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Notation index. The following conventions are used throughout these notes.

D the open unit disk in C; D its closure.

T the unit circle; m denotes the normalized Lebesgue measure on T.
C, the upper half-plane {z € C: &z > 0}.

HP?(D) the Hardy space on D (0 < p < o0); similarly H?(C,).

P, the Poisson kernel on T (disk model); P, denotes the Poisson kernel on R (half-plane
model).

B a (finite or infinite) Blaschke product; S, a singular inner function associated with a

singular measure p.
inn(f), out(f) the inner and outer factors of f € H? (when defined).

N, N T the Nevanlinna and Smirnov classes.

Other symbols and standing assumptions are introduced locally at first use.

v
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Preface

These notes were prepared for the course M650 (Jan—May 2022) at II'T Guwahati. Their
aim is to introduce Hardy spaces as a meeting point of complex analysis and harmonic
analysis, and to develop, in a self-contained way, the structural results that make the

theory so useful.

Prerequisites. A reader should be comfortable with the basics of complex analysis
(holomorphic functions, Cauchy’s integral theorem and formula, power series) and real
analysis (Lebesgue integration on R, L? spaces, and elementary Hilbert space theory).
When we use a more advanced tool from functional analysis, it is stated explicitly and

proved or referenced.

How the notes are organized. After preliminaries, we study shift-invariant subspaces
of L*(T, ;1) and the Beurling-type picture that underlies Hardy spaces. We then develop
the canonical (inner—outer) factorization in H?(ID), discuss Szegé-type theorems and the
Nevanlinna/Smirnov classes, and finally transfer the theory to the upper half-plane H?(C, ),

where the Fourier transform and the Cauchy kernel provide a complementary viewpoint.

References and further reading. These notes are deliberately self-contained, but the
subject has several excellent treatments with complementary styles. Standard references
include Duren [13], Hoffman [10], Garnett [6], Koosis [4], and Nikolski [2, 3]. Where a
proof is classical and would interrupt the main thread, we provide a short argument or a

precise pointer.

How to use this edition. Each chapter begins with a short abstract together with
learning objectives and a compact list of key ideas. When a section carries a roadmap, it
indicates the logical order in which subsequent lemmas and propositions are used. The end-
of-chapter exercise blocks are arranged as guided examples, core exercises, and occasional
extensions; the comprehensive problem sets at the end are grouped into warm-up, core, and
challenge tracks so that the notes can serve equally well for lectures, self-study, tutorials,

or qualifying-exam preparation.

Syllabus

The course develops Hardy spaces as a meeting point of complex function theory, harmonic
analysis, and invariant subspace methods. The emphasis is on structural theorems
(invariant subspaces and canonical factorization) and on their applications to approximation,

Fourier analysis, and weighted L?-theory.
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o Invariant subspaces of L*(T, ) (and more generally L?(u)). Doubly invariant
subspaces. Simply invariant subspaces. Inner functions. Uniqueness theorem.

Invariant subspaces of L*(T, u).

o Applications. The problem of weighted polynomial approximation. A probabilistic
interpretation. The inner—outer factorization. Arithmetic of inner functions. A
characterization of outer functions. Fourier series. Szeg6 infimum and the F. & M.

Riesz theorem.

« HP? classes and canonical factorization (disk and circle). Identifying H?(D)
and HP(T). Jensen’s formula and Jensen’s inequality. The boundary uniqueness
theorem. Blaschke products. Non-tangential boundary limits. The Riesz—Smirnov

canonical factorization. Approximation by inner functions and Blaschke products.

e Szeg6 infimum and the Phragmén—Lindel6f principle. Szeg6 infimum and
weighted polynomial approximation. Recognize an outer function. Locally outer
function. The Smirnov class V,. A conformally invariant framework. The generalized

Phragmén—Lindel6f principle.

« Harmonic analysis on L*(T; ). Generalized Fourier series. Bases of exponentials
in L*(T; ). Harmonic conjugates. The Hilbert transform. The Helson—Szegé

problem.

« H? spaces on the upper half-plane. A unitary mapping from L?(T) to LP(R).
Cauchy kernels and Fourier transform. The Hardy space HY = H?(C, ). Canonical
factorization and other relevant properties as compared to the disk. Invariant

subspaces.

Guide to where each syllabus topic appears. The organization of the notes follows
the syllabus closely, but the same theme often reappears from several viewpoints. As a

quick map:

(I) Invariant subspaces and inner functions: Chapter 3 (doubly/simply invariant spaces,

Beurling-type results).

(IT) Applications and weighted approzimation: Chapter 4 (weighted polynomial approxi-

mation, inner—outer factorization and its arithmetic).

(III) H? theory and canonical factorization in the disk: Chapter 5 (boundary limits,

Blaschke products, Riesz—Smirnov factorization, approximation issues).

vi
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(IV) Szeg6 infimum, Smirnov class, conformal invariance, Phragmén—Lindeldf: Chapter 6.
(V) Hilbert transform, generalized Fourier series, Helson—Szegd: Chapter 7.

(VI) Transfer to the upper half-plane and Fourier viewpoint: Chapter 8.

Notation and conventions

o DD denotes the unit disk, T the unit circle, and m the normalized arc-length measure

on T.
o For 1 <p < oo, LP(T) means LP(T, m) unless another measure is specified.

o For f € L'(T), the Fourier coefficients are

fln) = /TZ"f(z) dm(z) = 21 /27r f(e®)e ™ dt, neZ.

™ J0o

» We use the standard Hardy space notation H?(D) (analytic functions on D with L?
boundary control) and H?(C,) for the upper half-plane model.

vii



Chapter 1

Introduction

Hardy spaces form a bridge between complex analysis and harmonic analysis. They
encode the boundary behaviour of holomorphic functions on the unit disk and the upper
half-plane, and they interact in a precise way with Fourier series, singular integrals,
and shift operators. These notes develop the basic structural results (Beurling-type
theorems, inner—outer factorization, and canonical factorization) and then use them

to study problems of approximation and invariant subspaces.
Learning objectives.

o Understand the definition of H?(ID) through boundary values and Poisson extensions.

o See how Fourier analysis and the shift operator lead naturally to invariant subspaces

and inner functions.

e Learn the role of inner—outer and canonical factorization in approximation and extremal
problems.

Key ideas.

o Boundary behaviour is not auxiliary in Hardy-space theory: it is the main mechanism

by which analytic information is encoded.

o Multiplication by z is simultaneously a geometric shift, a Fourier-frequency shift, and

the basic operator behind invariant-subspace theory.

o Inner and outer factors separate “phase” and “size” in a way that later drives both

approximation theorems and extremal formulas.
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_ 0

Figure 1.1: The unit disk and radial approach to the boundary (a basic geometric picture
behind boundary values in H?(D)).

Example 1.1 (The first inner functions). For every integer n > 0, the monomial 2" is

inner on ID. Consequently 2" H? is a closed shift-invariant subspace of H? and
H?*© 2"H? =span{l,z,...,2" '}

This simple model already foreshadows the role of inner functions in the structure theory

of invariant subspaces.

Hardy introduced these spaces in 1915 in the context of power series and boundary
growth. Over the subsequent decades, the subject was developed by many authors—notably
the Riesz brothers, Szegd, Kolmogorov, Paley-Wiener, and later Beurling, Helson, and
others—into a central toolkit of modern analysis. From the viewpoint of this course, the
historical remark is mainly a guide: Hardy spaces are useful precisely because they package
analytic information (holomorphy) together with quantitative boundary control (an L?

condition).

1.1 What is a Hardy space?

See Figure 1.1 for a schematic illustration.
For 0 < p < oo, the Hardy space HP(D) consists of holomorphic functions f on D
whose boundary values are controlled in LP(T). One convenient definition is via radial

means:

1/p
I£lls 2= sup ([ 17O am(c)) ", (0<p< o)

with the usual modification for p = co. A key theorem (Fatou) states that such f have

non-tangential boundary limits f* € LP(T) and that f can be recovered from f* by the

2
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Poisson integral. Thus H?(ID) may be viewed as a closed subspace of LP(T) consisting of

functions whose negative Fourier coefficients vanish.

1.2 Invariant subspaces and inner functions

On L?*(T), multiplication by z is an isometry (the shift operator). The closed subspaces
invariant under this shift are governed by Beurling’s theorem: every nontrivial closed
subspace £ C H? with zE C E has the form E = ©H?, where © is an inner function
(analytic in D with unimodular boundary values a.e.). This result is one of the main
structural pillars of the subject, and it explains why Hardy spaces are a natural playground

for operator theory and functional analysis.

1.3 Organization of the notes

We begin with measure-theoretic preliminaries and the basic Fourier-analytic model of H2.
We then study shift-invariant subspaces of L*(T, i) (Wiener, Wold-Kolmogorov, Helson)
and derive first applications such as inner—outer factorization and Szegd-type extremal
problems. Next we develop canonical factorization in H?(D), including Blaschke products,
singular inner factors, and the Nevanlinna/Smirnov classes. Finally, we transfer the theory
to the upper half-plane H?(C, ), emphasizing the Fourier transform and the Cauchy kernel
as complementary tools. Throughout, exercises and problem sets are included to help

consolidate the ideas.



Chapter 2

Preliminaries and notation

This chapter fixes the analytic and measure-theoretic framework used throughout
the notes. We recall the basic objects on the unit circle—normalized arc-length
measure, Fourier coefficients, and the Hardy space boundary conventions—and we
review complex Borel measures together with total variation. We also record the
Riesz representation theorem and introduce the weak-+ topology on M(T), which will

later underlie compactness and approximation arguments.

Learning objectives.

o Fix the measure-theoretic conventions and Fourier-analytic normalizations used through-

out the notes.

o Review the Borel-measure formalism needed for analytic measures, singular parts, and

duality arguments.

o Isolate the weak-* compactness statements that later support approximation and

extremal arguments.

Key ideas.

o Nearly every later theorem depends on keeping straight the distinction between boundary

functions, measures, and Poisson extensions.

o Fourier coefficients are best viewed as a bridge between geometric objects on T and

analytic objects on .
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ICT

T={e?:0¢[-mn)}

Figure 2.1: Parametrization of the unit circle and a typical arc I C T (useful for integrals
with respect to normalized Lebesgue measure m).

o Weak-* compactness enters not as abstract generality, but as a practical substitute for

sequential compactness in spaces of measures.

Example 2.1 (A recurring kernel). For 0 < r < 1, the Poisson kernel

, 1—7?
ity
Pr(e”) = |eit — r|?
has Fourier coefficients P,(n) = 7. This identity is the template behind harmonic

extension, radial approximation, and several summability arguments that appear later.

These notes use standard notation from complex analysis, measure theory, and basic
functional analysis. For the reader’s convenience we fix conventions that will be used

throughout.

2.1 The unit circle and normalized Lebesgue measure

See Figure 2.1 for a schematic illustration.
We write
T:={z€C: |z|=1}, D:={zeC: |z| <1}.

The parametrization z = %, t € [0, 2) identifies T with the quotient group R/(27Z) via
the homomorphism ¢ — €. Accordingly, any function f : T — C may be viewed as a

27-periodic function on R by setting f(¢) := f(e™).



M650: Advanced Hardy Spaces Preliminaries and notation

We denote by m the normalized arc-length measure on T, i.e.

/dem = 217T/02ﬂf(eit)dt, f € LYT,m).

With this normalization m(T) = 1 and m is translation invariant:

/%f(t—to) dt:/%f(t) dt,  to € [0,2n).
0 0

2.2 Complex Borel measures and total variation

Let B(T) be the Borel o-algebra of T. A (finite) complex Borel measure on T is a countably
additive map p : B(T) — C with u(@) = 0 and

,u<U Bj> = w(Bj) for every disjoint family {B;};>1 C B(T),
j=1 =1

where the series is absolutely convergent. The Banach space of all finite complex Borel
measures on T will be denoted by M(T).
The total variation of p € M(T) is the positive measure |u| defined by

|p|(T) = sup{z \1(Bj)| : {Bj};>1 disjoint and | J B; = T}.
=1

i>1

The quantity ||u|| := |u|(T) is the total variation norm, and (M(T), || - ||) is a Banach

space.

Exercise 2.2. Show that the definition of |u|(T) is unchanged if the supremum is taken

only over finite Borel partitions of T.

