(x) = y. Thus f : S; — S is onto. Therefore there exists a continuous
function from S; onto S,.

12. If § = {x € R™ : ||x|| < 1}, then does there exist a non-constant continuous function
f:R™ — R such that f(x) =5 for all x € S7 Justify.
Solution: There exists such a function as is shown by the following example. Let

5 ifxels,
Jx) = {5|yx\| it x € R™\ S.

If (x,) is any sequence in R™ such that x,, - x € R™, then using Ex.1(a) of Practice

Problem Set - 1, we get |||x,|| — ||x||| < [|x»—x|| = 0 and hence ||x,|| — ||x||. It follows
that f : R™ — R is continuous. Clearly f is a non-constant function and f(x) =5 for
all x € S.

13. Let x,y € R™ such that = # y. Find a continuous function f : R™ — R such that
fx)=1,f(y)=0and 0 < f(z) <1 for all z € R™.
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15.

16.

17.

18.

Solution: Let f(z) = % for all z € R™. If (z,) is any sequence in R™
such that z, — z € R™, then using Ex.1(a) of Practice Problem Set - 1, we find
that ||z, — x|| = [lz = x|, [z, —y[| = llz2 —yll. Also, |v —x[[ +[lv —y| # 0 for
all v.€ R™. Hence it follows that f(z,) — f(z) and consequently f : R™ — R is
continuous. Clearly f(x) =1, f(y) =0 and 0 < f(z) <1 for all z € R™.

Let f:R™ — R be continuous such that limy_ f(x) = 1. Show that f is bounded
on R™.

Solution: Since limx||o f(x) = 1, there exists 7 > 0 such that |f(x) — 1| < 1 for
all x € R™ with ||x|| > r. Hence |f(x)| = |f(x) =1+ 1| < |f(x) — 1] +1 < 2 for all
x € R™ with ||x|| > . Again, since S = {x € R™ : ||x]| < r} is a closed and bounded
subset of R™ and since f : R™ — R is continuous, f(S) is a bounded subset of R.
Hence there exists K > 0 such that |f(x)| < K for all x € S. If M = max{2, K}, then
M >0 and |f(x)| < M for all x € R™. Consequently f is bounded on R™.

State TRUE or FALSE with justification: There exists » > 0 such that sin(zy) <
cos(zy) for all x,y € [—r,7].

Solution: If f(z,y) = sin(zy) — cos(zy) for all (z,y) € R? then we know that
f:R? — R is continuous at (0,0) and f(0,0) = —1 < 0. Hence there exists § > 0 such
that f(z,y) < 0, ie. sin(zy) < cos(zy) for all (z,y) € B5((0,0)). If r = £ > 0, then
[—7,7] X [=r,r] € Bs((0,0)) and hence for all z,y € [—r,r], we have (x,y) € Bs((0,0))
and consequently sin(zy) < cos(zy). Therefore the given statement is TRUE.

State TRUE or FALSE with justification: There exists a continuous function f: R —
R? such that f(cosn) = (n, ) for all n € N.

Solution: Since (cosn) is a bounded sequence in R, by Bolzano-Weierstrass theorem in
R, there exists a strictly increasing sequence (n) in N and o € R such that cosn, — a.

If f:R — R? is continuous, then (nk, n%) = f(cosni) — f(a) in R? and consequently

the sequence (nk, n—lk) converges in R? which is not true, since (ny) is unbounded.

Hence it follows that no continuous function f : R — R? can exist satisfying f(cosn) =
(n, %) for all n € N. Therefore the given statement is FALSE.

State TRUE or FALSE with justification: There exists a continuous function from
{(z,y) € R? : 22 + y* < 1} onto R?.

Solution: We know that {(z,y) € R? : 2% + y* < 1} = B1[(0,0)] is a closed and
bounded set in R? and R? is not bounded. Hence there cannot exist any continuous
function from B;[(0,0)] onto R?.

State TRUE or FALSE with justification: There exists a one-one continuous function
from {(z,y) € R? : 2% + y* < 1} onto R?.

