MA15010H: Multi-variable Calculus

(Practice problem set 3: Hint/Model solution)
July - November, 2025

1. If f(z,y) = e"(zcosy—ysiny) for all (z,y) € R?, then show that fu.(x,y)+ fyy(z,y) =
0 for all (z,y) € R

Solution. For all (z,y) € R? we have f,(x,y) = e®(xcosy — ysiny) + e®cosy and
fy(x,y) =€e*(—zsiny — ycosy—smy) Hence fu.(x,y) = e"(zcosy — ysiny) + 2e* cosy
and fy,(z,y) = e*(—xcosy — 2cosy + ysiny) for all (x,y) € R?%. Therefore fu.(z,y) +
foy(z,y) =0 for all (z,y) € R O

2. If f(z,y) = 2% tan™! ( ) for all (x,y) € R*\ {(z,y) € R:x =0}, then find %ay(l 1).
Solution. For all (z,y) € S = {( y) € R? : z # 0}, we have 2 > L(z,y) = m2+y

%(x,y) = % Therefore (1 1) =1. 0

> and hence

3. If f(z,y,2) = \/ﬁ for all (z,y,z) € R*\ {(0,0,0)}, then show that g ! —i— IR

% =0 at each point of R*\ {(0,0,0)}.

Solugtion. We have %(x,ys, 2) = —x(2® + y? + 2%) "2 and 8—f(m y,2) = —(2* + y* +
22)72 4 3% (2? + y? + 2%) 72 for all (z,9,2) € R?\ {(0,0, )} Similarly, we find that

8 Gt (y2) = =@ +47 + 2)F 48760 4y + )7 and Fh@y,2) = —(@0 4+
22)72 4+ 322(2% + 4 + 22) 7% for all (z,y, 2) € R3\ {(0,0,0)}. Therefore

)+ ) + S =0

for all (z,y,2) € R¥\ {(0,0,0)}. O

4. If f(z,y) = /|22 — y?| for all (z,y) € R?, then find all u € R? with ||ul| = 1 for which
the directional demvatzve D, f(0,0) exists (in R).

Solution. If u = (uy, us) € R? with ||ul| = 1, then
_ _ t 2,2

t—0 t t—0 t t—0
exists in R if u? = w3. Since ||u| = \/u? +u3 =1, D,f(0,0) exists (in R) iff u; = i\/ii
and uy = :I:\%. Therefore, D, f(0,0) exists (in R) iff

Az Can) (5w (a3t
U

5. If f(z,y) = ||z| — lyl| — |z| — |y| for all (z,y) € R?, then find all u € R?* with ||jul| =1
for which the directional derivative D, f(0,0) exists (in R).
1

and




2

Solution. If u = (uy,us) € R? with [Jul| = 1, then
f(0,0) +tu) — f(0,0) _ . fltur,tug) =0 _ . [t|([|ua] = Juof| — [ua] — Juz])

D,.f(0,0) = lim

t t—0 t t—0 t

0,0) exists (in
iffuy = £lor
,(0,—=1)}. O

0,0) exists (in

exists in Rif |u| = |ugl, i.e., iff |uy|—|ug| = 0. If u¥+u2 = 1 and hence D, f
R)iff uy = 0, i.e., uy = 0 or ug = 0. Since ui+u3 = 1, D, f(0,0) exists (in R
else ug = 1. Therefore, D, f(0,0) exists (in R) iff u € {(1,0), (—1,0), (0,1
6. Find all u € R? with ||u]| = 1 for which the directional derivative D, f
R), if for all (z,y) € R?,

Fla,y) = {xfﬁ’yz if (z,y) # (0,0),

—~
~——

0 if (x,y) = (0,0).

Solution. If u = (uy,up) € R? with |ju]| = /u? + u3 = 1, then
0,0) +tu) — f(0,0 tuy,t
D.f(0,0) = lig OO T SO0 _ ) Sl tug) ) e
0 t t=0 t -0 ¢(uf + u3)
exists (in R) iff wyjuy = 0, i.e. iff uy = 0 or ug = 0. Since u? +u2 = 1, D,f(0,0)
exists (in R) iff u; = £1 or else uys = £1. Therefore D, [f(0,0) exists (in R) iff u €
{(170)7(_170)7(071)7(07_1)}' D
7. Find all u € R? with ||u|| = 1 for which the directional derivative D, f(0,0) exists (in
R), if for all (z,y) € R?,

s Wy#0,
fley) ="
0 fy=0.
Solution. Let u = (uy,uy) € R? with |u| = 1.
If us = 0, then
D, f(0,0) = Iim LU0 i) = f0.0) oy fluntw) o O
t—0 t t—0 t t=0 ¢
Again, if us # 0, then
tu) — tuq,t
D, £(0.0) = Jimg LUB0 +00) = J0.0) | Sl tuz) i
t—0 t t—0 t t—0 tuUqy

exists (in R) iff u; = 0.

