MAS547: Complex Analysis

(Assignment 3: Differentiability, analyticity and power series)

January - April, 2025

1. Show that f : C — C is nowhere differentiable in C, where for each z = z + iy € C,

(a) f(z) =Re(z)

(b) f(z) = Im(2)

(c) f(2) =]

(d) f(z) =2z + izy?

(e) f(z) =e"(cosy —isiny)

2. Determine all the points of C at which f : C — C is differentiable, if for each z =
x+iy € C,

(b) f(z) = zIm(2)

(c) fz) = 2* + iy’

(d) f(z) =2 +y+i(2y — )
(e) fz) =22

(f) f(2) = 2y? +ix?y’

(8) f(2)=lz["

(h) f(2) = 2% — y? + 2ilzy]

3. Show that for each of the functions f : C — C defined as below, the Cauchy-Riemann
equations are satisfied at 0 but f’(0) does not exist (in C).

(a) f(z) = /|zy| for all z =z + iy € C.
5

¥ .
) f(z) =4 i TFFO
0 ifz=0.
(1+4)Im(z?) .
© fz)={ T =70
0 if z=0.
(1+i)2® — (1 —d)y® ,
4. Let f: C — C be defined by f(2) = 21y if z=x+iy #0,

0 if z=0.
Show that f is continuous. Also, show that the Cauchy-Riemann equations are satis-

fied at (0,0) but f is not differentiable at 0.
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y(y —iz) . .
Let f: C — C be defined by f(z) = 26 + 2 if 2 =x+1iy #0,
0 if z=0.
Show that f is continuous. Also, show that the Cauchy-Riemann equations are satis-

fied at (0,0) but f is not differentiable at 0.
[ ]2* if Re(z), Im(z) € Q,
For each z € C, let f(z) = { 0 otherwise.
Determine all the points of R? at which
(a) at least one of the Cauchy-Riemann equations is satisfied.

(b) both the Cauchy-Riemann equations are satisfied.

Show that f : C — C is not analytic at any point in C, where for each z = x + iy € C,

T 1+ |7

(

(2)

(2) = zy + iy
(2)

(2)

Let f(z) = 2% For 2; = 1 and 29 = i, show that there does not exist any point ¢ on

the line y = 1 — x joining 2; and 2z, such that

f(Zl) - f(Zz)

21 — 22

= f'(c)

(The mean value theorem does not extend to complex derivatives).
If f(2) is a real valued function in a domain D C C, then show that either f'(z) =0
or f'(z) does not exist in D.

Let f : G — C be differentiable at a point zy € GG, where GG is an open set in C, and

let g(z) = f(2) for all z € G. Show that g : G — C is differentiable at z iff f'(29) = 0.
Let €2, and {25 be nonempty open sets in C. Let f : {2; — C be continuous such that
f(§21) C Q9 and let g : 25 — C be holomorphic such that ¢'(z) # 0 for all z € Q. If
go f:Q; — C is holomorphic, then show that f is holomorphic.

Let f: Q — C be analytic, where € is a domain in C, and let g(z) = f(z) for all z € .
If g : Q2 — C is analytic, then show that f is a constant function.
Let G be an open set in C and let G* = {Z : z € G}. Show that G* is open in C.

If f: G — Cis analytic and ¢g(z) = f(Z) for all z € G*, then show that g : G* — C is

analytic and that ¢'(z) = f/(Z) for all z € G*.
Let Q be a nonempty subset of C (considered to be R? as a set). Show that a function

f : Q — C is differentiable as a function of two real variables at z, € QO iff there
2
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exist o, ¥ : @ — C such that both ¢, 1 are continuous at zy and f(z) — f(20) =
(z — 20)p(2) + (Z — Zo)¥(2) for all z € €.
Let f : © — C be analytic, where 2 is a domain in C. If L is a line in C and f(Q2) C L,
then show that f is a constant function.
Let f:Q — C be analytic, where () is a domain in C. If P is the parabola in C given
by the equation y = 2% and f(2) C P, then show that f is a constant function.
Let f: € — C be an analytic function, where €2 is a domain in C. If f': Q@ — C is a
constant function, then show that there exist a,b € C such that f(z) = az + b for all
z € ().
Let f = u+iv is an analytic function on the whole complex plane C. If u(z,y) = ¢(z)
and v(z,y) = ¥(y) prove that, for all z € C, f(z) = az + b for some a,b € C.
Let f : 2 — C be analytic, where € is a domain in C. If for each z € €, either f(z) =0
or f'(z) = 0, then show that f is a constant function.
Let f: Q — C be analytic, where € is a domain in C. If for each z € Q, Re(f(z)) =0
or Im(f(z)) = 0, then show that f : Q — C is a constant function.
For z = z + 1y € C, classify all entire functions f(z) = u(x,y) + iv(x,y) that satisfy
uy(z,y) = vy(x,y) for each z,y € R.
For z = o + iy € C, find all the entire functions f(z) = u(x,y) + iv(z,y) satisfying
2u(z,y) + 3v(z,y) > 5 for each x,y € R.
Let f: Q — C be analytic, where 2 is a domain in C. If z; € Q such that f'(zy) # 0,
then show that there exists ¢ > 0 such that f is one-one on By(z).
Let v and v be nonconstant harmonic functions on C.