Solution: Let S = {(x,y) € R?: 22+y? < 1} and let f(x) =

for all x = (z,y) € S. If x € S and (x,,) is any sequence in S such that x, — x, then
using Ex.1(a) of Practice Problem Set - 1, we get ||x,| — ||x|| < ||x, — x|| — 0 and so

1 X = x Yy
1—||x]| 17\/a:2+y2’ 17\/:v2+y2
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20.

21.
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|xn]] = |Ix||. Hence 1 — ||x,]| = 1 — ||x|| and since 1 — ||x|| # 0 and 1 — ||x,|| # 0 for
all n € N, it follows that f(x,) — f(x). Therefore f : S — R? is continuous at x and
since x € S is arbitrary, f is continuous.

Let x;,%xp € S such that f(x;) = f(x2). Then [[f(x1)|| = [ f(x2)]], i-e. 1ﬂ)|(|;|l|| -
J’ﬁi'lu, which gives [|x;]| = ||xz2||. Consequently from mm = mxza we get

X; = X. Hence f is one-one.

Again, if y € R?, then taking x = ﬁy, we find that ||x|| < 1, i.e. x € S and
f(x) =y. Hence f is onto.

Thus f : S — R? is the required function and therefore the given statement is TRUE.

If f:R?* — R? is continuous, then does there exist a sequence ((x,,¥,)) in R? such
that 22 +y2 = % and f(z,,yn) = (n, %) for all n € N7 Justify.
Solution: If possible, let there exist a sequence ((zn,y,)) in R? such that 22 +y2 = %

and f(2,,yn) = (n, 1) for all n € N. Then [|(z,,, yn)|| = /22 + 32 = \/Li for all n € N

and so ((z,,y,)) is a bounded sequence in R?. Hence by the Bolzano-Weierstrass
theorem in R? there exist (z,y) € R? and a convergent subsequence ((z,,,Yn,)) of

((n,yn)) such that (z,,,y,,) — (z,y). Since f is continuous at (x,y), (nk,n—lk =

[, yn,) — f(z,y) € R% Consequently, the sequence (ny) converges in R, which is
not true, since (ny) is unbounded. Hence it follows that there cannot exist any sequence
((zn,yn)) in R? such that 22 +y2 = 1 and f(z,,ya) = (n,2) for all n € N.

Examine whether

3
(z,y)—(0,0) 2% + Yy

exists (in R) and find its value if it exists (in R).
Solution: Let ((z,,y,)) be any sequence in R?\ {(0,0)} such that (z,,y,) — (0,0).
Then z, — 0 and y,, — 0. Since

3
TpYn
4 2
i

_ leal?lul

- 4
L

< |zn| + |ya| =0,

it follows that ﬁTy; — 0. Therefore

3
(z,9)—(0,0) T* + Y
Examine whether
3.3
lim LY
(2)—(0,0) 22 + y?

exists (in R) and find its value if it exists (in R).



22.

23.

24.

Solution: Let ((z,,9,)) be any sequence in R?\ {(0,0)} such that (z,,y,) — (0,0).
Then x, — 0, y, — 0, and hence

3 3 3

22 +y2 a4yl a2 +y2

5 < |@n| + lya] = 0.

Consequently = ) +yg — 0, and therefore

3 — ys
m ——- =
(z,9)—(0,0) 2 + y?

Examine whether

lim  |z|e 1Y’
(2,y)=+(0,0)

exists (in R) and find its value if it exists (in R).
Solution: Let f(z,y) = |z|e”*1/¥" for all (z,y) € R? with y 3& 0. We have (0,%) —
(0,0) and (55, =) — (0,0). Also, f(0,+) = 0 and f(-5,+) — <. Since lim f(0, l) #
n—oo

nh_)lgo a5, 5), . I)HT%OO f(z,y) does not exist (in R).