Thus, combining the two cases, we find that D, f(0,0) exists (in R) iff uy = 0 or else
up = 0. Since u? +u3 =1, D, f(0,0) exists (in R) iff u; = 41 or else uy = +1. Therefore
D, f(0,0) exists (in R) iff u € {(1,0), (—1,0),(0,1), (0, —1)}. O

8. State TRUE or FALSE with justification: If f : R?> — R is continuous such that
f2(0,0) ezists (in R), then f,(0,0) must exist (in R).

Solution. Let f(z,y) = |y| for all (z,y) € R%. If (x,y) € R? and (z,,y,) is any sequence
in R? such that (z,,y,) — (z,y), then y, — y and hence f(z,,y,) = |ya| = |y| = f(z,y).
Therefore f is continuous at (x,y) and since (x,y) € R? is arbitrary, f : R? — R is
continuous.



Also,
0,0) +¢(1,0)) — (0,0 0
£:(0,0) = i LOOFHLO) = JO.0 1y, O
t—0 t t—=0 ¢
but
t0,1)) — t
t—0 t t—0 ¢
which does not exist (in R). Therefore the given statement is FALSE. O

9. State TRUE or FALSE with justification: If f : R? — R is such that for each u €
R? with ||lu|| = 1, the directional derivative of f at (0,0) along u is 0, then f must be
continuous at (0,0).

Solution. Let f: R? — R be defined by

) 1 ify < a? < 2y,
:I;, - .
Y 0 otherwise.

We have (\/nl?, n+r2> — (0,0), but f <ﬁ, n+r2) =1 for all n € N, so that

1 1
f(m,n+2) —140= f(0,0).

Hence f is not continuous at (0,0).
Again, let u = (u1,uz) € R? with |ju|| = 1. We have

£1(0,0) = lim f(0.0) +tw) = F0.0) _ ) 0y,
t—0 t =01

(The inequalities tuy < t?u? < 2tuy are equivalent to the inequalities (i) uy < tu? < 2usy if
t >0 and (ii) ug > tu? > 2uy if t < 0. We can make [tu?| arbitrarily small for sufficiently
small [¢| > 0 and hence for such ¢, at least one inequality in each of (i) and (ii) cannot be
satisfied. Thus we get f(tuy,tuy) = 0 for sufficiently small |¢| > 0.) Therefore the given
statement is FALSE. 0

10. Let the height H(z,y) of a hill from the ground (considered as the xy-plane) at each
point (z,y) € (—300,300) x (=200, 200) be given by H(x,y) = 1000—0.0052*—0.01y*. We
assume that the positive x-axis points east and the positive y-axis points north. Consider
a person situated at the point (60,40,966) on the hill.

(a) If the person starts walking due south, then will (s)he start to ascend or descend
the hill?

(b) If the person starts walking north-west, then will (s)he start to ascend or descend
the hill?

(c) If the person starts climbing further, in which direction will (s)he find it most
difficult to climb?
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Solution. Let S = (—300,300) x (—200,200). Since H,(x,y) = —0.01z and Hy(z,y) =
—0.02y for all (z,y) € S, H, : S — R and H, : S — R are continuous. Hence H : S — R
is differentiable and so

D, H(60,40) = VH(60,40) - u = H,(60,40)u; + H,(60,40)us = —0.6u; — 0.8uy

for all u = (uy,up) € R? with [Jul] = 1.

(a) The direction of south corresponds to u = (0, —1) and since D, H(60,40) = 0.8 >
0, H increases in this direction and hence the person will ascend the hill if he
starts walking due south.

(b) The direction of north-west corresponds to u = (_\/LE’ \/Li) and since

DuH(60,40) = —22 <0,
V2
H decreases in this direction and hence the person will descend the hill if he starts
walking north-west.
(c) Since H increases fastest in the direction of u = VH(60,40) = (—0.6, —0.8), the
person will find it most difficult to climb the hill in the direction of (—0.6, —0.8).