Every u € M(T) defines a bounded linear functional on C(T) by

L) = [ fdn.  fec(T),
and ||7,|| = ||p|l. Conversely, every bounded linear functional on C(T) arises this way.

Theorem 2.3 (Riesz representation theorem). For every bounded linear functional T
on C(T) there exists a unique p € M(T) such that T(f) = [3 fdup for oll f € C(T).
FEquivalently, M(T) = C(T)* isometrically.
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2.3 The weak-* topology on M(T)

Via Theorem 2.3 we identify M(T) with the dual space C'(T)*. The corresponding weak-*
topology on M(T) will be denoted by w*.
A typical w*-neighborhood of py € M(T) is of the form

Ul fis- s fvie) = {1 € MUT) = [ = o, f)] < &, k=1, N,

where f1,..., fv € C(T), e >0, and (u, f) := [7 f dp.
We record a basic duality fact that will be used repeatedly.

Proposition 2.4. Let E be a Banach space. A linear functional ® : (E*,w*) — C
is continuous if and only if there exists x € E such that ®(f) = f(z) for all f € E*.

Equivalently,
(", w" )" =2 FE

via the canonical embedding x — (f — f(x)).

Proof. If x € E| then f +— f(x) is w*-continuous by definition of the weak-* topology.
Conversely, suppose ® is w*-continuous. Continuity at 0 means that there exist
r1,...,xy € E and € > 0 such that

(f @)+ + |faw) <€) = |8(f)] < L.

In particular, ®(f) = 0 whenever f(x;) = 0 for all k, i.e. NA_, ker(ev,,) C ker(®).
Therefore ® factors through the finite-dimensional quotient E*/ N5, ker(ev,, ), and hence

can be written as a linear combination of the coordinate functionals f — f(z). That is,

N N
o(f) = Z cef(xy) = f<z ckxk> for some ¢, ...,cy € C.
k=1 k=1
Setting x := S0, cx7y, gives the desired representation ®(f) = f(x). O

Corollary 2.5. The dual of (M(T),w*) is canonically isomorphic to C(T).



Chapter 3

Invariant subspaces of L*(T, p)

We study closed subspaces of L*(T, ) that are invariant under multiplication by the
coordinate function z. After establishing the basic Fourier-analytic formalism in the
wetghted setting, we prove a boundary uniqueness principle and develop Helson-type
descriptions of simply invariant subspaces. These results provide the operator-
theoretic backbone for the inner/outer machinery and for subsequent applications to

approzimation and cyclicity.

Learning objectives.

o Understand the distinction between reducing and simply invariant subspaces in the

weighted L? setting.

e See how wandering vectors and cyclic subspaces lead to Beurling-type structure theo-

rems.

o Connect uniqueness principles in Hardy spaces with invariant-subspace rigidity.

Key ideas.
o The operator M, packages the geometry of Fourier modes into a single shift operator.

o Reducing subspaces are measure-theoretic in nature, whereas simply invariant subspaces

carry genuinely analytic content.

o Boundary uniqueness is the mechanism that prevents nontrivial analytic functions from

hiding on positive-measure boundary sets.
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Example 3.1 (The model invariant subspace). Inside L?(T,m), the Hardy space H>
is invariant under multiplication by z, but it is not reducing because z € H?! while
»~1H? ¢ H?. Moreover

H?*c:H*=C-1,

so the shift M,|y2 is a unilateral shift of multiplicity one.

In this chapter we study shift-invariant subspaces of square-integrable functions on T.
Let
LA (T, p) = {f : T — C: f is measurable and || f||5 = / |fI?du < oo} :
T

where p is a finite positive Borel measure on T.
For f € LY(T,m), we define the Fourier coefficients of f by

—~ 1 2m . )
F(n) = / 20 (2) dm(z) = — / fleMe mdt, nel
T 21 Jo
The corresponding Fourier series is written as f ~ § et f (n). Consider the operator S
on L?*(T,m) defined by
S()(z) =zf(2), (3.0.1)

— N

for z € T. Then (Sf)(n) = f(n — 1), so the action of S shifts the Fourier coefficients one
step to the right. For this reason S is called the shift operator. The basic question is the

following.
Question 3.2. What are the shift-invariant subspaces £ of L*(T, u)?

In other words, when does zE C E hold? We write clos E for the closure of F and F
for the complex conjugate of F. Unless stated otherwise, subspaces are always assumed to

be closed.

Example 3.3. For f € L*(u1), the space
E¢ =span{z"f :n > 0}

is shift-invariant.

A natural question is to determine when E; = L?(u); in that case, f is called a cyclic
vector. More generally, one would like to understand those f € L*(u) for which zE; = Ej.

Let E be a closed subspace of L2. The two basic cases are as follows.
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We say that F is simply invariant (or 1-invariant) if zF C E and zE # E. We say
that E is doubly invariant (or 2-invariant) if zE' = E. Note that zF = E if and only
if zE = E (since 2z = |2]* = 1). Equivalently, 2F C E and ZFE C E, so E is also called a
reducing subspace.

For a measurable set 0 C T, the space E, = x,L*(1) = {xof : f € L*(n)} = {f €
L3(p) : f =0 p-a.e. on T \ o} satisfies zE, = E,.

Question 3.4. Does every reducing subspace look like F,7

Theorem 3.5. (Norbert Wiener) Let E C L*(T,u). Then zE = E if and only if there

exists a unique (up to set of measure zero) measurable set o C T such that E = x,L*(1).

Proof. Assume that zFE = E, and let Py denote the orthogonal projection of L?(T, i) onto
E. Set x := Pgl. Then y € E and 1 — x € E+.

Since multiplication by z is unitary on L?(u) and 2E = E, we have 2"y € E and
2"(1 —x) € E* for every n € Z. Hence

0=(z"x, 1 = X)r2() =/TZ"X(1—X)dMZ/TE”X(l—Y)du, n € 7.

Let dv := x(1 —X)du. The display shows that all Fourier coefficients of the complex

measure v vanish, so ¥ = 0 by Lemma 3.10(i). Consequently,

W1-%) =0 pae.,

which implies x = |x|? p-a.e. and therefore y = y, for some measurable ¢ C T (unique up
to p-null sets).
Since x € E' and zF = E, we have 2"y € F for all n € Z. Thus xP C E, where P is
the space of trigonometric polynomials. As P is dense in L?(u), it follows that xL?*(u) C E.
Conversely, let f € E. For each n € Z we have z"f € E and 1 — y € E*, hence

/Tz”f(l—x)du: , n € 7.

Equivalently, all Fourier coefficients of the complex measure f(1 — Y)du vanish. By
Lemma 3.10(i) we obtain f(1 —7%) = 0 p-a.e., so f = xf € xL*(u). Therefore E C xL*(u).

We conclude that E = x,L?(1). The converse implication is immediate: if £ = y,L?(u)
then zF = E because |z| =1 on T. O

10
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3.1 Simply invariant subspaces of L*(p)

Let B = {2"},cz. Notice that the Fourier series of f € L*(T,m) with respect to the
orthonormal basis Bis f ~ 3 f (n)z", where f (n) = [ fz"dm. This implies that L*(T,m)
T

— ~

can be identified with (?(Z). Since (z*f)(n) = f(n — k), multiplication operator f s zf

acts as a right-shift operator on [?(Z). Hence it is legitimate to consider the space
H? =span{z": n >0} = {f € L*(m) : f(n) =0,n < 0},

known as Hardy space. The space H? is a simply invariant subspace of L?(m), and plays
a prominent role in complex and harmonic analysis H?.
The following theorem says that all the simply invariant subspaces have a somewhat

similar structure.

Theorem 3.6. (A. Beurling, H. Helson) Let E be a closed subspace of L*(T) and zE C
E, zE # E. Then there exists a unique 0 (up to constant of modulus 1) with |§| =1 a.e.
m on T such that E = 0H?.

Notice that f + 0f is an isometry on L*(m), and hence 0H? is closed.

Proof. Set D := E © zE. Since E is simply invariant, D # {0}. Choose 6 € D with
10|l L2(my = 1. Then 6 L 2" for every n > 1, and therefore

0= (2"0,0)r2(m) = /T 0)22" dm, n>1.

Taking complex conjugates gives [; |0]*Z" dm = 0 for all n > 1. Hence all nonzero Fourier
coefficients of |#|? vanish, so |#|? is constant a.e. on T. Since |||, = 1, this constant equals
1, and thus |#| = 1 a.e. on T.

Because 6 € F and zF C E, we have 2" € FE for every n > 0. Hence P, C E, where
P, = span{z" : n > 0}, and therefore 0H? = 0P, C E.

To prove the reverse inclusion, let f € E with f 1 0H?. Then

/f@?”dmzo, n > 0.

T

Moreover, for each n > 1 we have 2" f € zE and 6 L zF, hence
/z"fgdm:(), n>1
T

Together, these relations say that all Fourier coefficients of @ vanish. Thus f0 = 0 a.e. on

11
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T, and since |f] = 1 a.e. we obtain f = 0. Therefore E = 0H?.
Uniqueness. If 0y H*> = 0, H? and |0;| = |02] = 1 a.e. on T, then 6,0, H?> = H? so 0,0, € H>.
By symmetry, 6,60, € H? as well, hence 6,0, € H?> N H2. Since H?> N H? consists of

constants, we have 6; = A0y for some \ € T. O

Corollary 3.7. (Beurling theorem) Let E # {0}, E C H? and zE C E. Then there exists
0 € H* with |0]| =1 a.e. on T such that E = 0H?.

Proof. If E C H? is nonzero and satisfies zE C E, then either zE C F or zE = E. We
claim that the second alternative is impossible.
Indeed, if zFE = E, then multiplication by z is a surjective isometry on E and hence

its inverse m_! is given by multiplication by z; thus ZE C E. Pick 0 # f € E and let

~

no ;= min{n > 0: f(n) # 0}.

o~

Then g := z™*™!'f € F under the assumption ZE C E. However, g(—1) = f(ng) # 0,
so g ¢ H? contradicting £ C H? Therefore zE C E, i.e. F is simply invariant, and
Theorem 3.6 yields E = #H? for an inner function 6. Since E C H?, necessarily § € H?. O

Definition 3.8. A function § € H?, with || =1 a.e. is called inner function.

3.2 Uniqueness theorem in H?

Theorem 3.9. If f € H? and f =0 on a set of positive measure, then f =0 a.e. on T.

Proof. Let ¢ := {z € T : f(z) = 0}. Assume m(c) > 0. If f # 0, consider the
shift-invariant subspace
E; :=span{z"f: n >0} C H”.

By Corollary 3.7, there exists an inner function 6 such that E; = 6 H>.
We claim that every g € E; satisfies g = 0 a.e. on 0. Indeed, choose polynomials

pr € Py with ppf — g in L*(m). Since p,f = 0 on o,

/ lg|* dm = / g — pef 1P dm < |lg = prfl|Z2(n) — 0.

Thus g|, = 0 a.e. on o. In particular, § € E; implies # = 0 a.e. on 0. This contradicts the
fact that 6 is inner, hence |0] = 1 a.e. on T. Therefore f = 0. O

12
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3.3 Invariant subspaces of L*(u)

(Absolutely continuous and singular subspaces)

Let p be a finite Borel measure on T, and F C L*(u) with zE C E. We consider
invariant subspaces of L?(11) which are based on Lebesgue decomposition of y. A measure
v is called absolutely continuous with respect to m if m(B) = 0 implies v(B) = 0,
where B € B and we write v < m. By Radon-Nikodym theorem, there exists a positive

integrable function w such that dv = wdm. That is,

/T Fdv = /T Fwdm

for each Borel measurable function f on T.
A measure v is called singular with respect to m if it is concentrated on a set C' of
Lebesgue measure zero. That is, v L m if v(B) = m(B N C) for every B € B(T). Let u

be a finite and positive Borel measure on T, then by Lebesgue decomposition,
= ftg + ps, where pu, < m and pg L m.

So, if f € L*(u), then
2 _ 2 2
L1redi = [ 1P+ [ 1fPan,

By this, we can construct an orthogonal decomposition of f. Let ¢ be the concentration

set for ps. Then
L2(p)) € L2() and L3(s1,) © L3(un) and L2(s) L L2(1). (3.3.1)
Now, f = fxrwo + fXo = fa + fs. This means
L*(1) = L*(pa) ® L*(ps)- (3.3.2)

The subspaces L?(u,) and L?(u,) are invariant subspaces and are known as absolutely
continuous and singular spaces, respectively.

