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Note: Answers lacking rigorous justification will not be awarded marks.

1. (a) Whether fn(x) = sin2(x
n
) forms an equicontinuous family in C[0, 1]? 1

(b) Does there exist a continuous function f : R → R2 such that {f(x− [x]) : x ∈ R}
is unbounded? 1

(c) Whether f : R2 → R satisfying |f(x)| ≤ ∥x∥2 is necessarily continuously differ-
entiable at (0, 0)? 1

(d) Does there exists a discontinuous function on a metric space, whose graph is
connected? 1

2. Let A : R2 → R2 be the liner transformation defined by A(x, y) = (2x, 3y). Find the
norm of A with respect to Euclidean norm. 2

3. Prove that every continuous function f : [0, 1] → [0, 1] has a fixed point. 4

4. Let X = [0, 1] ∪ [2, 3]. Show that there exists a non-constant uniformly continuous
map f : X → R such that f−1({0}) = ∅ and f−1((−∞, 0)) ̸= ∅ ̸= f−1((0,∞)). 4

5. Let f : R2 → R be a continuously differentiable such that fy(a, b) ̸= 0 for some
(a, b) ∈ R2. Show that there exists a point (c, d) ∈ R2 such that f(a, b) = f(c, d). 5

6. Let f : [0, 1] → R satisfies IVP and set {x ∈ [0, 1] : f(x) = t} is closed for every
t ∈ R, then show that f is continuous. 5

7. Let f(x) = e−x2
. Show that there exists a polynomial pk which converges uniformly

to f on every compact subset of R. 5

8. Determine all functions f ∈ C[0, 1] such that f(x) =
∫ x

0
(x− y)f(y)dy. 5

9. Show that there exists a linear transformation A : R2 → R2 such that the strict
inequality ∥A2∥ < ∥A∥2 holds. 4

10. Show that equation x2 + yz − cos(xz) = 0 can be solved for x in some neighborhood
of (1, 1, 0). Whether it can be solved for y in a neighborhood of (1, 1, 0)? 4

11. Let f : R2 → R be continuously differentiable with f(0, 0) = 0. Find the condition
under which f(f(x, y), y) = 0 can be solved for y in some neighborhood of (0, 0). 3

12. Let f : R → R be continuously differentiable and f ′(0) ̸= 0. Show that the function
g(x, y) = (f(x), xf(x)− y) is locally invertible in some neighborhood of (0, 0). Give
an example of f (with justification) for which g is globally invertible. 5
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