0

11. Let f : R? — R be defined by

z2(z— .

ey = | A E @) #00),

0 if (z,y) = (0,0).
Ezxamine whether fy,(0,0) = f,.(0,0).
Solution. We have

IERT fx(07h)_fx(070) T fy(h,O) _fy(oao)
fzy(Oa O) - ilzli% h ) fyz(()? 0) - }lzli% h

Now,

Also, if h € R\ {0}, then

A = oy P o )

and if k € R\ {0},

1+(0,k) = lim h =iz 0

Hence f,,(0,0) = limy_0 %2 = 0 and f,,(0,0) = 1. Therefore f,,(0,0) # f,.(0,0). O



12. Let f : R? — R be defined by
zy(z2—y? .
f(ff,y): yx(Tyg) Zf(x,y) 7&(070)7
0 if (z,y) = (0,0).
Determine all the points of R* where f,, : R* = R and f,, : R* = R are continuous.

Solution. For all (z,y) € R?\ {(0,0)}, we have
oty — y° + 4a?y?

and 6_ 6 4,2 2,4
=y +927y" — 97y
fxy(ma y) - .
(22 + y2)?3
Similarly, for all (z,y) € R?\ {(0,0)}, we have
0 — a:y4 — 4a3q?
fy(x7y) - I2+y2
and
% — gy — 92y + 92y!
fyw(xa y) -
(22 + 2)°
Also, we have shown in an example in lectures that f,,(0,0) = —1 and f,,(0,0) =1

Clearly f,, : R* = R and f,, : R* — R are continuous at each point of R*\ {(0,0)}.
Again, since (£,0) — (0,0) and (0,2) — (0,0), but

1
and

n—oo

1
lim f,, <O, ﬁ) =1%# £,,(0,0), fzy and f,, are not continuous at (0, 0).
U

13. Let f(x,y) = v+y*+axy for all (x,y) € R2. Using directly the definition of differentia-
bility, show that f : R? — R is differentiable and also find f'(xg, o), where (xg,1y0) € R2.

Solution. Let (zg,yo) € R?. For all (h, k) € R?, we have

f((xo, o) + (h k) — f(wo,v0) = f(x0 + hyyo + k) — f (20, o)
= xo+ h+ (Yo + k)* + (zo + h)(yo + k) — 0 — y§ — Toyo
= h+ (yo+ k) — g + (20 + h)(yo + k) — zoyo
= h+ (yg + 2yok + k* — y3) + (zoyo + hyo + zok + hk — Toyo)
= h+ 2yok + k* + hyo + ok + hk

Let o = (1 + yo, Zo + 2%). Then o € R? and

f((zo,y0) + (h, k) — f(xo,y0) — - (h, k) Y k?* + hk

i im ———=0,
(h,k)—(0,0) |(h, k)| (h,k)=(0,0) \/h?2 + k2
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since for all (h, k) € R?\ {(0,0)}, we have
(K% + hk| _ [k + |h]|K]

k| <2|k

iR = ] =2
and since 2|k| — 0 as (h,k) — (0,0). Therefore f is differentiable at (xg,y) and
f'(zo,v0) = [1 + yo, To + 2y0]. Since (xg,y) € R? is arbitrary, f is differentiable. O

14. Let S be a nonempty open subset of R™ and let g : S — R™ be continuous at xg € S.
If f: S — R is such that f(z) — f(xg) = g(x) - (x — xo) for all xz € S, then show that f
18 differentiable at xq.

Solution. For all h € R™ with xq + h € S, we have
f(xo + 1) — f(xo) = g(xo + 1) - h.

Now g(zp) € R™ and for all h € R™ \ {0} with 2o + h € 5, using Cauchy-Schwarz
inequality, we have

|[f(xo + h) = f(xo) = g(wo) - Al _ [(g(xo + 1) = g(x0)) - h]

il il
l9(zo + h) — g(zo)[[[[R]]
N il
= llg(wo + ) = g(zo)l|-
Since g is continuous at xo, limyu—o ||g(zo + h) — g(z0)|| = 0 and hence we get
lim |f(zo + h) — f(zo) — g(@o) - h —0.
h—0 | Al
Therefore f is differentiable at z. O

15. The directional derivatives of a differentiable function f : R?* — R at (0,0) in the
directions <\/L5,\/lg> and (\%, \%) are 1 and 2 respectively. Find f;(0,0) and f,(0,0).