We need the following results in order to prove the main result about invariant subspaces
of L*(p).

Lemma 3.10. Let i be a finite complex Borel measure on T.

—

(i) If (du)(n) = [e ™ du(t) = 0 for all n € Z, then u = 0.
T

13
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—

(i7) If (du)(n) =0 for alln € Z ~ {0}, then dp = cdm.

Proof. (i) Let f € C*(T), then f is Borel measurable and we have

W) = [ F®du()
= [ (S Foem )t

ne”L

= > f(n) / e™du(t) (by Fubini’s Theorem)

nez T
= 0 (by assumption).

Hence T,(f) = 0 for all f € C*(T). Since C*(T) is dense in C(T), by Theorem 2.3, we get

w=0.
(ii) From the given condition and similar to the proof of case (i), we can write

| F@dutt) = £0) [ du = p(r) [ ft)d.
Thus dp = p(T)dm, where dm = dt. O

Let T': H — H be an isometry (or 7' € iso(H)) on the Hilbert space H. A subspace D
of H is called wandering if 7D 1 T"D for m # n (m,n > 0).

Lemma 3.11. (H. Wold, A. Kolmogorov) Suppose T" € iso(H) and TE C E. Let
D = ESTE. Then D is a wandering subspace of T, and E = ( > @T"D) 69( N T”E) =

n>0 n>0
Ey ® Ew, where T|g_, is unitary, and T'|g, is completely non-unitary (i.e. if E' C Ey and

TE' C E' implies T|g: is not unitary).

Theorem 3.12. (H. Helson 1964) Let dp = wdm + dpus be the Lebesgue decomposition of
a positive finite Borel measure j and let E C L*(u) be simply invariant. Then there exists

o C T with m(c) =0 and a measurable function  such that
E=Ey® E, =0H*® x,L*(11s), where

OH? C L*(p1a), XoL*(11s) C L*(s) and
0w = 1. (3.3.3)

Conversely, if o is measurable and 0 wverified (3.3.3), then O0H? & xoL*(us) is simply

nvariant.

14
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Proof. Let M, denote multiplication by z on L*(T, u). Since |z| =1 on T, the operator
M, is unitary. Assume that E C L?*(p) is simply invariant, and set

D:=FozE, Ey = ﬂ 2"FE, Ey = EB 2" D.
n>0 n>0
By the Wold-Kolmogorov decomposition (Lemma 3.11) applied to M,|g, we have E =
Ey® FE and M, is unitary on F..
Step 1: construction of 0 and the identity |]*w = 1. Choose § € D with ||0|| 2, = 1.
Then 6 L 26 for all n > 1, so

/ 02" dp = 0, n>1,
T

and taking complex conjugates yields the same for Z", n > 1. Thus the complex measure
10> dpw has vanishing Fourier coefficients at every nonzero index. By Lemma 3.10(ii) we
obtain [0|*> du = cdm for some ¢ > 0. Since ||0||%2(“) = [;]0/*du = 1 and m(T) = 1, we
have ¢ = 1. Therefore

dm = |01* du = |0]*w dm + |0)? dps. (3.3.4)

Comparing the Lebesgue decompositions in (3.3.4) shows that |0|* dus = 0, hence 6 = 0
ps-a.e., and that |0]?w = 1 m-a.e.

In particular, w > 0 a.e. m, and multiplication by 6 defines an isometry M, :
L*(T,dm) — L*(T, ).
Step 2: description of E. Since M, is unitary on E.,, we have zF, = E,. By Wiener’s
theorem (Theorem 3.5), there exists a measurable o C T such that E,, = x,L?(1). Because
€D C Eyl Ey, wehave 6 L x,L?(u), hence § = 0 p-a.e. on 0. Since |0]*w =1 a.e. m,
this forces m(o) = 0. Consequently, x,L?(1) = xo L*(11s) C L*(pts)-

Step 3: identification of Ey with 0H?. We already know Ey = @,,5¢ 2" D C L*(p1,) because
D 1 E, and E,, D L*(115). We claim that

Ey =span{z"0: n > 0}.

Indeed, suppose f € Ej is orthogonal to 2"6 for all n > 0. Since f € E we also have
2"f € zE for every n > 1, and § L 2E implies (2" f,0)2¢,) = 0 for all n > 1. Thus all
Fourier coefficients of the complex measure ff dp vanish, and by Lemma 3.10(i) we obtain
f0 =0 p-a.e. Because 0 # 0 a.e. m and f € L?(u,), it follows that f = 0. This proves the

claim.

15
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Next write f € Ey as f = Y,50a,2"0 with (a,) € ¢*. Since |[§]*w = 1, the family

{20},>0 is orthonormal in L?(p,), so the map

H? > Z a, 2" —> 0 Z an?"™ € L*(1ta)

n>0 n>0

is an isometry and has range precisely Ey. Hence Ey = 0 H?.

Combining Steps 2 and 3 we obtain
E = Ey® Bo = 0H* ® xo L* (1),

with m(o) = 0 and |0]*w = 1.
Conversely. If o is measurable and 6 is measurable with |0]*w = 1 a.e. m, then
OH? C L*(p,) is simply invariant, and y,L?(us) C L?(u,) is doubly invariant. Their

orthogonal direct sum is therefore simply invariant. O]

16



Chapter 4

First Applications

We develop the first consequences of Helson’s theorem and the invariant-subspace
viewpoint. Topics include reducing subspaces, the weighted polynomial approximation
problem, and a systematic treatment of inner—outer factorization and the algebra of
inner functions. We conclude with the integral mazimum principle characterization
of outer functions and a first encounter with Szegd-type infimum problems.

Learning objectives.

o Use invariant-subspace methods to derive concrete approximation and cyclicity state-

ments.
o Understand the first version of inner—outer factorization and its algebraic consequences.

o Interpret the Szegé infimum both analytically and geometrically.

Key ideas.

o Helson’s theorem becomes most useful when translated into density and distance

questions.

e Quter functions are exactly the analytic functions whose cyclic span is as large as

possible.

o Weighted approximation problems are rarely isolated phenomena; they encode the same

structure as extremal formulas and prediction problems.

17
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Example 4.1 (A basic outer polynomial). If |a| < 1, then 1 — @z has no zeros in D and is

therefore outer in H2. By contrast, the normalized factor

a—z

bo(2) =

1 —az

is inner. This elementary dichotomy already illustrates the complementary roles of zero

sets and boundary modulus.

We have already seen, via Helson’s theorem, that simply invariant subspaces of L?(u)
are in one-to-one correspondence with measurable unimodular functions. This point of
view allows Hilbert-space geometry and operator theory to be brought to bear on L?(j),
and conversely. In this chapter we study several first applications: inner—outer factorization
for Hardy-space functions, the Szegd infimum, and the F. & M. Riesz theorem for analytic
measures. A recurring theme is the weighted approximation problem: for which positive

measures 4 on T is the “analytic half”
P, =span{z" :n > 0}

dense in L?(T,u)?

4.1 Some consequences of Helson’s theorem

Section roadmap.
« First isolate the absolutely continuous and singular pieces of an invariant subspace.
o Then translate Helson’s theorem into concrete density and approximation statements.

o Finally interpret these statements in terms of cyclicity and weighted polynomial ap-

proximation.

Let 1 be a positive Borel measure on T with dp = wdm + dus. Notice that if zE C E C
L?*(u), then E = E,&® E,, where 2E, C E, C L*(114), because E = 0H* @ x,L?(u), where
0H? C L*(pa) and x5 L?(ps) C L?(p1s).

(a) If u = ps, then zE C E C L?*(us), implies zE = E, because, by Helson’s theorem 3.12,
we already have E = y,L*(u1s), which is 2-invariant.

(b) Show that for du = du, = wdm, the following are equivalent:

18
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(i) There exists E such that zE C E C L*(u,)-
(i) There exists 6 such that |0]*w =1 a.e. m.
(iii) w > 0 almost everywhere m.

(iv) m is absolutely continuous with respect to fi,.

(c) If du = dp, = wdm and zE C E C L*(u,), then E = 0H? with |0]*w = 1 a.e. m.

4.2 Reducing subspaces

Let f € L*(n) and dp = wdm + du,. We look for sufficient conditions that ensure that E;
is reducing. If there exists measurable set e C T such that m(e) > 0 and f|. = 0. Then
E; is a reducing subspace, and there exists ¢ C T \ e such that Ey = x,L?(u). In fact,
o={z€T: f(z) # 0}. On the contrary, suppose zE; C E;. Then by Theorem 3.12 we
get By = 0H? ® xL*(us), and hence f € E; implies f = f, + fs, where f, = 0h, h # 0 a.e.
m (by Theorem 3.9, since h € H?). This implies f, # 0 a.e. m, which is impossible because
fle = 0and m(e) > 0 implies f,|. = 0 with m(e) > 0. Thus, By = zE; = x,L*(p) foroc C T
(by Wiener theorem). Notice that £y = span{z"xr.f : n > 0} = x1.E; = xoL*(1) and
1 € L?(u), implies 0 C T \ e. Indeed o = {z € T : f(2) # 0}, which is defined up to a set

of M 1IMeasure Zero.

4.3 The problem of weighted polynomial approxima-
tion

We know that the space of trigonometric polynomials P = span{z" : n € Z} is dense in

LP(p) for every positive and finite measure p and 1 < p < co. Let P, = span{z" : n > 0}.

One of the main problems is describing the closure of P, in L*(u). Denote H?(u) =

clos Py |z2(,). The most important part of this problem is to distinguish between the

completeness case H?(u) = L*(p), from the incompleteness case H?(p) C L?().
Corollary 4.2. H?*(p) = H?*(pa) ® L*(ps).

Proof. H?(u) = span{z" : n > 0}. By Helson decomposition H?(u) = E, & E, with
E, C L*(j1q) and Ey C L*(u,). Since we know that zF, = F,, by Wiener theorem,
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Es = xo L*(us) with m(c) = 0. Since 1 € H?(u), we have 1 =1, + 1, with 1, # 0 a.e. p,.
But 1, € By = xoL* (1) implies xo L?(115) = L*(us), L., By = L*(pus).

Further, (P, ), C FE, implies clos (P, ), = H*(u,) € E,. But, for f € E, C H*(u)
implies there exists p, € Py such that ||f — pu|lz2(y — 0. Since ||f — pall7z) = If —
PallZeguny T I = Palltoguy = 1f = pallizgu, + 1Pall?sq,,) (since f =0 peae) and [|f -
PullZ2gus) < IF = PallZzguy + 1PnllZegy = I1f = PallZeg) — 0 we get f € H? (1), O

Remark 4.3. For H*(u1,), the closure of P, in L?*(p,) has exactly two possibilities:

(i) 2H?*(pa) = H?*(1a), in which case Wiener’s theorem gives H?(,) = XoL?(1ta) =
L*(pq). Since 1, € H?(pu,), this forces o = T up to an m-null set.

(ii) 2H?(ua) © H*(pta) C L*(pta), in which case H?(u,) = 0H? for some 6 satisfying
0]*w = 1.

The following results help to distinguish the above two cases.
Lemma 4.4. H?(p) is reducing (and hence H*(u) = L*(n)) if and only if Z € H?(u).

Proof. If H?(u) is reducing, then z € H?(u) is trivial. Suppose z € H?(u), then exists
pn € Py such that ||Z — py||r2¢s) — 0. Let ¢ € P, Then

/T\éq — qpn|2du < ||q\|go/T|2 —pn|2 — 0 as n — oo.

This implies ZP, C H?*(u), or P, C zH?*(u) (closed). Hence H?*(u) C zH?*(p), i.e.
ZH?*(p) € H*(u). But 2H?(u) € H?*(p) implies zH?(u) = H?(u). Next, it follows from
Wiener theorem and theorem 3.9 that H?(u) = x,L*(1) = L*(u). O

Corollary 4.5. H?(u) = L*(u) if and only if dist(1, H3 (1)) = 0, where Hg(u) is the
closure of span{z" : n > 1} in L*(p).