Examine whether
. 4y —1
lim ———————
(@y)—(0,0)  T°+Y
exists (in R) and find its value if it exists (in R).
Solution: Let f(z,y) = = L for all (r,y) € R? with 2% + y> # 0. We have

1.2+ 3
(£,0) = (0,0) and (£,1) = (0,0). Also, f(,0) = 222! = 1 —n? - —co and
1 1y _ 1/n3+1/n?—1 1/n—1 . 1 11 .
f(n7 n) - 1/n2+1/n3 - 1 + 1+1/n — 1 Slnce f(n70) # f<n7 n)’ (x,yl)gr(l(),O) f(xay) doeS

not exist (in R).

Examine whether
, 2?4 2?1
lim —————
(@9)=>(00) 2?4y
exists (in R) and find its value if it exists (in R).
Solution: Let ((z,,y,)) be any sequence in R?\ {(0,0)} such that (z,,y,) — (0,0).

VrRya+1-1

Then z, — 0 and y,, — 0. Since 0 < s < 22 if y2 — 0, it follows

wtyn  — Tty
that
iyt 41 -1
"‘z” 3 — 0.
Therefore

) Vatyt+1-1
lim =

(@y)>00) T2 +yd



25. Examine whether
_ r2y? + 22 -1
lim —————
(@y)=00)  x*+y?
exists (in R) and find its value if it exists (in R).
Solution: Let f(z,y) = %@’3_1 for all (z,y) € R*\ {(0, O)} We have (T 1) —

(0,0) and (£,0) — (0,0). Also, f(+,0) — —1 and f( ,+) — 3. Since

n

it () 2 m (75:5).

lim ;. 4)—(0,0) f(,y) does not exist (in R).
26. Examine whether
: (x+y+2)?
(z,y,2)—(0,0,0) 2 + y2 + 22
exists (in R) and find its value if it exists (in R).

Solution: Let f(z,y,2) = gig;j > for all (x,y,2) € R*\ {(0,0,0)}. We have
(£,0,0) = (0,0,0) and (£, L,0) — (0,0,0). Also, f(+,0,0) =1 and f(:,1,0)=2—
2. Since hmnﬁoof( 0 O) 7é hrnnﬁoof (n, = ),

(z,y,2)—(0,0,0)

does not exist (in R).

27. Let f: R? — R be defined by

T+ if x ,
flag) =00 He7Y
1 ife=uy.

Examine whether

lim T
. )(Oof( ,Y)

exists (in R).
Solution: We have (£,0) — (0,0) and (+,2) — (0,0). Also, f(£,0) =1 — 0 and

f(£,1)=1— 1. Since
11

hmf( )%hmf(—,—),
n—00 n—o0 nn

lim, ) (0,0) f(,y) does not exist (in R).

28. Let S C R? (z9,90) € R? and r > 0 be such that (B,(z) x B,(y0)) \ {(xo,yo)} cS
Let lim,_,,, f(z,y) exist (in R) for each y € B, (yo) \ {vo}, limy_,, f(z,y) exist (in
for each x € By.(x0) \ {wo} and lim(z y)—(20,40) f(z,y) = £ € R. Show that

i (i f(o0)) = fim (fim fo)) =0

R)

T—x0 Y—Yo Y—Yo T—rTQ



29.

[ limy, sy, (limy_,, f(z,y)) and lim,_,, (lim,_,,, f(x,y)) are called the iterated limits of
[ at (0, 90).]

Solution: Let € > 0. Since lim, y)—(w0,40) f(%,y) = £, there exists 6 € (0,r) such
that

Fley) —t <3

for all (x,y) € Bs((xo,%0)) \ {(%0,%0)}. Let g(z) = limy%yo f(x,y) for all z € B,(xg) \
{zo} and let 2 € By)s()\{zo}. Then there exists s € (0, $) such that | f(z,y)—g(z)| <
s forall y € By(yo) \ {yo}. We choose any y € By(yo) \ {yo} Then

0 < 2, 9) — oo, )| = /o — 20 1 (5 — PP < /o 52 <

ie. (x,y) € Bs((zo,v0)) \ {(z0,v0)} and hence

lg(a) — €] < |g(@) — fla,9)| + | f(z,y) — €] < §+§ _ ¢

Therefore lim, ., g(x) = ¢, i.e.

lim (hmfxy) L.