Solution. Since f is differentiable at (0,0), D,f(0,0) = Vf(0,0) - u = f.(0,0)u; +
f,(0,0)uy for all u = (uj,ug) € R? with |lul| = 1. Hence taking u = (75,%) and

u = (\%, \%) respectively, we get

1 2 2 1
—f2(0,0) + —=/,(0,0) =1, —f2(0,0) + —=£,(0,0) = 2.
Solving these two equations, we get f,(0,0) = v/5 and 14(0,0) = 0. O

16. If f : R™ — R satisfies |f(x)| < ||z||* for all x € R™, then examine whether f is
differentiable at 0.

Solution. Since |f(0)] < ||0]|> = 0, we have f(0) = 0. If @ = 0, then h € R™ and for all
h € R™\ {0}, we have

|f(h) = f(0) = ahl _ |Ih]”

< = [|7]-
7] 7]



Hence it follows that

L Lf() — £(0) —ah] _
h—0 Al
Therefore f is differentiable at 0. 0J

17. Let f(x) = ||z|| for all x € R™. Ezamine whether f : R™ — R is differentiable at 0.

Solution. Since

0.

SO te) = fO)

t—0 t t—0

does not exist (in R), 86—;1(0) does not exist (in R). Consequently f is not differentiable
at 0. U

18. If f(z,y) = \/|zy| for all (x,y) € R?, then ezamine whether f : R* — R is differen-
tiable at (0,0).

t —
Solution. We have f,(0,0) = lim f(t,0) = /(0.0) = limg =0
t—0 t t—0 ¢
t) —
and f,(0,0) = lim f(0.1) = /(0,0) =1 0_ 0.
t—0 t t—=0 ¢
Now
(h)=(0.0) Vh? + k2 (hk)=00) VR + k2 "
since (£,2) — (0,0) but
CE
iy R
Therefore f is not differentiable at (0, 0). O

19. If f(z,y) = ||| = ly|| — || —|y| for all (z,y) € R?, then examine whether f : R? — R
is differentiable at (0,0).

Solution. We have

f(h,0) = f(0,0)

f:(0,0) = lim ; =0
nd 7(0,k) = £(0,0)
Now
(h.k)—(0,0) Vh? + k2 (hk)=(00) VA2 + k2 "
since (2,1) — (0,0) but
2_ 1 1
lim ——2—=—#0
n— 00 % + LQ 5

Hence f is not differentiable at (0,0). O



% ] ) 07 0 )
20. Let f:R? — R be defined by f(x,y) =< =Y Zf( y) #(0,0)
0 if (z,y) = (0,0).
Ezamine whether f is differentiable at (0,0).
Solution. We have f,(0,0) = lim f(t,0) = /(0.0) =lim- =1 and
t—0 t t—0t
0,t) — (0,0 0
1,(0,0) zlimf< .t) = F(0,0) = lim — = 0. Now,
t—0 t t—0 ¢
o FU0R) = F(0.0) — ha(0.0) ~k£,(0,0) . @ —h
(h,k)=(0,0) Vh? + k2 (hk)=(0,0) \/h? + k2
since (£,2) — (0,0) but
o 1
lim 2 = —— +£(

Therefore f is not differentiable at (0, 0).
21. Let f:R? — R be defined by
Y /22
Flay) = VT TV 70
0 if y = 0.
Ezxamine whether f is differentiable at (0,0).

%07

Solution. We have f,(0,0) = lim f(t,0) = /(0.0) = limg =0 and

t—0 t t—0 ¢t
£,(0,0) = lim 10.4) = £0,0) _ nmili| = 1. Now
t—0 t t—0 ‘t’ t
o fER) = £(0.0) = hE0,0) — k£ 0.0) o VIEEE
(h,k)—(0,0) Vh? + k2 (h,k)—(0,0) Vh? + k2
since (1,1) — (0,0) but
v2 _ 1 1

e Y i

Hence f is not differentiable at (0,0).
22. Let f : R? = R be defined as

Vi +yr o ify>0
flx,y) =4z ify=20
-2 +y? ify <0

Ezxamine whether f is differentiable at (0,0).



f(%,O)—f(0,0) £

Solution. We have f,(0,0) = lim = lim — = 1. Also, since
x—0 X x—0
_ 2
i 109 = f0.0) VY
y—0t Yy y—0t Y
and
_ — /2
i 108 = f0.0) VY L
y—0— Y y—0— Y
we get f,(0,0) = 1. Now,
im = :
(hk)—(0,0) Vh? + k? (hk)=(0,0)  /h? + k2
since (£, 1) — (0,0) but
V2 _ 2
e 7o
Hence f is not differentiable at (0, 0). O

23. Let f : R? = R be defined by

) = {1 if y < 2% < 2y,

0 otherwise.