Proof. Let H?(uu) = L*(u), then z € H?(u), implies dist (1, HZ(u)) = dist (z, H*(u)) = 0
On the other hand, if dist (1, HZ(u)) = 0, then z € H?(u1), and hence H?(u) = L*(u). O

The quantity

is called the Szeg6 infimum, where P§ = span{z":n > 1}.
It depends only on the absolutely continuous part of u. Indeed, let dy = wdm + dus
be the Lebesgue decomposition of u. Arguing as in Corollary 4.2, we have HZ(u) =
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HZ(ua) ® L*(ps). We also use the elementary fact that if M; and M, are orthogonal
subspaces of a Hilbert space H, then Py; e, = Py, + Par,. Therefore,

2
dist(1, Hy (1)) = |IPuzgu L U7z
= [[(Pr2(ua) ® Pregu,)) L (1o + 15)[l 22w
= HPHS(Ha) L 1a‘|%2(ﬂa) ( since 13 S L2<,LLS)>

= inf/\l—p[dem.
T

0
pGIP+

The evaluation of Szego6 infimum is intimately related to the multiplicative structure of
H?.

4.4 The inner-outer factorization

Recall that a function f € H? is called inner if |[f| = 1 a.e. on T. On the other hand,
[ € H? is called outer if E; = H.

Theorem 4.6. (V. Smirnov, 1928) Let f € H? and f # 0, then there exists an inner
function finn, € H? and an outer function fo, € H? such that f = finnfour. Moreover, this

factorization is unique and E; = fin H?.

Proof. Note that E; C H? E; # {0}, and E; is not reducing, else z € H?. Here,
E; =span{z"f : n > 0} C H?. By Theorem 3.6, we have E; = 0H?, where 0] =1 a.e.
m. Let fin, = 0, then f = 6g, where g € H?. We claim E, = H? Let h € H?. Since
E; = 0H? and 6h € 0H?, there exists p, € P, such that p,0g = p,f — 6h in L?. But,

multiplication by an inner function is an isometry, we get

lPng — hll2 = [|0(png — h)||2 — 0.

Hence, £, = H 2. Here g = fou is desired outer function.

Uniqueness: Take f = fifs, where f7 is inner and f5 is outer. As f; is inner, h — fih is

an isometry, and hence as Ey, = H?, we get
fimH? = Ef =span{z"fifa: n >0} = fispan{z"fo: n >0} = fiH>
By the uniqueness of the representing inner function of the simply invariant space Ey
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(cf. Theorem 3.6 and Corollary 3.7), we get fin, = A\f1 with [\ = 1, and Afi four = fifo
implies fou; = A fa- O

4.5 Arithmetic of inner functions

Definition 4.7. Let 6,0, be two inner functions in H2. We say 6; divides 0, if g—f € H?.

Equivalently, 6, divides 6, if and only if 6, H?> D 0,H?. For this, if 6, = 60,, then 0
is necessarily inner, and 6,H? = 6,0H? C 0, H?, since §H*> C H?. On the other hand, if
0,H? D 0,H?, then we get 0, € 0, H? implies 0 = Z—f e H?.

We deduce the following two elementary properties:
Theorem 4.8. Let 6 = ged{6,, 05}, the greatest common divisor of 61 and 0. Then
(i) span {0, H?,0,H?*} = 0H*
(i) 6.H? N0, H? = 0H?, where § = lem{6;,6,}.

Proof. (i) 0,H* C span{6,H* 6,H*} = 0H?; k = 1,2 for some inner function 6 (by
Beurling’s theorem) implies € divides 6y ; k = 1, 2. Let 6" be another divisor of 0 : k =1, 2.
Then 6 H? D 0, H?, and hence 6’ H*> D span{0, H?*; k = 1,2} = 0 H?. This implies ¢’ divides
0 and thus 6 = ged{0x; k = 1,2}. The proof of (ii) is similar to (i). O

Definition 4.9. Let {6; : i € I} be a family of inner functions.

(i) 0 = ged{0; : i € I} if 6 divides each 6;, and @ is divisible by every other inner

function that divides each 6;.

(ii) 0 =lem{h; : i € I} if each 0; divides 6 and 6 divides every other inner function that
is divisible by each 6;
Convention: In case the ged or the lem does not exist, we write ged{; : i € [} =1
and lem{6, : i € I} =0.

Corollary 4.10. span{6, € H? : i € I} = 0H? where § = ged{6; : i € I} and
NO;H? = OH?, where  =lem {6, : i € I}.

Corollary 4.11. Let F be a proper subset of H?. Then span{z"F :n > 0} = 0H?, where
0 = ged{ finn : f € F\{0}}, and finn stands for inner factor of f.

Proof. We have span{z"F : n > 0} = span{ f;n, H* : f € F\{0}}. (By Smirnov’s theorem).
By applying Corollary 4.10 we get the required. O
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4.6 Characterization of outer functions

Theorem 4.12 (Integral Maximum Principle). Let f € H?. Then the following are

equivalent:
(i) f is outer
(it) f is a divisor of the space H?, i.e. if g € H* and % € L?, then % € H%

Proof. (ii) = (i): Let f = fimnfour be an inner-outer factorization of f. Then finn =
fz-im = % € L? because of fi,, € H> C L? By (ii), we get finn € H? But fi,, € H?
implies fi, = A (constant) with |[A\| = 1. Hence f = A\ f,u.

(i) = (ii): Given f is outer, we have E; = H?. Since 1 € H?, there exists p, € P; such

that p,f — 1in L% Let g € H? and h = % € L?. Then

[ 1pag=nl= [ Ipuf =118 < llpuf = 1Ulllblz > 0asn <00 (46.)
But p,g € H?, implies @(k) = 01if k£ < 0. Since ¢ — @(k) is continuous linear functional
on L'(T) for each k, by (4.6.1) we get (lAL)(k:) =0,Vk <0. Thus h € H% O

Corollary 4.13. If two outer functions f; and fy verify |fi| = |f2| a.e. on T, then
f1 = Afy where |\ = 1.

Proof. Since f5 is outer, f; € H?, and |%| =1 € L?, by Theorem 4.12, we get % € H?. In
the similar way £ = % € H? implies % = A (constant) and hence f; = Afy with |\ = 1.

Thus, an outer function is completely defined by its modulus. O

Corollary 4.14. Let w > 0, w € L'(T). If there exists f € H? such that |f|* = w a.e. T,
then there exists a unique outer function fo € H* such that | fo|> = w a.e. T.

(Hint: By Smirnov theorem, f = fi.n four €tc.)
Corollary 4.15. If f € H*(T) is simultancously inner and outer then f is constant.

Proof. Since f € H?(T) is inner |f| = 1 and hence 1/f = f € H*(T) by the Theorem 4.12.
Since f, f € H*(T) hence f is constant. O
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4.7 Szego infimum and the F. & M. Riesz theorem

Here we consider two theorems in two different settings by using the fact that in an
orthogonal complement of the analytic polynomials P, the absolute component of a

measure is only important.

Theorem 4.16. (Szegoé and Kolmogorov) Let p be a finite Borel measure on T with
Lebesgue decomposition dp = wdm + dps, where w € LY (T). Then

(i) either there does not exist any f € H* such that |f|* = w a.e. m, then

inf / 11— p|*du = 0.
T

pEPi
(ii) or there exists (unique) f € H* such that |f|* = w a.e. m, and f is outer, then

inf [ 1= plPdu = | f(0)".

pepi
Proof. (ii)We know that the Szegé infimum I will satisfy

2 2
P = dise(1, B3 () = dist(1, HR(s,)
= inf/|1—p|2wdm.
T

0
pE]‘P’Jr

Given that |f|?> = w a.e. m, and f is outer. Hence

12— inf / \f — pf|2dm.
T

0
pePy

As f is an outer function, we can verify that span{z"f : n > 1} = 2H? Hence I =

dist 2 (f, zH?). Note that f = 3 f(n)z" = f(0) + g, where g € zH?. Since f(0) L zH?,
n>0

it follows that I = dist2(f(0), zH?) = | f(0)].

(i). Next, we consider the invariant space FE, = HZ(u,). If 2E, # E,, then there exists

0 such that F, = 0H? with |0]*w = 1. But 2z € E, and hence 2z = f for some f € H?.

This implies that |f|*> = # = w (since |z| = 1), and this leads to case (ii). Hence,
case (i) is possible only if zE, = E,. But, then E, = L*(u,) by Remark 4.3(i). Hence
dist(1, H3 (1)) = 0, since 1 € L*(pg) = HE(11a)- O

Theorem 4.16 becomes completely explicit once we identify the outer function f with
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prescribed boundary modulus. In particular, if logw € L'(T) then the outer function

1) = e 5 gf

log w(¢) dm(())

satisfies | f|* = w a.e. on T, and

FO)F = 1£(0) = exp( [ logwdm).

Conversely, if logw ¢ L'(T) then no such outer f € H? exists.

Corollary 4.17 (Szegd’s formula for the distance). Let u = wdm + ps be a finite Borel

measure on T with w € L (T). Then

exp(/ logwdm), logw € LY(T),
info/ll—deMZ g
pery /T 0, logw ¢ L'(T).

Remark 4.18 (Prediction-theoretic interpretation). If (X, ),ez is a (centered) stationary
process whose spectral measure is du = wdm + ps, then the quantity on the left-hand side
of Theorem 4.17 is exactly the optimal mean-square prediction error for Xy from the “past”
{X_1,X o,...}. Thus Szeg6’s formula identifies the prediction error with the geometric

mean of the spectral density.

F. & M. Riesz result is an important consequence of Helson’s theorem. For that, we
need to recall an important result related to the Radon-Nikodym derivative.

Let |u| be the total variation measure of a complex-valued Borel measure p on T, i.e.

|| (o) = sup { > |u(o3)] = {oi}ier is a partition of o in B(T)}.

il

Suppose p is absolutely continuous with respect to a positive measure A on B(T). Then
there exists p € L'()\) (the Radon-Nikodym derivative of p with respect to A) such that

ul(@) = [ lplax.

Theorem 4.19. (F. & M. Riesz, 1916) Let u be a complez-valued Borel measure on T
such that
/z”d,u =0,Vn2>1
T

Then i < m and du = hdm, where h € H' = {f € L}(T) : f(k) =0, k < 0}.
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Note that, a measure p that satisfies [ 2"du = 0 for n < 0 will be called analytic
T

measure.

Proof. Tt follows that u < |u|. Let g € L'(|u|) be the corresponding Radon-Nikodym
derivative of p with respect to |u|. We claim that |g| = 1 a.e. p. For § > 0, set 0 = {t:
lg(t)] < 1—6}. Then |u|(o) = [|g|d|p| < (1 —0)|p|(e). This implies |p|(o) = 0. Similarly,
the case o/ = {t : |g(t)| > 1 — (5?. This proves the claim. As a consequence of the Corollary
4.2, we get

Hg(|ul) = H*(|ula) & L*(|uls)- (4.7.1)

But |g| =1 a.e. |u| implies g € L?(|u|), and

(2", g) L2(u)) = /Tzngd\u! = /Tz"du =0,n>1

In other words, g L 2", n > 1 in the Hilbert space L?(|u|), and hence g L HZ(|p|). In view
of (4.7.1), we obtain g L HZ(|u|s). Next, by construction, |g| = 1 a.e. |u|, which implies
lg| =1 a.e. |pu|s. This is impossible ( since g L H(|uls) ), unless |p|s = 0. Finally, p < ||
implies

p(o) :/gdw Z/Qd!u\a =/gwdm

for each o € B(T). That is u < m with Radon-Nikodym derivative h = gw € L'(T), and
h(k) = / Fhdm = / # qwdm = / Fdp=0 itk < -1,
T T T

Hence h € H'. O

Question 4.20. *

For g € L*(T), define gy = span{z"g : n > 0}|,1(r). Characterize all possible g € L'(T)
such that inf |1 —pgl|1 = 0.
pePy

4.8 Guided examples and exercises

The first block collects short worked examples that may be used as templates for later

proofs about inner, outer, and singular factors.

Worked examples

Example 4.21. b, = 1’\:{2 where A € D is an inner.
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Proof. by =\ — 2,50 X 2"(]z| = 1) and clearly ba(k) =0 for k < 0, and > k>0 oA (K2 <
oo; hence by € H?(T). Moreover, for |z| = 1 we have |\ — z| = [\ — z| = |1 — Az|, thus
lba(2)] = 1. O

Example 4.22. f =TI}__,b, is an inner.

Proof. For f,g € H* we have || fg|lco < ||flloo|lg]lcc hence H®.H*> C H*, a product of

inner function is inner. O

Example 4.23. S¢, = exp( “(<+Z)) where a > 0,¢ € T.