T—T0 Y—Yo

Similarly, we can show that

L.

lim (hm flx,y )
Y—Yo Tr—TQ
Show that
x?

2
lim { lim — 2 lim | lim w—
z—0 \ y—0 2% + y2 y—0 \ z—0 12 + y

and hence conclude that

LL’Q

lim @ ——
(w:y)=(0,0) 22 + Y
does not exist (in R).
Solution: For each z € R\ {0},

z? z?
lim ——=—==1
y—0 22 +y?2  x?
and for each y € R\ {0},
2
lim :1:— = 0.
=0 12 + 12

Hence

2 2
lim | lim 2$ =lim1=1%#0=lim hmx— .
z—0 \y—0 1% + y2 z—0 y—0 \ z—0 12 + y
Using Ex. 15 of Practice Problem Set 2, we can conclude that

LL’2

lim ——
(@,9)—(0,0) 2 + 32
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31.

32.

does not exist (in R).

Show that

lim (1 Y — 0 = lim ( lim Y
1m 1m = = l1Im 1m
z—0 \ y—0 x4 —+ y —+ (gj — y)2 y—0 \ z—0 x4 + y + (x — y)z

but that

y _z%y?
(r)00) T+ Y1+ (7 — y)?
does not exist (in R).
Solution: Let f(z,y) = L for all (z,y) € R*\ {(0,0)}. Then

x4+y4+m y
lim f(z,y) =0

for each x € R\ {0} and lim,_,o f(x,y) = 0 for each y € R\ {0}. Consequently,

lim (hi% f(z,y) | =0=lim (hm f(, y))

z—0 y—0 \z—0

Again, we have (£,0) — (0,0) and (£, 1) — (0,0). Also, f(+,0) — 0 and f(1,%) —
—1. Since limy, o0 (£, 0) # lim, o0 (% L), lim(g,y)(0,0) f (@, y) does not exist (in R).

xsini ify#0
0 ify=0
Show that lim g 4)—(0,0) f(2,y) = 0 and (lim,_, f(x,y)) = 0 but that lim, o f(z,y)
does not exist (in R) if x € R\ {0} and so lim,_,q (lim,_,¢ f(x,y)) is not defined.
Solution: If ((z,,y,)) is any sequence in R?\ {(0,0)} such that (x,,y,) — (0,0),
then z,, — 0 and hence |f(zn,yn)| < |zn,| — 0. Therefore f(z,,y,) — 0 and so
hm(m,y)—>(0,0) f(xa y) =0.

Let f:R? — R be defined by f(z,y) =

Again, for each y € R\{0}, lim, o f(z,y) = lim, o x sini = 0 and so lim,_,o (lim, o f(z,y)) =

If x € R\ {0}, then lim, ,, f(z,y) = lim,_,o xsin% which does not exist (in R) and
so lim, o (lim, o f(x,y)) is not defined.

Show that

li — =
(@) (00) 327 1 41
Solution: Let ((z,,y,)) be any sequence in R?\ {(0,0)} such that (z,,y,) — (0,0).
Then x, — 0, y, — 0 and hence 3z2 + y} — 0. If r > 0, then there exists ng € N
such that 322 + y! < 1 for all n > ng and so w > r for all n > ng. Therefore

3x2 i O and consequently

1
lim @—— =
(2,y)—(0,0) 32 + y4
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33. Let I be an open interval in R and let F': [ — R™ be a differentiable function such
that F'(t) - F'(t) = 0 for all ¢ € I. Show that || F(¢)|| is constant for all ¢ € I.
Solution: Since F is differentiable, the function t — || F(¢)||* = F'(t) - F(t) from I
to R is also differentiable, and

d
%HF(t)HZ =F@{t)-Ft)+ F(t)-F'(t)=2F(t)-F'(t)=0 foralltel.
Hence, there exists ¢ € R such that

|F@)||>=c foralltel.

Clearly, ¢ > 0, and so
|F@t)|| =+c foralltel.