Examine whether f is differentiable at (0,0).

Solution. We have < L L ) — (0,0) but f( L L ) =1%#0= f(0,0). Hence f

NSt N ESEEET)
is not continuous at (0,0) and consequently f is not differentiable at (0,0). O

24. For all (z,y) € R?, let

—x i x| > [yl

fag) = { if l] < Jyl.

Examine whether f : R* — R is differentiable at (0,0).

Solution. We have

t—0 t t—0 t
and
0,t) — f(0,0 0-0
fy(O, 0) = lim f( ! ) f( ! ) = lim— =0.
t—0 t t—0
Now,

lim f(h7 k) —f(0,0) _h'fac<070) _kfy(07 0) o lim f(h7k)+h

= 1 _—
(h,k)—(0,0) Vh? + k2 (h.k)=(0,0) \/h? + k?
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for (0,0), but

1 1
11y 4

Therefore f is not differentiable at (0,0). O
25. Let f : R? — R be defined by
Fag) = {&) if (@) # (0,0),
0 if (z,y) = (0,0).
Ezamine whether f is differentiable at (0,0).

Solution. We have

f(:c,O)—f(0,0) 0-0

and

0 — (0,0 0-0

y—0 Y y—0 y
For all (h,k) € R?\ {(0,0)}, we have €(h, k) = f(’“’“)‘f(o’ob‘h’;fljg’o)"“fy(om. This implies
that
sin(h2k?) h2k?
< = Vh? + k2.
(h2 + k2)VRZ + k2|~ (h2 + K2)VR2 + k2

So limp, x)—(0,0) €(h, k) = 0 and so f is differentiable at (0,0). d

26. Let f:R? — R be defined by

sinx +a?sinl  if x #0,
fla,y) = Lo

0 if x = 0.

Ezamine whether f is differentiable at (0,0).
. 1

Solution. We have f,(0,0) = lim;_ w = limy_,o m =0and f,(z,y) =0
for all (z,y) € R% Since f, : R* — R is continuous at (0,0), it follows that g is
differentiable at (0, 0). O

27. Let f : R? — R be defined by

flz,y) = (z? 4+ y?) sin (\/m) if (z,y) # (0,0),
’ if (a.y) = (0,0).

Show that f is differentiable at (0,0) although neither f, : R* — R nor f, : R* = R is
continuous at (0,0).
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Solution. Here f,(0,0) = £,(0,0) = 0. For all (h, k) € R*\ {(0,0)},

f(h, k) = £(0,0) = hfa(0.0) = kf,(0.0) _
NG -

lim e(h, k) =0.
(hk)—(0,0)

Hence f is differentiable at (0, 0).
Again,

e(h,k) = h2 1 k2,

so that

1 T 1
fe(x,y) = 22 sin — cos
( ) /«T2+y2 /$2+y2 /$2+y2

for all (z,y) € R\ {(0,0)}. Now (22,0) is a sequence in R? converging to (0,0) but

1 1
fel=—,0)=—1forallneNandso f, | —,0) — —1 # f,(0,0).
2mn 2mn
This shows that f, is not continuous at (0,0). Similarly f, is not continuous at (0,0). O

28. Let
2 2 1 . 9
f(x,y) _ {(x +y )Cos <—z2+y2> Zf (:B,y) cR \{(0’0)}’
0 if (x,y) = (0,0).
Ezamine whether f : R? — R is continuously differentiable.

Solution. For all (x,y) € R*\{(0,0)}, we have f,(z,y) = 2x cos (m2+y >+x2+y2 sin <m2}ry2).

Now (ﬁ, 0) (0,0) but f, <m O) = y/2(4n + 1)m — oo. Hence lim, ) 0,0) fo(,y)

does not exist (in R) and consequently f, is not continuous at (0,0). Therefore f is not
continuously differentiable. OJ

29. Let o € R and « > 0. If f(x,y) = |zy|* for all (x,y) € R?, then determine all values
of a for which f:R?* — R is differentiable at (0,0).