(a) If U(z,y) = u(x, —y), is U also harmonic?

(b) If v is a harmonic conjugate of u, is u a harmonic conjugate of v?

(c) Is uv always harmonic? If not, produce an example.
If v is a harmonic conjugate of u (u, v real valued), prove that the functions uv and
u? — v? are also harmonic.
What are all real valued harmonic functions u on D such that u? is also harmonic?
Find a harmonic conjugate, if it exists, of the following functions:

(a) u(z,y) = 2xy.

(b) u(r,8) = r"cosnb, n € N.

(c) u(z,y) :xQ—yQ—I—x—Fy—mQ—ﬂin.
Let us define differential operators % = % (a% — z'(%) and % = % (% +ia%> . Let
f = u+iv be defined on an open set in C. Show that:
(a) f satisfies C-R equations if and only if £ f(z) = 0.



29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

(b) If A = 25 + 25 then show that Af = 452 f.

(c) Prove that the function f : C — C given by f(z) = 2" is harmonic for all n € N.

1 . )
Let u(z,y) = Im (W) if (z,y) € R*\ {(0,0)},

0 if (z,y) = (0,0).
Examine whether u : R? — R is harmonic.

Does there exist an analytic function f : G — C for some open set GG in C such that
for all z =z + 1y € G,

(a) Re(f(2)) =a® =2y 7 (b) Im(f(2)) = 2® —¢* 7

Determine all v : R? — R such that f = u +iv : C — C is analytic, where for all
(v,y) € R?,

(a) u(z,y) = y* — 3a%y (b) u(z,y) = e~"(xsiny — ycosy).

Also, express f(z) in terms of z € C.

Determine all analytic functions f = u + iv : C — C such that u(z,y) — v(x,y) =
e®(cosy — siny) for all (z,y) € R2.

Let u : € — C be a harmonic function, where {2 is a domain in C. Show that
uy — iu, : 8 — C is analytic.

Let u : © — R and v : 2 — R be harmonic, where € is a domain in C. Show that
(uy — vy) +i(uy +vy) : 2 — C is analytic.

Let f: C — C be an analytic function. Show that

@) (5 + FR ) = 2P

(b) (& + =) f ()17 = 411/ (2)?

for all z =2z + iy € C.

Determine the radius of convergence of each of the following power series. (a) > n(=D" 2" (b)
0o 0o N 00 2+ (_1)” n

14+ 1 (=1)"n2 n d n
5o oo wE ()"

()Za 2" where a € C.

For each n € N, let a, be equal to the total number of (positive integer) divisors of n%.
o0

Determine (with justification) the radius of convergence of the power series > a, 2"

n=1
Determine all z € C for which the following power series are convergent.
> 2" o ©  pin © (22 — )"
—(z—2—12)" b 2" (z—2)" d —_
@ SGE-2-r B X2 @ WX
. . & (_1)1’L 1) :
Show that the radius of convergence of the power series Y ~——2z"("*1 is 1. Also,
n=1 n

examine the convergence of the power series for z =1, —1, and 7.

State TRUE or FALSE with justification: There exists a power series > a,(z—1+2i)"
n=0
in C which converges at z = —3 + ¢ and diverges at z = —2 + 2i.
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Show that the radius of convergence R of a power series Z a,z™ in C is given by
=0
R =sup{|z] : z € C, a,z" — 0} =sup{|z| : z € C, the sequence (an ") is bounded}.

Let Ry, and Ry be the radii of convergence of the power series Z a,z" and Z b, 2"
n= 0 n=0

respectively. If R is the radius of convergence of the power series Z (ap + byp)2"™, then
show that R > min{R;, Ry}. =

Is it necessary that R = min{ Ry, Ry}? Justify.