Proof. As Re (sz) = |Z|2 > 0 for any ¢ € T and |z| < 1, we obtain that |S;,| =1 on

T. Moreover for every n > 0 we have S q(—n) = [y 2"S¢.q(2)dm = lim,_y; fy fr(2)dm =0
where f(z) = 2"S¢q4(2) and f.(z) = f(rz),0 < r < 1 (f,(0) = 0 since f, is analytic in
|z| < 1/r and f,.(0) =0.) O

Example 4.24. f = chvzl Ste.ar Where ap >0 ¢, € T.
Proof. See the proof of (ii). O

Examples related to the outer functions you will get in Chapter 6, Subsection 6.2.

Core exercises
Exercise 4.25. For every f € L? prove that f - H*(T) C F; = span{f,zf,2%f,... }.

Proof. Clearly fP, C Ey, where P, denotes the analytic polynomials. Thus it is enough
to prove that (fP,)t C (fH>)* (orthogonal complements taken in L?). Let g € (fP,)*;
equivalently, [;gfpdm = 0 for every polynomial p € P,. Now let h € H*>. Since
gf € L}(T) and Fejér polynomials of i converge to h in the weak-* topology o(L*>, L),
we obtain [y gfhdm = 0. Hence g € (fH>)*, as required. m

Example 4.26. If f € H*(T) such that 1/f € H*°(T), then f is an outer.
Proof. By the exercise 4.25, 1 = f-1/f € E; hence E; = H*(T). ]

Exercise 4.27. Let f,g € L*(T) (thus fg € L*(T)). Show that for every n € Z, fg(n) =
Skez G(k) f(n — k); the series converges absolutely.

Proof. By Cauchy Schwarz’s inequality ||f(g — ¢')|l < || fll2llg — ¢'l|2, the multiplication
M,f = fg is continuous L?(T) — L*(T). Moreover the Fourier series g = 3,z (k)2
converges for the norm of L*(T). Hence fg = Y,z g(k)z" f converges in L'(T), which
implies fg(n) = ez §(k)(?‘f\]‘)(n) The calculation follows from (?f\f)(n) = fln—k). O
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Exercise 4.28. Let [ = finfour € H*(T). Show that sup{|g(0)| : ¢ € H*(T),|g|] <
|f] a.e. on T} = | fou(0)]

Proof. From the previous exercise ¢th(0) = $(0)1(0) for all o, € H2(T). Moreover for
every inner function h, we have |h(0)| < ||h]y = 1. Given g € H2(T,)|g| < |f], which
imphes |§(O) = ‘/g\m(O)/g\out(O)‘ é ’/g\out( )l Then by Theorem 4.16

GO < G (O)F = inf [ 1= pPlgPdm < inf [ 1= p|fPdm = | fu (O)F
PEPa JT pEPq JT
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Chapter 5

Canonical factorization in H?(DD)

This chapter establishes the canonical factorization theory in Hardy spaces on the
disk. We revisit Fourier series and identify HP(D) with its boundary function space
on T, then prove Jensen’s formula/inequality and boundary uniqueness results. We
construct Blaschke products, develop non-tangential boundary limits (Fatou theory),
and culminate with the Riesz—Smirnov factorization into Blaschke, singular inner,

and outer factors, together with approximation consequences.

Learning objectives.

 Identify H?(D) with its boundary-value realization and track what changes with the

exponent p.
e Prove Jensen-type formulas and use them to control zero sets and boundary growth.
o Assemble the canonical factorization and understand how each factor records different
analytic data.
Key ideas.

o The passage from interior growth to boundary data is the foundational move in Hardy-

space theory.

o Jensen’s formula turns zeros into logarithmic averages and is therefore the quantitative

core of canonical factorization.

« Blaschke, singular inner, and outer factors are not merely convenient pieces; they are

the three irreducible sources of Hardy-space behaviour.
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Example 5.1 (A convergent Blaschke pattern). The sequence a, = 1 — 27" satisfies
> (1 —lan]) < co. Hence the infinite product

B(z) = [ [l o2

2>1 On 1—a,z

converges to an inner function whose zero set is exactly {a,}. This is the prototypical

mechanism by which zero distributions enter canonical factorization.

In this chapter we develop the canonical factorization of functions in H? on the open
unit disk into three components: a Blaschke product, a singular inner function, and an
outer function given through its Schwarz—Herglotz representation. This factorization
clarifies many of the structural questions raised earlier, including approximation problems

and the Szegd infimum.

Definition 5.2. Let
D={zeC:|z| <1},

and denote by Hol(ID) the space of holomorphic functions on D. For p > 0, set

(D) = {feHol(D) I = sup 2"|f<re“>|pdt<oo},

0<r<1+/0

and

H*(D) = {f & HO(D) - |~ = sup ()] < oo}.

Here dt denotes normalized Lebesgue measure on T.
For p > 1, set LP = LP([0, 27|, dt) and

-~

HP ={f e L?: f(k)=0 for k < 0}.

The spaces HP(D) and H? will later be canonically identified through boundary values;

when no ambiguity can arise, we refer to both simply as Hardy spaces.

5.0.1 Properties of H” spaces
(i) H?(D) is a linear space.
(ii) f > [|fllz» is a norm if p > 1.

(iii) H?(D) C HI(D) if p > ¢.
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(iv) For p =2, let f € Hol(D), and
= > f(n)z", f(n) e C.
n>0
By Parseval’s identity

2w
[ 1prenPar =3 |f )P 0 < v < 1
0

n>0

and we have )

sup 7r| 2dt Z]f

0§7‘<1 0 TL>0

Thus for f € Hol(D), we have f € H2(D) if and only if >_ |f(n)|* < co.

n>0

(v) If 1 < p < oo, H? is a Banach space, and 0 < p < 1, H? is a complete metric space
[13](p. 37). If p < 1, then |.||, is not a true norm, in fact H? is not normable.
However the expression d(f,g) = ||f — g[|} defines a metric on H? if p < 1.

Example 5.3. The function f(z)=;L is analytic on D but is not in H*(D).
Proof. Since 1= = 3272 2", the coefficients of f are not square-summable. O]

RnfemaMP:wmwuﬂmowmosHma<w — [ € H? hence
H> c H?.

Example 5.4. The inclusion H>*(D) C H*(D) is strict since the function f(z)=log - is
an unbounded analytic function on D but it belongs to H?(D), because it has a Taylor

series:

log —Z—

n>1

has square summable coefficients.

5.1 A Revisit to Fourier Series

The functions in L?[0, 27] can be thought of as functions on (0, 27), which can be extended

periodically to the real line R.
Lemma 5.5. Let f € L'0,27], g € LP[0,27], 1 < p < oo. Then

(i) for almost every x € (0,2m), y — f(x —y)g(y) s integrable on (0, 27).
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(i) fx*g(x) = J&" flx —y)g(y)dy is well defined and belongs to LP[0, 27].

(i) || f * gllp < [[fl11llgllp-

Proof. Note that (x,y) — f(z—1y)g(y) is measurable, and by Fubini’s theorem |f*g(z)| <
[1f(x—=y)l|lg(y)|dy < oo a.e. x. By Minkowski integral inequality,

H /f(x —y)g(y)dy

< [ 15 =gy = gl 711

Further, if f € L'(0,27) and f(n) = [27 f(t)e~"dt, then (f * g)(n) = f(n)§(n), whenever
g € LP and 1 < p < oo (using Fubini’s theorem). ]

5.1.1 Approximation identity (or good kernel)
(i) If a family (E,) C L' satisfies
(a) sup | Eqlly < o0
(b) lim By (n) =1,

then lim || f — f  Eql, = 0 for f € LP(1 < p < oo). This is still true for p = oo, if
f € C(T) (called approximate identity of L”.)

(ii) If (E,) C L' satisfies

(a) sup ||Eqly < o0

27
(b) lim E.dr =1
a Jo

(c¢) lim sup |Eu(z)|=0,Yd>0.

@ s<)z|<n

then conditions of (a) and (b) of (i) is satisfied and we get lim |f = f*Eal, =0.

5.1.2 Dirichlet, Fejér and Poisson kernels

(i) Dirichlet kernel
mo in(m + 2)t
D — ik _ sin(m 5
2 e sin(t/2)

k=—m

(ii) Fejer kernel

R “ LN 1 (sin"“t 2
()= —— 3" D, = Ik Y o)
®) n—i—lZ Z( n—i—l)e n + 1 \sin(t/2)

m=0 k=—n
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(iii) Poisson kernel

1—r?
|1 — ret|?

P.(t) = P(re") = = rlFle*t 0 <r <1

keZ

Result: If f € L', then

L f*Dy(t)= > f(k)e* = S,,(f:t) (Partial Fourier series sums of f)

k=—m

~ ] . 1 n
2. fxD,(t) =>_ f()) (1 - n|‘j_’1>e”t =1 mz::O S (f;t) (Arithmetic mean of partial

sum of Fourier series of f)

3. fxP.(t)=>] FE)rFe* 0 << 1.

kEZ

4. (P,,)n>1 and (P,)o<r<1 are good kernels, and || B[y = || Dy |l1 = 1.
5. P.x Py = P, for 0 < r, 7" <1 (semigroup property).

Corollary 5.6. If f € L?, 1 <p < oo, then lim | f — f = ®y,|l, = 0. Hence trigonometric
polynomials are dense in LP. (Hint: This follows from the property of the good kernel.)

The same is true for p = oo, if f € C(T).
Corollary 5.7. If f € L', f(n) =0, Vn € Z, then f = 0.

Notations: For f € L, set f, = f* P, 0<r < 1.
For f € Hol(D), we set fy(z) = f(rz), if |z| < %, 0 <r < 1. Clearly f, is analytic in
bigger domain: |z| <1 <1+e.

Corollary 5.8. If 0 <r <p<1land f € L, 1 < p < oo, then lgr{ \fr — fll, = 0.
Moreover, || fillp < 1 follp < I1f|lp(using mazimum modulus principle).

If f € Hol(D), then || follp < ||fip)llp and the limit (possible infinite) ll_rg | fnyllp < o0,
exists. In fact, }1&3 | fyllp = [ f ey if f € HP(D). (It follows due to P, is a good kernel.)

5.2 Identification of H?(D) with H?(T)

Section roadmap.

» Start from radial dilations and Poisson integrals to produce boundary values.
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o Use Fourier support to identify which LP boundary functions come from analytic

functions.

e Record carefully where the argument changes between p > 1, 0 < p < 1, and p = oc.

Theorem 5.9 (Identification of H?(D) with boundary functions). Let 1 < p < oo, and let
f e HP(D). For0<r <1 set

[y (") = f(re™), t €0,27).
Then there exists a unique function f € LP(T) such that:

(i) foy = f in LP(T) as 1 1 whenever 1 < p < oo; if p = oo, the convergence holds in
the weak-* topology of L>°(T);

(ii) f e HP(T), i.e. ?(n) =0 for alln < 0;
(iii) for every 0 <r <1 we have
foy=Ff*P onT,
equivalently, f is the Poisson extension of its boundary function f:
() the mapping f — [ is an isometry:

Il ey = || Fllocm-

The function f is called the (radial) boundary function (or boundary limit) of f.

Proof. Write f(z) = 3,50 an2". For each 0 < r <1 we have

f(’/‘) (6“) — Z an,rneint’

n>0

50 (f(r))o<r<1 is @ bounded family in LP(T), with
sup |[fellze = [lf |l ar@) < o0
0<r<1

Step 1: existence of a boundary limit. If 1 < p < oo, then LP(T) is reflexive; hence,
by Banach-Alaoglu, there exists a sequence 7 T 1 such that f;, ) — f weakly in LP(T)
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for some f € LP(T). If p = 1, we view L'(T) as a subspace of M(T) = C(T)*; again
by Banach—Alaoglu, along a subsequence 1 1 1 we obtain a weak-* limit v € M(T) of
fire) dm. If p = 00, we apply weak-+ compactness of the unit ball of L>°(T) to obtain a
weak-* limit in L°°.

Step 2: identification of Fourier coefficients. For each n € Z, the functional ¢ — @(n) is
continuous on LP(T) when 1 < p < oo, and on M(T) in the weak-* topology. Therefore,

an, n 20,

Fn) = Jim Foy(m) = Jim i =

0, n<QO.

