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MAS547: Complex Analysis

(Assignment 2: Topology of the complex plane, and continuity)
January - April, 2025

. For each subset of C, determine if it is open, closed, or not, with justification:

(a) {z € C: Re(z) =1and Im(z) # 4}
(b) B(1,1)UB(2,35)UB(3,3)

{Z cC: ’z+1 2}
( ) {z € C:sin(Re(z)) < Im(z) < 1}.

. For each of the following subsets of C, determine their interior, exterior, and boundary:

( ) {z€C:|z| <land Im(z) #0} U{z € C:|z| > 1 and Im(z) = 0}
{r(cos()+zsm( ))€C:r>0,neN}U{z€eC: Re(z) <0}.
Examine whether U {z € C:z" =1} is open/closed in (a) C (b) JD.

] .
Determine all the limit points in C of the sets (a) {— + -
m o n

m,n € N} (b)

7
r+—:xeR, >0
x

. State TRUE or FALSE with justification: Every uncountable subset of C has a limit

point in C.

Show that {cosn +isinn : n € N} is dense in 9D.

State TRUE or FALSE with justification: If (z,) is a sequence in C such that (z,) has
no convergent subsequence, then it is necessary that li_>m |2n| = o0.

Let €2 be an open set in C. Show that for each n € Iy\ll, ﬁlere exists a compact set K,
in C such that Q = Ej K,.

n=1

o
Let (z,) be a sequence in C and let z € C. Show that the series > z, converges with

n=1

sum z iff both the series ) Re(z,) and ) Im(z,) converge with sums Re(z) and Im(z)

n=1 n=1
respectively.

If z € C such that 1 < |z| < 2, then show that the series >

R is convergent.
=1

Z2n

If z € D, then show that the series -
© v i ;12+zn+z5n

Let (zn) be _a sequence in C such that Re(z,) > 0 for all n € N. If both the series

is convergent.

Z 2, and Z 22 are convergent, then show that the series Z |2,|? is also convergent.
n=1 n=1 n=1

o0
Let (2,) be a sequence in C such that sup [Arg(z,)| < 5. If the series ) z, is conver-
neN n=1

oo
gent, then show that the series ) z, is absolutely convergent.
n=1
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If z € C\ {0} such that |Arg(z)| < %, hen show that the series ; N —|—22 is
convergent.
1 1
If z € C\ N, then show that the series Z ( + —> is convergent.
Zz—n n

Let Z a, and Z b, be absolutely convergent series in C. If ¢, = > agb,_ for all
n=0 n=0 k=0

(o.9)

n € NU {0}, then show that the series ) ¢, is absolutely convergent.
n=0

Examine whether the following subsets of C are connected.

(a) {z € C:Re(z), Im(z) € Q}

(b) {z € C: Re(z)Im(z) > 0}
(c){z€C:|z—-1|<1}U{zeC:|z—-1+2i] <1}
(d) {z € C:Re(2)? +Im(2)* e R\ Q}

)
)
)
() {z€C:|z| <V2YU{z€C:|z—2-2i <V2}
(f) {z € C: |Re(z)] < |Im(2)| }

(g) C\ {z € C:Re(z) € Q, Im(z) € Q}

(h) {z+isini:ze€ (0,1]}U{§}U{——

L
Show that the function f : C — C, defined by f(z) = Zsm if 2 # 0,
0 ifz=0,
1s not continuous at 0.

If f:C — C is continuous such that f(2z) = f(z) for all z € C, then show that f is a

constant function.

State TRUE or FALSE with justification:

(a) There exists a continuous function f : C — C such that f(sinn) = % for alln € N.

(b) If f: C — C is continuous and €2 is a bounded subset of C, then f(£2) must be a
bounded subset of C.

Let f: K — C be a continuous function, where K is a compact set in C. If f(z) # 0
for all z € K, then show that there exists r > 0 such that f(K) C C\ B,(0).

Let f : C — C be continuous and lim f(z) = 0. Show that f is bounded and that
there exists 2o € C such that |f(z)] ;_T}o(zoﬂ for all z € C.

Let f : © — C be continuous, where 2 is a domain in C. If |f(2)? — 1| < 1 for all
z € ), then show that either |f(z) —1| < 1forall z € Qor |f(z)+1] < 1forall z € Q.

Let Q2 be a domain in C. Let f: Q — C and g : Q2 — C be continuous such that
f2€ Q: fG)] < lg(=)} # 0 and {= € Q : |f(=)] > lg(z)|} # 0. Show that
{zeQ:f(z)| =lg9(x)|} # 0.
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State TRUE or FALSE with justification: For every continuous function f : 0D — R,
there exists z € dD such that f(z) = f(—=z).

Show that there is no continuous function f : C\ {0} — C such that f(z)* = z for all
z € C\ {0}.

State TRUE or FALSE with proper justification: An unbounded function f : D — C

cannot be uniformly continuous (on D).
2

Let f(z) = T

T for all z € C. Show that f: C — D is a homeomorphism.
z