If Ry # Rs, then show that R = min{ Ry, Ry}.

o0 o0

Let Ry and Ry be the radii of convergence of the power series ) a,2™ and ) b,2"
n=0 n=0
o0

respectively. If R is the radius of convergence of the power series » a,b,2", then show
that R > Ry R». (It is assumed that R; Ry is defined.) "

Is it necessary that R = R R,? Justify.

Let a, € C\ O;{O} for all n € NU {0} and let R be the radius of convergence of the

power series » | a,z". Is it necessary that the radius of convergence of the power series

n=0
o ] 1
—2" is —7 Justify.
nz::o an R Y

e}
Let R be the radius of convergence of the power series ) a,z". Determine the
n=0
oo
radius of convergence of each of the following power series. (a) > a2z" (b)

00 00 n=0
> 2%a,z, (¢) > n"a,z"
n=0 n=1

oo

Examine whether { S E2izeC i< < §} is a closed set in C.
n=1

2?" is uniformly convergent in C.

State TRUE or FALSE Wlth JU.StlﬁC&thIl If R > ( is the radius of convergence of a
power series Z an,(z — )", then the series Z an(z — 2)"™ cannot converge uniformly
on{ze€C: |Z:—0 2| < R}. =

Show that |1 — (1 — 2)e?| < |z|? for all 2 EI]D).

Letf:C—MCbedeﬁnedbyf(z)z{ e st ifz2#0,

0 ifz=0.
Show that the Cauchy-Riemann equations for f are satisfied at every point of R? but

f is not continuous (and hence not differentiable) at 0.

Let f: C — C be an entire function such that f'(z) = f(z) for all z € C and f(0) =
Show that f(z) = e* for all z € C.

Let f : C — C be differentiable at 0 and f'(0) = 1. If f(z + w) = f(2)f(w) for all
z,w € C, then show that f(z) = e for all z € C.
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Let f: Q — C be analytic, where (2 is a domain in C. If g(z) = e/ for all z € Q and
if g : 0 — C is a constant function, then show that f is a constant function.

If f is assumed to be only continuous, then does a similar result hold? Justify.

For all z € C, show that

(a) sin(—z) = —sin z and cos(—z) = cos z.

For all z,w € C, show that
(a) sin(z + w) = sin z cos w + cos z sin w.

(b) cos(z 4+ w) = cos z cosw — sin z sin w.

Show that {sinz:z € C} = C and {cosz:z¢€ C} =C.

Let f(z) =sinz and g(z) = cos z for all z € C. Determine all the periods of f: C — C
and g : C — C.

Show that {z€ C:cosz =1} =27Z and {z € C:sinz =1} = g+27TZ.

Show that {z € C : cos(iz) = cos(iZ)} = C and {z € C : sin(iz) = sin(iz)} = miZ.
State TRUE or FALSE with justification: If f is an entire function such that | f(x)| < 10
and | f(iy)| <10 for all z,y € R, then there must exist A € R such that |f(z)| < A for
all z € C.

If z € D, then show that the series ) sin(z") is absolutely convergent.

n=1
1
2 . - .
Let f(z) = |2|* sin P if z € C\ {0},
0 if z=0.
Examine whether f : C — C is differentiable at 0.
sin z £ 0
Let f:C — C be defined by f(z) =4 5 1270
1 ifz=0.
Show that f is an entire function.
Solve for z € C the following equations.
(a) e = 2i (b) cos® z =4 (c) tanz =1
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Let f(z) =tanz for all z € Q@ = C\ {(2n + 1)5 : n € Z}. Determine the range of the
function f: Q — C.

Show that log <l> = —logz for all z € C\ {0}.

Examine Wheth:r (a) Log(1+1)? = 2Log(1 +1) (b) Log(—1+1)* = 2Log(—1 +1)
(c) log(i*) = 2log 3.

Let ©; and €, be domains in C such that €2; N €25, is connected. If there exists a branch
of the logarithm on 2; and there exists a branch of the logarithm on {2, then is it
necessary that there exists a branch of the logarithm on €2; U Qs 7 Justify.

If 2y =144, 29 =1 —4 and 23 = —1 — i, then examine whether (z;23)" = z{z} and
(2923)" = 2424, where only principal values are considered.

Show that all the values of (1 — i)V% lie on a straight line in the complex plane.