(Here we interpret a,, = 0 for n < 0.) Hence f has no negative Fourier modes and therefore
f e H?(T).
Step 3: Poisson integral identity and strong convergence. For 0 < r < 1, the Poisson
kernel satisfies J/D\T(n) = r"l so convolution with P, multiplies Fourier coefficients by r/!.
Consequently,
— a,r™, n >0,
0, n <0,

— ~

which coincides with f(;)(n). Thus fu) = f * P, on T for every 0 <r < 1.
If 1 <p< oo, then (P)ocr<1 is an approximate identity in LP(T), hence

||f(r)_.f||Lp:||f*PT’_f~||LP_>0 (TTI)'

This shows that f does not depend on the chosen subsequence and yields the full L?

convergence. The case p = oo is analogous, with convergence in the weak-x topology.

Step 4: isometry. For 1 < p < oo, the LP convergence gives
e = Yim [ fe e = 1L/ Nl ae o).

If p = oo, weak-* convergence yields ||f|lso < ||f||me, while the identity fo) = fxP,
implies || f()|loo < || f]le and hence || f||ge < |||l after taking sup,. O

Convention. For 1 < p < oo we will routinely identify a function f € HP(D) with its
boundary function f € HP(T) given by Theorem 5.9. In particular, for every 0 < r < 1,

f(re®) = (f = P,)(e") for a.e. t € [0, 27),
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and the Fourier coefficients of f coincide with the Taylor coefficients of f:
fm)=a, (nz0), ) =0 (n<0),

where f(z) = Y>>0 an2".

Corollary 5.10. For every & € D, the pointwise evaluation functional

¢ : H'(D) — C, we(f) = f(E),

is continuous. Consequently, evaluation is continuous on HP(D) for every 1 < p < co.

Proof. Let f € H'(D) and let f € H'(T) be its boundary function from Theorem 5.9.

Writing € = re® with 0 < r < 1, we have the Poisson representation

1§ = f(re") = (Fx P)(e") = [ F(Q) Pe(¢) dm(¢),

where P(¢) = L€ i5 the Poisson kernel centered at &. Hence, by Holder’s inequality,

I<=¢]
: o L]
AN = A llzrmy 1 Pelloeemy = 1/l 1= 5
Since || f|l1 = || f]| (), the estimate gives continuity of ¢ on H*. O

Remark 5.11. Let 1 < p < oo. If f, — f in LP(T), where f,,f € HP(T), and if
fn, f € HP(D) denote their Poisson extensions, then f,, — f uniformly on every compact
subset of .

Proof. Fix 0 < r < 1. By Theorem 5.10, for every A\ € D with |A\| < r we have

o) = FO < W = Flleey I1PAll oy < Co [l fa = Fllzocoy,s

where p' = p% (Wi~th the usual convention p’ = oo for p = 1) and C;. := sup|y <, [| PAll o (1) <
oo. Since ||f,, — fllz» — 0, the right-hand side tends to 0 uniformly in |A| < r. Hence
fn — f uniformly on the closed disk {|A| < r}, and therefore on every compact subset of
D. O

5.3 Jensen’s formula and Jensen’s inequality
See Figure 5.1 for a schematic illustration.
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Figure 5.1: Geometry in Jensen’s formula: zeros ay inside a circle |z| = r < 1 and boundary
averages on |z| = 7.

Theorem 5.12 (Jensen’s formula and Jensen’s inequality). Let f € H*(D) be nonzero,
and let (A,) be the zeros of f in D, listed with multiplicity. Then for every 0 <r < 1,

r

log | f(0)|+ > log B

[An|<r

T . d
_ /2 log | (re")| 5~ (5.3.1)
0 s

In particular, letting r 1 1 and writing f for the boundary function of f, we obtain Jensen'’s

inequality

log | £(0)] + ) log

n>1

Mln‘ < /Tlog\f(C)ldm(C), (5.3.2)

where the left-hand side may equal —oc.

Proof. Fix 0 < r < 1 and set F,(z) := f(rz), so that F, € H'(D) and
F.(e") = f(re™) fort € [0,2n).

The zeros of F, in D are precisely A,/r with |A,| < r (counted with multiplicity); in
particular, there are only finitely many such zeros.

Let
_M a—z

B.(z) := H bx,/r(2), ba(z) =

[An|<r

0
a l—az (a7 0),
and interpret by(z) = z. Then B, is a finite Blaschke product, so |B,(e")] = 1 for all .

Define
F.(2)

B.(z)

Gr(z) =

By construction, G, is holomorphic and has no zeros in I, hence log |G| is harmonic on
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D. Therefore, by the mean-value property,

dt

2m it
log |G,(0)] = [ log |Gy (e")] 5

(5.3.3)
Since |B,(e")| = 1, we have log |G, (e")| = log | F,(e™)| = log | f(re™)|. Moreover,

F0) _ ()
BT(O) H|/\n‘<r )\n/T

G, (0) = =10 I oy

[An|<r

Taking logarithms and substituting into (5.3.3) yields (5.3.1).

Finally, (5.3.2) follows by letting » 1 1 in (5.3.1). Indeed, for each fixed n we have
Ln,<ry T1asr 11, so the sum on the left increases to 3-,,> log ITln\ (possibly +00), while
the right-hand side satisfies

[ 1ogl e 5 — [ log F(Q)] dm(0)

by Theorem 5.9 and standard approximation for log applied to the L' convergence of f(,
to f. This yields (5.3.2). O

Corollary 5.13 (Generalized Jensen’s inequality). Let g € H', g 20, and |¢] < 1. Then

1—¢P
€ =t

loglg(¢)| < [ log |g(t)|dm(t). (5.3.4)

Indeed, to begin with, we may assume that g € Hol(Dy,.). Apply the previous result

f(2) =g<1§__gz),

to the function

and remark that Jacobian of this change of variable is 1|g_l§z||2 (Hint: Put s = % etc.)

Remark 5.14. (Confrontation of two Jensen inequalities) Curiously, Jensen’s inequality of

Lemma 5.12 and Corollary 5.13 for the holomorphic functions is, in a way, the opposite
of the fundamental inequality of convexity in real analysis, which also bears the name of

Johan Jensen. In fact, the Jensen convexity inequality states that:

w/gdmﬁ/sogdm
T T

for any real integrable function g and any convex function ¢(¢” > 0). Setting g = log | f|
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and () = € we obtain the following:

| 1os1fldm < 1og [ |fldm = 1og [F](0)

5.4 The boundary uniqueness theorem

Corollary 5.15. If g € H' g # 0, then log|g| € L (T). In particular, if g € H' and
m{teT: g(t) =0} >0, then g = 0.

Proof. Indeed, when g € H' is realized on the disk I, it has a Taylor expansion

g(2) = >_ g(k)2",

k>n

where g(n) # 0 and n > 0 is the multiplicity of the zero of g at 0. Applying Jensen’s

inequality to the function f = g/2", we obtain
/10g|g|dm:/log]f]dm> —00.
T T
Since logx < x for x > 0, we also have
/log]g]dm < / lg] dm < oo.
T T
Hence log |g| € L*(T). It follows that if m{t € T : g(t) = 0} > 0, then

/ log |g| dm = —o0,
T

which is possible only when g = 0. O

Remark 5.16. The corollary is true for all p > 0. Proof for this using the MVT for harmonic

function is done in the proof of Theorem 5.33.

Remark 5.17. Recall that we have seen the second statement of the above corollary for

f € H? using a completely different approach.

5.5 Blaschke products

See Figure 5.2 for a schematic illustration.
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Figure 5.2: Zeros (a,) C D of a Blaschke product. The Blaschke condition Y, (1—|a,|) < oo
controls how the zeros may accumulate at T.

Lemma 5.18. (Blaschke condition, interior uniqueness theorem) Suppose f € Hol(D), f #
0, and let (A\,)n>1 be the zero sequence of f in D, where each zero is repeated according to

its multiplicity. Suppose that
lim inf/ log | f]dm < oo,
r—1 T

then Y,>1(1 — |A\n|) < 00. In particular, this holds whenever f € HP(D), p > 0.

Remark 5.19. The condition » (1 — |A,|) < oo is called Blaschke condition.

n>1

Proof. Without loss of generality, we can assume that f(0) # 0. But then Jensen’s formula

gives
r

[An

< 0

1
lo
2 log

n>1

:hlgllnf Z log

[An]<r

As |A\,| — 1, we have log ( ) ~ (1 —|A,|), and hence the desired conclusion followed.

1
[Anl
The H?(D) case is a consequence of the obvious estimate logz < Cpa? for x > 0, p > 0,

because
liminf/ log | f+| < liminf/ Cpl [P < o0.
r—1 T r—1 T

For A € D, we define Blaschke factor by

Al (A= 2)

(i) If we assume the normalization bA( — ﬁ) =1, then for A = 0, we can define by(z) = 2.
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(i) Zero set Z(by) = {A}, by € Hol(C\ {}), |ba] <1 on D and [by| =1 on T.

Lemma 5.20 (Blaschke, 1915). If (A,)n>1 € D satisfies the Blaschke condition » (1 —
n>1
|An|) < 00, then the infinite product

B=Lb, =tm I b,

n=1 [An|<r

converges uniformly on compact subsets of D and even on compact subsets of(C\clos{/\i}nzl.
Moreover, |B| <1 inD, |B| =1 a.e. on T, and Z(B) = (Ay)n>1 (counting multiplicity).

Proof. Set B" = ][] ba,. Then for 0 <r < R <1, we have
[An|<r
|IB"—B"||3 = 2—2Re(B",B")
= 2—2Re/BRB_’”dm

BR
= 2-— 2Re/§dm (because |[B"| =1 on T).

So by MVT for holomorphic function g}f we get

BR
|Bf — B"||35=2—2Re (Br)(()) =2-2 [ Ml
r<|An|<R

By Blaschke condition Y _ log|),|™" < oo, the product

n>1

I1 1A

n>1

converges, which implies lin} II |\.| = 1. This shows that (B") is a Cauchy sequence
r—
r<|An|<R
in H? C L? for every r = r, — 1. Hence we deduce the existence of B = lin% B". Moreover,
r—

|B| = 1 a.e. on T because |B"| = 1 on T, and B € H?. As the point evaluation is
continuous linear functional on H?, the limit lim, ,; B"(\) = B(\) exists uniformly on
compact subsets of D, and hence |[B(A)| <1, A € D. Using 2 — 1 in H? (this follows by
a routine approximation argument), we get g — 1 uniformly on compact subsets of D as

r — 1 and
lim <B>(/\) — 1. (5.5.1)

r—1 \ BT

This shows that B(A) = 0, |A\] < 1 if and only if A = A, for some n > 1 (counting
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multiplicity). If A # A\, and B(A) = 0, then (5.5.1) will fail.
In order to prove convergence on compact subsets of C \ clos{%}nzl, the following

observation is enough.

A=A+ ]z]) o 1— A
|)\n\‘2—ﬁ’ — dist(z, N)’

= (L= PaDOn 4 [Anl2)

by, — d
15 A1 — \z)

n

<

where N = clos{% :n > 1} O

Corollary 5.21 (Frigyes Riesz, 1923). Let f € H?(D), p > 0 with corresponding zero
sequence (A, )n>1. Then there exists g € HP(D) with g(§) # 0, V& € D such that f = Bg
and || f|lp = llgll, on LP(T).

This may be thought as the Blaschke filtering of the holomorphic functions.
Proof. Take B" = H by,, 0 < r < 1. In particular

[An|<r
|B"(p€)| — 1 uniformly on T. Hence,

I3

And thus by definition of H?(D),

, % € Hol(D), and for p — 1, we get

“am() = | |1 (55.2)

p
= lim
p  P=LJT

éﬂ%)

(/T ‘B{r(ﬁf)lpdm(é)f < || fll, for every 0 < p < 1.

Fix p, set g = %, and letting r — 1, we obtain

S =

([|otwe)] ami&)” <1111,

and hence ||g||, < || f]|p- The other inequality follows from g = %. O

Note. In the proof of (5.5.2) we use the following elementary fact: if f, — f in the
H? norm and g, — 1 uniformly as p — 1, then f,g, — f in the H? norm. Indeed,

’fpgp - f’ < ’fpgp - fpl + ‘fp - f’a

and one then applies Minkowski’s inequality together with the dominated convergence

theorem, using that the family (g,) is uniformly bounded by some constant M.
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Question 5.22. * Is it possible to replace log| - | in Jensen’s inequality with some suitable

increasing function?

