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MAS547: Complex Analysis

(Assignment 1: Complex numbers system)

January - April, 2025

. Show that |z| < |Re(2)| + [Im(2)| < V/2|2| for all z € C.
f 21,29 € C, then |21 + 29| < |z1| + |22|. Show that equality holds if and only if one of

them is a nonnegative scalar multiple of the other.

21— 2
If either |2| = 1 or |z| = 1, but not both, then prove that |———
— 21 29

exception must be made for the validity of the above equality when |21| = |23] = 17

= 1. What an

Show that the equation 2* 4+ 2z + 5 = 0 has no solution in the set {z € C: |z|< 1}.

If z and w are in C such that Im(z) > 0 and Im(w) > 0, show that | =2 |< 1.
When does az + bz + ¢ = 0 has exactly one solution?
Let a,b,c € C such that a # 0 and |a| # |¢|]. Show that a root (in C) of the equation

az? + bz + ¢ = 0 has modulus 1 iff [@b — bc| = |aa — cg|.

If 1 = 29,21,...,2,_1 are distinct n'" roots of unity, prove that
n—1 n—1
H(z —zj) = 2,
j=1 §=0

Let z,w € C and A € R with A > 0. Show that |z +w|*> < (14 X)|z|> + (1 + §)|w|*.
Let z,w € C such that (1+ |z|*)w = (1 + |w|?)z. Show that z = w or 2w = 1.

Let z € C\ R such that iz—izz € R. Show that |z| = 1.

If z,w € D, then show that |[(1 — |2]*)w + (1 — |w]?*)z| < |1 — 2%w?|.

If z,w € C, then show that |1 + z| + |1 + w| + |1 + zw| > 2.

Let z € C\ {1} such that 2™ = 1, where n € N. Show that 1+2z+4---+nz""1 = . ﬁ T

Let n € N and let ag,aq,...,a, € R such that a9 > a; > --- > a,_1 > a, > 0. Show

that |ag + a1z + -+ + a, 12" + a,2"| > 0 for all z € D.

1
Let z € C\ {0} such that < 2. Show that |z + —| < 2.
2
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Z‘f“;

Show that all the roots of the equation (z 4+ 1)+ 2* = 0 lie on the line Re(z) + 5 = 0.

14+iz\"
Let a,b € R and n € N. Show that all the roots z € C of the equation (1 + ZZ) =
— 1z
a + ib are real iff a® + 0% = 1.
1 i
Let f(x) = | i wc for all z € R. Show that f : R — C is one-one. Also, determine the
—ix

range of f.

Let a € R such that |a| < 1 and let f(2) = 1Z —a

for all z € D. Show that f: 1D — D

—az
is one-one and onto.

Let a,b € C and let T'(2) = az + bz for all z € C. Show that T': C — C is one-one and
onto iff |a| # |b].
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Let z1, 2o € C such that Re(z;) > 0 and Re(z2) > 0. Show that Arg(z122) = Arg(z1) +
Arg(2s).
Let z € C such that Re(z") > 0 for all n € N. Show that z is a non-negative real
number.

2y —
If d(z,w) = |2 = wl for all z,w € C, then show that d is a metric on C.
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