Solution. We have f,(0,0) = lim,_,o w = limy_, ot;o =0 and

f(0.0) = f0.0) (. 0-0
t iS00

£,(0,0) = lim
For all (h, k) € R*\ {(0,0)}, let
f(h,k‘)—f(0,0)—hfx(0,0)—k'fy(0,0) _ ‘hk‘a

el k) = VRZ+R? R
If a > %, then
(R + K2 5 2yan
h, k) < = (h* + k*)* 2
p(h, k) e ( )

and so lims ) (0,0) (P

,k) = 0. Consequently f is differentiable at (0,0).
Again, 1fa < 1 then (l 1

) = (0,0)but o (1. 1) = 5t £ 0 (fora =5, 0 (1 1) =
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\/Lﬁ and for a < , the sequence ¢ (£, 1) is unbounded). Hence lim, ) (0,0) ¢ (h, k) # 0

and so f is not dlfferentlable at (0,0). O

30. Let f(x,y) = |zy| for all (z,y) € R2%. Determine all the points of R? where f : R? — R
18 differentiable.

Solution. Let S; = {(z,y) € R* : zy > 0} and S; = {(z,y) € R? : 2y < 0}. Then
f(z,y) = zy for all (z,y) € Sy and f(x,y) = —xy for all (z,y) € Sy. Since f.(z,y) =y
and fy(z,y) = x for all (z,y) € 51, we find that both f, : S; - Rand f, : 4 = R
are continuous. Hence f is differentiable at every point of S;. By a similar argument,
we can show that f is differentiable at every point of Sy. If a(# 0) € R, then f,(a,0) =
lim;_, w = limy_,g @ does not exist (in R) and similarly f,(0, ) does not exist
(in R). Hence f is not differentiable at any point (z,y) € R?\ {(0,0)} for which xy = 0.
Again, £,(0,0) = lim, o LE0=SOD —  apq
lim [f(h7 k) — f(ov 0)] — hfm(ov 0) _ kfy<0= O) lim M —
(h,k)—(0,0) Vh? 4+ k?  (hk)=(0,0) /B2 £ k2

(since |h||k| < h?+k? for all (h, k) € R?). Hence f is differentiable at (0,0). Therefore, the
set of all points of R? at which f is differentiable is {(z,y) € R? : zy # 0} U {(0,0)}. O

31. Let f(x,y) = (a:y)% for all (z,y) € R%  Determine all the points of R* at which
f:R? = R is differentiable.

Solution. Let S = {(z,y) € R? : 2y # 0}. Since f,(z,y) = 2 z73y5 and fylz,y) =

%x%y_% for all (z,y) € S, we find that both f, : S — R and fy : S — R are contin-
uous. Hence f is dlfferentlable at every pomt of S. If a(# 0) € R, then f,(a,0) =
fla, t)tf(o 0) _

. a3t
hmt—>0 t

does not exist (in R). Hence f is not differentiable at any point (z,y) € R?\ {(0,0)} for
which zy = 0. Again, f,(0,0) = lim,_,o JLO-JO0 — (o and

t
fy(07 0) - 11_{% t
oy S0RE) = F(0,0)] = hfo(0,0) — Ky (0,0) (. [AISIREE
(h,k)—(0,0) Vh? + k?  (hk)=(0,0) ) Vh? + k2
(since |h|3|k|3 < (h® + k)3 for all (h,k) € R2). Hence f is differentiable at (0,0).
Therefore the set of all points of R? at which f is differentiable is {(z,y) € R? : zy #
0} U{(0,0)}. O
32. Let f(z,y) = |z|sin(z? +y?) for all (z,y) € R% Determine all the points of R?* where
f:R? — R is differentiable.
Solution. Clearly f is differentiable at all (z,y) € R? for which z # 0. Let yo € R. Then

Flw o) = O,90) _ . JalsinG? + o)

€T x—0 €T

= lim;_,o = lim;_, & t_z does not exist (in R) and similarly f,(0, «)

=0,

z—0



13

which exists in R (and equals 0) iff yo = £+/n7 for some n € NU {0}. Also, f,(z,y) =
2|z|y cos(z?* + y?) for all (z,y) € R% So f, is continuous at each point of R?. Therefore
f is differentiable at (0, ) iff yo = £/n7 for some n € N U {0}. O

33. Determine all the points of R? where f : R* — R is differentiable, if for all (z,y) € R?,
22 +y?  if both x,y € Q,
flz,y) =

0 otherwise.

Solution. Since |f(z,y)| < 2?2+ y* = ||(x,v)||? for all (z,y) € R?, by Ex.12(a) of Practice
Problem Set - 3, f is differentiable at (0,0).