Remark 5.23. It is useful to introduce the notion of the zero divisor (or multiplicity
function) of a holomorphic function. For f € Hol(Q2), Q C C, f £ 0, X € Q, set

0 if f(A\)#0

m i f(A) =---= f"D(X\) =0 and f™(\) #0.
The value of ds(\) is called zero multiplicity of A. We can redefine the Blaschke condition.
The zero divisor of f € Hol(ID) verifies the Blaschke condition if and only if

dy(A) =

> d(N)(L = [A]) < oo

AeD
The corresponding Blaschke product is given by

TT 6™ = T 60,

AeD n>1

Corollary 5.24. Let f € HP,p > 0 then there exists f, € HP; k = 1,2 such that
f= 1+ Lo lfelly < I fllp, and fi(z) #0 for z € D

Proof. If f(z) # 0, we may take f; = fo = %f. If f has zeros, we have f = Bg, with
g € H? has no zeros. Thus f(z) = [B(z) — 1]g(2) + g(2). O

5.6 Non-tangential boundary limits and Fatou’s theo-

rem

Recall that we have identified boundary limit f of f € H? (D) via
lim [|f, — fll, =0, f € H", 1 < p < .

We shall see another convergence of f(z) to its boundary values, namely the so-called
non-tangential convergence a.e. on T for f € H?(D) with 0 < p < oc.
Let p be a complex valued Borel measure on T and p € M(T). Let du = hdm + dus,
h € L*(m) be Lebesgue decomposition of u with respect to m. Then the derivative of u
with respect to m exists at almost every point £ € T, in the following sense.
i AA) _ du(g) (= h(e)),

A—¢ cea m(A) dm
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Figure 5.3: A Stolz angle at ( € T (a typical non-tangential approach region).

where A is an arc on T tending to £. Such a point will be called Lebesgue point of .

Definition 5.25 (Stolz (non-tangential) approach region). Fix ( € T and o > 1. The

Stolz region (or non-tangential approach region) at ¢ with aperture « is

Sa(Q) == {z eED: |z—(|<a(l- |z|)}

A limit of the form lim,_,¢ .es, () f(2) is called a non-tangential limit of f at (.

See Figure 5.3 for a schematic illustration.
1—r?

Since the Poisson kernel satisfies P(re®) = m;
—re

for f € LP(T) (1 < p < ), we

have

P f(e") = | () dm(e)

|1 rei(@—s) |2

_ 2 ‘ |
|C _|z:2 (C)v (Z = T@’G’ ¢ = ezs)
=: f* P(z).

Thus P, x f(e?) = f * P(2), where 2z = re? € D; this is the Poisson integral of f.
We now come to one of the fundamental results on the non-tangential boundary

behaviour of Poisson integrals.

Theorem 5.26 (Fatou). Let p € M(T) be a finite (complex) Borel measure, and write its

Lebesque decomposition as

dp = hdm + dpus, h € LYT), ps L m.
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Define the Poisson integral (harmonic extension) of p by

P@) = [ PO Q). zeD,

Then for m-almost every ¢ € T and for every a > 1,

P(2) = h(C).

im
z—(, z€54(C)

In particular, if w = hdm is absolutely continuous, then & (z) = P[h](z) has non-tangential

boundary limits equal to h at every Lebesque point of h.

Proof. We first treat the absolutely continuous case p = hdm with h € L'(T). Fix € T
which is a Lebesgue point of h, and fix a > 1. For z € S,((), write

P(2) = h(Q) = [ (hln) = k() P.(n) dm(a).

Let I, C T be the arc centered at ¢ of length comparable to 1 — |z|; more precisely, choose
I, so that m(1l,) = co(1 — |2|) and n € 1, iff |n — (| < C,(1 — |z]). Standard estimates for

the Poisson kernel in Stolz regions yield

Ca

P.(n) < (1)

1.(n) + Calmr(n), neT, (5.6.1)

and moreover [p; P.dm — 0 as z — ¢ within S,(¢). Using (5.6.1) and splitting the

integral over I, and T \ I,, we obtain

Ca
m(l)

2(2) = QI < s [ b = (Ol dmn) + [ 1hn) —B(Q)| P2 (o) dm).

As z — ¢ non-tangentially, m(I,) — 0, hence the first term tends to 0 by the Lebesgue
differentiation theorem. For the second term, we use that P, is a probability density and
that the mass of P, escapes from T \ I, as above; dominated convergence then gives that
the second term tends to 0. This proves the conclusion for g = hdm.

For a general measure . = hdm + pus, linearity gives & = &, + P with £,. = P[h]
and &, = Plus]. It is a classical consequence of Fatou’s theorem (see, e.g., [13]) that
the Poisson integral of a singular measure has non-tangential limit 0 for m-almost every
boundary point. Hence &(z) — h(() for m-a.e. . O

Corollary 5.27. If f € H?(D), 0 < p < oo, then the non-tangential boundary limits of f
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exist a.e. on T. That is,

lim  f(z) = f(&) for a.e. £€T.
2—€,2€85¢
The boundary function & — f(€) is in LP(T), and for p > 1, f(€) = f(€) a.e. onT (f is
defined in Theorem 5.9).

Proof. For p > 1, the claim follows from Fatou’s Theorem (5.26) and the Identification
Theorem 5.9 (because radial limit exists).
Note that for f € LP(T) (1 < p < o00) and dp = fdm, we have

P p(2) :tAKiiﬁﬂommo

— R f©)(et 2= 1)
= f(§) = fn(&) = f(r§) — ;Z::L(é) = f(&) as r — 1(Fatou’s Theorem.)

Next by identification Theorem 5.9 (i) f, — fin L?, as r — 1. Since convergence in LP,
there exists a subsequence (r3,) such that P« u(€) — f(€) as ry — 1 for a.e. € € T ( since
convergence in LP implies there exists a subsequence which is pointwise almost everywhere
convergence).

Hence f(€) = f(&) for a.e. €€ T.

For the general case p > 0, we know that f = Bg = B(g'/?)?, where g € H?(D). This

implies ¢'/? € H'(D). The result follows from the previous reasoning. O

Notation: From now onward, we identify the functions f € HP(ID) with their boundary
values on T, and write H?(D) = H?(T), 0 < p < oo, where HP(T) is the collection of
boundary functions of H?(DD).

5.7 The Riesz - Smirnov canonical factorization

Section roadmap.
» Separate the zero set through a Blaschke product.

e Remove the singular part through a singular inner factor detected by the boundary

modulus.
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o Show that the remaining factor is outer and that the decomposition is unique up to

unimodular constants in the expected places.

Here we see the main result of the Hardy space theory - a parametric representation of
f € H? as a product of Blaschke product, a singular inner function, an outer (maximal)

function. The last two functions are exponential of integral depending on the holomorphic

Schwarz - Herglotz kernel z — gfj, whose real part is the Poisson kernel.

Theorem 5.28. Let f € LP, 0 < p < co be such that log |f| € L', and define

C+=z
T(—2

11(2) = exp ( log |f<<>|dm<<>), o<t

Then
(i) [f] € H?(D) and [[f]| = |f[ a.e. on T.

(i) If 0 # g € HI(D), ¢ > 1, and |g| < |f| a.e. on T, then |g| < |[f]] on D (and hence
g € H?(D)).

(iii) [] =Y and [[f] = [1).
(iv) [f1(z) # 0 in D and for any a > 0, [|f|*] = [f)°.

Proof. (i) For fixed z, |gfz| < oo and log|f| € L' hence [f](z) is well defined. Conse-
quently, [f] is a holomorphic function on D. Recall that for a finite Borel measure p

and a convex function 1, we have the Jensen-Young geometric mean inequality

JyoFduy _ (] Fdu
Ik w( i ) (5.7.1)

Proof of (5.7.1). Set v = u/([du), so that v is a probability measure. Since 1 is

convex on I, it is the supremum of its affine minorants:
(x) =sup{h(x): h(x) =ax+band h < on I}.

For any such h we have h(f de> = [ho Fdv < [1o Fdv. Taking the supremum

over all affine minorants yields (5.7.1).
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By applying inequality (5.7. 1) to the Borel measure dy = if_ljz dm((), we get (5.7.1)

to the Borel measure du = IC ZI2 dm((), we get

|Z|2

1 = e ([ =L bogls0Pan(©)) < [ @ L dm(o)

Set z = re'. By Fubini’s theorem, we get

[ lneen] s < [ ([ LR e yam = il

Next, by Fatou’s theorem and its corollary there, we have

f1(

log|[/)(6)] = lim log |[f1(r€)| = log| f(€)| ae. € on T.

The modifications in the case p = oo are obvious.

(i) Given that 0 # g € HY(D), ¢ > 1, and |g| < |f] a.e. on T. This implies log |g| € L*,
and hence by generalized Jenson’s inequality (5.3.4), we get

oglg(2)) < [ 1= tgla(ldmc)

—\zP
L e 2p el (Qldm(@
~ ol >|.

(iii) is a direct consequence of the definition.

(iv) It is a direct consequence of the definition. But here we only consider the fact
log|f|* € L', whereas f* € LP is not considered.
O

Note: *1[

£+ 2 AL z
=14+2) — since |=| < 1.
A

Since z €D,z =7, €T

E+ 2
—z

1 1
1= +7r

T 1—7r

<1+2Zr =142(;—

n=1

< 00
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Since r fixed for fixed z}

Observe that Theorem 5.28 requires only the condition log|f| € L! in order to define
[f]; the additional assumption f € LP guarantees that [f] € HP(DD).

The following result ensures the existence of enough harmonic functions as Poisson

integrals of finite Borel measures.

Theorem 5.29. (G. Herglotz, 1911) Let u be a non-negative harmonic function on D.

Then there exists a unique finite Borel measure 1 > 0 such that uw = P * u, that is

2
)= =

Proof. By MVT we have for all z in D

P, - rz|2
e OO = [ 1 (<),

where we have set u,.(z) = u(rz), 0 < r < 1, and du, = u,dm. Then p, is a positive measure

and Var(u,) = u(T) = u,(0) = u(0) < co. Thus the family (u,)o<,<1 is uniformly bounded
in M(T), and has a weak® convergent subsequence . that converges to u € M(T). Recall
that M(T) is the dual of C(T), with the pairing < f,u >= [ fdu. Thus, if f € C(T) and
f >0, then '

n—o0

/fd,u: lim/furndmz() = u>0.
T T

Moreover, since u is continuous on D, for z € D, we have

(2) = Jim u(rz) = J /“’ZPd © = [ ao
u(z) = lim u(r,z) = lim , = :
n—00 n—00 ‘C —_ 2’2 Horn, T |C _ 2‘2 H
Uniqueness of ji. Note that Px u(re® Z 7""‘ )e'™. For any v such that Py = Px*v
nez
implies fi(n) = 2(n). Hence p = v. O

Theorem 5.30. (Singular inner function): Let S € Hol(D), then the following are

equivalent:
(i) |S(2)] <1 and S(z) A0 on D, S(0) > 0 and |S(§)| =1 a.e. onT.
(ii) there exists a unique finite Borel measure p > 0 on T with p L m such that

¢+ =z
T(— 2

S(z) = exp (- du(C)> 2 €D,
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Proof. (<=) Assume (ii). Then S € H*(D) and

_ 2
1S( |—eXp< ‘Z’ )), z e D.

T[C—2 \2
Since 1 L m, Fatou’s theorem applied to the harmonic function u(z) := —log [S(z)| yields
1 Wiey—o i T
Tl_rgu(rf) d—m(ﬁ) = ora.e. £ €T.

Hence |S(r€)| — 1 for almost every & € T. As already noted, |S(z)| <1 on D, S has no
zeros in D, and S(0) > 0 by construction. Thus (i) holds.

(=) Assume (i), and set u = log|S|™'. Then u is a non-negative harmonic function
on D, so by the Herglotz theorem there exists a finite positive Borel measure g on T such
that

log |S(2)| ™

Since |S(£)| = 1 almost everywhere on T, another application of Fatou’s theorem gives

iﬁi(@ = }}_Ig u(ré) =0 for a.e. £ € T.