Let (zo,%) € R*\ {(0,0)}. If (z0,90) € Q x Q, then (z + “%yo) — (20, Y0) but
f(xo + %i,yo) — 0 # 22+ 92 = f(wo,90). Again if (z9,90) ¢ Q x Q, then we choose
rational sequences (z,) and (y, ) such that x,, — x¢ and y,, — yo. Then (z,,y,) — (0, Y0)
but f(xn,y,) =22 +y2 — 22 +y2 # 0 = f(xo,y0). Hence f is not continuous at (x,y)
and consequently f is not differentiable at (xq, yo). O

34. State TRUE or FALSE with justification: If S = {(z,y) € R* : 22 + y* < 1} and if
f(z,y) = |zy| for all (x,y) € S, then f:S — R is differentiable.

1p_fL jia}
Solution. Clearly (%,O) € S. Since lim;_,q w = lim;,0 % does not exist (in

R), f,(%,0) does not exist (in R). Hence f is not differentiable at (3,0) and so f is not
differentiable. Therefore the given statement is FALSE. U

35. State TRUE or FALSE with justification: There exists a function f : R? — R which
is differentiable only at (1,0).

—-1 2 2 if
Solution. For all (z,y) € R?, let f(z,y) = {éx )ty 1t}9i>y G Q,
otherwise.

Taking o = (1,0) € R?, we find that

lim [f(1+h7 k) _f(170) _hf:c(lvo) —k’fy(l,())] < 1; h2+k’2

11m —_——
(h,k)—(0,0) vV h? + k2  (hk)—=(0,0) /h2 + k2
= lim Vh2+Ek?

(h,k)—(0,0)
=0.

Hence f is differentiable at (1,0).

Again let (z,y) € R?\ {(1,0)}. Then f(z,y) # 0. We can find a sequence (z,) in
R\ Q such that z, — x. So (z,,y) — (x,y) but f(z,,y) = 0 for all n € N and so
f(zn,y) = 0 # f(x,y). Hence f is not continuous at (z,y) and so f is not differentiable
at (z,y). Thus f:R? — R is differentiable only at (1,0). Therefore the given statement
is TRUE. O

36. Let f : R*? — R be differentiable at (0,0) and let limxﬁow = 1. Find
f4(0,0).
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Solution. Since f is differentiable at (0,0), we have lim;_,o [0 =700 OH=/00) _

4 V2i2
an
t—0 v 212
so lim;_,g f(t\?#“ —2f,(0,0) = 0. Hence
t,—t)— f(t,t

t
and therefore f,(0,0) = 3. O

37. Let f: R™ — R be differentiable at 0 and let f(azx) = af(x) for all x € R™ and for
all a € R. Show that f(x +y) = f(zx) + f(y) for all z,y € R™.

Solution. We have f(0) = f(0-0) = 0- f(0) = 0. Since f is differentiable at 0, there
exists a € R™ such that limy,_0 f (H)hl\ h limjp|—0 F(O+h )HhH( J=ahl — 0. If 2 € R™ \ {0},
then from above,

lim |f(tz) — ta - x| o,

[t|—0 ||tx||
which gives lim o W =0 and so

@) ]

t=0 [ ||
and so |f(z) —a- x| = 0 and hence f(z) =a - x.
Since f(0) = 0 = a-0, we have f(x) = a -z for all x € R™. Now, if z,y € R™, then
fety) =a-(ty) =a-a+a’y=f(2)+ /(). O

38. Let f:R™ — R be differentiable at 0 and f(0) = 0. Show that there exist o > 0 and
r > 0 such that | f(z)| < «af|z|| for all z € R™ with ||z|| < r.

Solution. Since f is differentiable at 0 and f(0) = 0, there exists a € R™ such that

Hence there exists r > 0 such that W < 1 for all z € R™ with 0 < [|z|| < r.

Therefore if x € R™ with ||z|| < r, then |f(z) —a - x| < ||z]| and so |f(x)| < |f(z) —
ol +la -z <|lz[| + llall [|z]] = a[z]|, where v =1+ [al| > 0. B

39. Let f : R? — R be such that f, exists (in R) at all points of Bs((xo,y0)) for some
(z0,90) € R? and § > 0, f is continuous at (xo,yo) and f,(xo,yo) exists (in R). Show
that f is differentiable at (zo,yo).

Solution. For all (h, k) € Bs((0,0)), we have f(zo+h,yo+k) — f(xo,y0) = f(xo+h,yo+

k) — f(2o,yo + k) + [ (2o, yo + k) — f (20, yo)-
Now, by the mean value theorem for single real variable, we get f(xo+h, yo+k)— f(z0, Yo+

k) = hf.(xo + Oh,yo + k) for some 6 € (0, 1).
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Again, if €(k) = f(zo,yo + k) — f(z0,y0) — kfy(z0,yo) for all k € R\ {0} with |k| < § and
€(0) = 0, then
f(xo,yo + k) — f(zo,y0) = kfy(xo,y0) + ke (k)
for all k£ € R with |k| < 0 and €(k) — 0 as k — 0.

Now,
I f(xo+h,yo + k) — f(z0,90) — hfel(w0,y0) — kfy(z0, 10)
im
(h,k)—(0,0) vV h? + k2
. A k|
< 1 —
(hk‘)li)noo (\/m’fx(xo—i-@h,f%‘{’k) fx(x07y0)‘+m‘ ( )’
< lim (|fe(zo + Oh,yo + k) — fu(xo,y0)| + |e(k)]) = 0.
(h,k)—(0,0)
Therefore f is differentiable at (xg, yo). O

40. Let f,g : S C R™ — R be differentiable at xq € S°. Show that f +g : S — R is
differentiable at xo and V(f + g)(x0) = V f(x0) + Vg(x0).

Solution. Since f and g are differentiable at xo, V f(x0), Vg(x0) € R™ and by increment
theorem, there exist 0y, 02 > 0 and functions ¢; : By, (0) = R, €5 : By, (0) — R such that

lim &, (h) = lim e5(h) = 0 and f(xo+h) = f(x0) +V f(x0)-h-+]|h]le1(h) for all h & Bs, (0)
and
g(xo+ h) = g(xo) + Vg(xo) - h + ||h]|e2(h) for all h € By, (0).
Let § = min{dy,d2}. Then § > 0 and
(f+9)(xo+h) = f(xo+h)+g(xo+h) = (f+9)(x0)+(V f(x0)+Vg(x0))-h+||hl[[er (h)+e2(h)]

for all h € B;s(0), where € : Bs(0) — R is defined by e(h) = £1(h) +e2(h) for all h € B;(0)
and so limy_oe(h) = limy,_,0e1(h) + limy_,ge2(h) = 0. Therefore by increment theorem,
[+ g is differentiable at x¢ and V(f + g)(x0) = V f(x0) + Vg(x0). O

41. Using the linearization of a suitable function at a suitable point, find an approximate

value of ((3.8)2 +2(2.1)%)5.

Solution. Let S = {(z,y) € R? : > 0,y > 0} and let f(z,y) = (22 + 22)% for
all (z,y) € S. Then f,(z,y) = 3x(2® + 2y?)75 and f,(z,y) = Jy(a® + 24%)~5 for all
(xz,y) € S. Since f,, f, : S — R are continuous, f : S — R is differentiable. Hence the
linearization of f at (4,2) € S is given by
1
(z—4) +

Lz,y) = f4,2) + f:(4,2)(z =4 + f,(4,2)(y = 2) =2+ {5
for all (z,y) € S. Therefore an approximate value of f(3.8,2.1) is given by
L(3.8,2.1) = 2 — 0.02 + 0.03 = 2.0L.

3
oW =2
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42. Show that the maximum error in calculating the volume of a right circular cylinder is
approximately +8% if its radius can be measured with a maximum error of £3% and its
height can be measured with a mazximum error of £2%.

Solution. We know that the volume of a right circular cylinder of radius r and height
h is given by V(r,h) = 7r?h. If S = {(z,y) € R* : 2 > 0,y > 0}, then V : § - R
is differentiable (since V;., V), : S — R are continuous) and the linearization of V' at any
point (rg, hg) € S is given by
L(T, h) = V(To, ho) + V;(T’o, hg)(?“ — 7“0) + Vh(’f’o, hg)(h — ho)
=V (ro, ho) + 2mroho(r — 7o) + 77rg (h — hy)

Hence the absolute value of an approximate percentage error in V(r, h) at (rg, ho) is given
by‘w %‘x100§3and‘h;—:°‘x100§2,we

x 100. Since it is given that

V(To,ho)
get
I B _ _
(r.h) = Viro.ho)| g9 < |72 ><100+‘h "l 100 < 6+2 = 8.
V(T‘o, ho) To 0

Therefore the maximum error in calculating V' (r, h) at any (rg, hy) € S is approximately
+8%. O