Therefore 1 m.
Let S, be the function defined from this measure by the formula in (ii). Then |S| = |S,,|
on D, so /S, is a holomorphic function of constant modulus 1. Hence S = \S,, for some

unimodular constant A. Since both S(0) and S5,(0) are positive, we must have A = 1. Thus
S =25, O

Definition 5.31. A nonconstant inner function with no zeros in D is called a singular
inner function. Equivalently, a function S satisfying either of the conditions in the pre-
ceding theorem is a singular inner function. The term “singular” refers to its representation
in terms of a measure singular with respect to Lebesgue measure.

logz,x > 1 B —logz,0 <z <1
Notation 5.32. log™ z = and log™ z =

0,0<z <1 0,z >1

Then logz = logtx —log”  and |logz| = log™ x + log™ x for x > 0. Moreover,

logt z <z for z > 0, and |logt x — log" y| < |z — y| for all z,y > 0.

Theorem 5.33 (Smirnov, 1928: Canonical Factorization Theorem). Let f € H?(D), p > 0.
Then there exists a unique factorization f = ABS[f]|, where A € C, |\| =1, B, S and |f]

are defined earlier.
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Proof. First set

=

g:

We will show that any zero free function g satisfies [;log|g|dm > —oo. We may assume
g(0) = 1. Since g has no zeros in D, log |g(2)]| is harmonic in D. The MVT for the harmonic
function says that any for any r € (0,1)

0 = log|g(0)] = [ log lg(r)ldm(¢)

= [ 108" Ig(re)ldm(€) — [ 10g™ Ig(r&)ldm()

Thus [y log* |g(r€)|dm(€) = fylog™ |g(ré)ldm(€) < [z lg(r€)ldm(€)dm(€) < |lg]) (Cauchy
Schwartz). Since g € H?(D), g along with the functions log™ |g| and log™ |g| have radial

limits a.e. on T. By Fatou’s lemma

[ 105™ lgldm < lim [ 1og™ |g(r&)ldm(€) < |g]

which implies that log™" |g| is integrable on T. Simillary log™ |g| and log g is integrable.
Then |f| = |g|] a.e. on T, and hence [g] = [f]. Set A = % and S = 3% Then
f = Bg = B\S[g| = ABS|[f]. As B and [f] are uniquely defined for f, the uniqueness of

factorization follows. O
Next, we consider the structure of the outer functions in HP.

Theorem 5.34. (Structure of outer function) Let p,q,r > 1 and f € HP. Then the

following are equivalent.
(i) There exists A € C, |\| =1 such that f = N[ f].

(ii) for all z € D, the generalized Jensen inequality is equality:
log ()] = | P(=€)log|£(©)ldm(s). (572

(7ii) Identity (5.7.2) holds for at least one z € D.

(iv) If g € HY and g € L", then 4 teH (Integral Mazximal principle).
If p=2, then (z)—(w) are equwalent to

(v) the function f is outer in H?(In the earlier sense i.e., E; = H?).
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Proof. (i) implies (ii) is followed from the definition of [f]. The implication (iii) goes to (ii)
is trivial. For (iii) implies (i), suppose (5.7.2) holds for some z, € D. By Riesz-Smirnov
factorization theorem, we have f = ABS[f], and by (5.7.2), we get

[ (Zo)| = [AB(20)5(2)[f1(20)] = [B(20)5(20)| =1 = [B(z0)| = [5(2)| = 1.

By maximum principle, B = S =constant= 1 in D, implies f = A[f].

(i) implies (iv): If g € H? then g = A1 BS[g] and we get § = ’\Eﬁ}g][)g = (%) BS[%] e H"
in view of Riesz-Smirnov theorem and by the hypothesis that g/f € L".

(iv) = (i): Let f = ABS|f] and set g = min(|f|,1). Then [g] € H* and ‘%‘ <1 a.e. on
T. By (iv) we get % € H" (r arbitrary). Again, we have % = A\ B S, {ﬂ = )\13151%
(because [[g]] = [g] and [4] = @), we get 1 = A BB1SS) = XByS, with [Aof = 1,
where Bs is a Blaschke product and Ss is a singular inner function. As |Bs(z)| <1 and
|S2(2)| < 1 for all z € D, we get |By| = |S2| = 1 and hence By = Sy = 1. Thus, we
conclude that B = S = 1, implies f = \[f].

It remains to show that (iv) and (v) are equivalent if p = 2. As (i)-(iii) are independent

of choice of ¢ and r, we get equivalence between (iv) as well with p = 2, and arbitrary
q,r and with p = ¢ = r = 2, (iv) is just earlier characterization of the outer function on

H?. ]

Remark 5.35. In the family of Hardy spaces, dividing by an analytic function, even if it
does not have any zero, is a delicate process and the result could be a function that does
not belong to any Hardy space. For example, if S is a singular inner function, then 1/5
does not belong to any Hardy space (as one readily verifies). However, at the same time,
its boundary values are unimodular and one is (wrongly) tempted to say that 1/S is an
inner function. The above result (see Theorem 5.34(iv)) says that dividing by an outer

function is legitimate as long as the boundary values remain in a Lebesgue space.

Definition 5.36 (Outer in H?). Let f € H?, p > 0 and f = ABS[f]. The function [f] is
called the outer part of f, and ABS is called the inner part of f. We write [f] = fou and
ABS = fipn. If f = A[f], then f is called outer.

It is clear from the above theorem that if p = 2, then definition of inner and outer

functions coincide with previous ones.
Corollary 5.37. Let w € L}F(T), and p > 1. The following are equivalent.

(i) There exists f € HP, f # 0 such that |f|P = w a.e. on T.
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(ii) logw € L.

Proof. As H? C H', and p > 1 (i) implies (ii) follows from the boundary uniqueness
theorem Corollary 5.15.
Next (ii) implies (i) follows by taking f = [w!/?]. Since if

£(2) = [w)(z) = exp ([ PE)log w(€) M dms) )

then by Theorem 5.28 (i), f € H?(D).

Since
7P = exp [ P(:8)1og [w(©)ldm())

by Fatou’s theorem 5.26, we get |f|? = w a.e. on T. O

5.8 Approximation by inner functions and Blaschke

products

Using Fatou’s theorem, we prove two important theorems on uniform approximation by

inner functions.

Theorem 5.38. (R. Douglas and W. Rudin, 1969) Let % be the set of all inner functions.
Then
L>(T) = clos (6H>: 0 € 33) = span . (61602 : 01,0, € %2). (5.8.1)

Moreover, any unimodular function in L*°(T) belongs to

clo (H) <§192 . 01, 92 € E) .

LOO

Proof. 1t is enough to show that y, € span; (9_192 201,05 € E) for every Borel measurable
set 0 in T. Let

Jn= [nxg+lqu\g}, n=23,...
n

and A, = {z € C: & < |z| < n}. It follows that f,(D) C A, (by maximum principle) and
fn(T) C 0A,. Next let ¢1(¢) = C+% for ( € C~ {0}, and w : ¢1(A,,) — D be a conformal
(Riemann) mapping of the ellipse ¢;(A,) onto D. Since the boundary of ellipse is smooth,

w can be continuously extended to clos ¢;(A4,), and hence

wo@¢ro fp, =0
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is an inner function (because 6, € H*(D), and by Fatou’s theorem || = 1 a.e. on T).

1'is continuous on clos(D), it can be approximated by its Fejer polynomials.

Since w™
Therefore,

1
— =¢10f,=w 00 Espan (6] : n>0).
n oo

f

Doing the same for the function ¢5(¢) = ¢ — %,

Fo— fin € Span;« (0% : n > 0). Hence f, € span; {0505 : k,n > 0}, implies

fn+

we get an inner function 6y such that

|fn]? € Span; e (9’;0;0;’0;7” s konyl,m > O) :

Thus,
1 _
Xo + 7XT\U S Spanj - (0192 . 91,92 < E) , forn = 1,2, e
n

Letting n — 0o, we get x, € Span; (5192 Dby, 6y € Z) .
Let u € L>=(T), and |u| = 1 a.e. and u; € L>®(T) with |u;] =1 a.e. and u = u?. Given
€ >0, by (5.8.1) there exists ¢, 0; € ¥ such that |u; — pg| < €, where g = > a;8;, a; € C.

j=1
Set 6 = [I_, 0;, and observe that g0 € H>. Since [gf] = [g] (because |gf| = |g|), the
[

inner-outer factorizations of g and gf are of the form g = v[g] and g = wlg], where

v,w €Y, and 1 —e < [[g]] < 1+ e Next, [, — pg| = |1 — pv[g]| < € gives

i_ 1 ‘< €
ur - ¢ufgll T 1—e€

Since |u; —a| < € and |u; — b| < € implies that |[u? — ab| < |uy — a| + |a||u; — b|, we obtain

which completes the proof. O]

Theorem 5.39. (0. Frostman, 1935) Let 6 be a (non-constant) inner function and
¢ € T. Then by o6 are Blaschke products with simple zeros for a.e. t € (0,1), where

ba(z) = IA__XZZ, A € D. In particular, 0 is a uniform limit of Blaschke products with simple

2€ros.
Proof. Let ¢ = 1. Then we need to show that Hy(z) := b, 0 0(z) = lt:f(;(zz)),z € Dis
Blaschke product with simple zeros for all ¢ € [0,1). Let £ € T, then the boundary function

H(6) = |52 = &9 = iiZEii =1 = M, € H*(T). Hence H, € H*(D).

(&)t

o4



M650: Advanced Hardy Spaces Canonical factorization in HP(D)

By the unique canonical factorization of Hy(z), Hy(z) = ABS[H¢(z) where

—exp/

since |H,(€)| = 1. Hence Hy(z) = ABS. Our claim is to show: S = 1, where

10g |[H,(€)|dm(€) = exp(0) = 1

_|._
S(Z) = exp <_ T _zdﬂt<£>> » Mt 1 m, iy Z 0.

To show S =1 we will show u(T) = 0.

Then, by Jensen’s formula (5.12) applied to the singular inner factor S (recall that
S € H*® and || S]|e < 1), and using the pointwise estimate |H,(r§)| < |S(r&)| for 0 <r < 1
and £ € T, we obtain

uu(T) = Log|S(0) " = [ 1og|S(r&)| ™ dm(€) < [ log |H,(r)| ™" dm(¢) =: g(r.1).

for all ¢ € (0,1) and 0 < r < 1. In particular, since g(r,t) > 0, it suffices to prove that
g(r,t) = 0 for almost every t.
Fix 0 <r < 1 and define

1 __
:/ log [bi(w)| "V dt,  w e D.
0

For each fixed ¢ € (0,1) the function w — log|b;(w)|™! is harmonic on D and continuous
on D. Moreover, if |w| = 1 then |b;(w)| = 1, hence u(w) = 0 on T. Consequently u
is harmonic on I, continuous on D, and vanishes on the boundary; by the maximum
principle, © = 0 on D.

Since H; = b; o 0, we may apply Fubini’s theorem to obtain

/01 g(r,t)dt = /T/Ol log | Hy(r€)| ™! dt dm(€) = /Tu(e(rg))dm(g) —0

Because g(r,t) > 0, this implies g(r,t) = 0 for almost every ¢ € (0, 1). Returning to the
inequality 1, (T) < g(r,t), we conclude that 1, (T) = 0 for almost every ¢t € (0,1), hence
S =1 for such ¢.

It remains to note that the zeros are simple for almost every parameter. Indeed, if
bA(6(z0)) = 0, then 0(zp) = X and

(bx ©0)'(20) = b3(0(20)) 0 (20) = BA(A) O (20)-
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Thus zj is a simple zero provided 6'(zy) # 0. Equivalently, all zeros are simple whenever
A # 0(z;) for every critical point z; of 6 (i.e. for every zero of ¢').
Finally, we show that u is continuous on D. The integrals fol log |1 — tw|dt and

J}log |t — w|dt are of the same type. Writing w = x + 4y, we obtain

1 1
/ log |t — w|? dt :/ log ((t—a:)2+y2) dt,
0 0

and the right-hand side is continuous in (z,y); for example, [; log(t — x)*>dt = X(0,1) *
log(z?). O

5.9 Exercises and further directions

These short problems consolidate the factorization machinery developed in the chapter

and emphasize the rigidity of analytic boundary behaviour.

Core exercises

Exercise 5.40. Show that H*(D)H*(D) = H'(D).

Proof. 1f f,g € H*(DD), then by Hélder’s inequality,

1 glle < [f a2 llgll 2 < oo,

so H*(D) - H*(D) C HY(D).
Conversely, let F' € H'(D) and write its canonical factorization F = I O, where I is
inner and O is outer. Since log |O| € L*(T), the function O'/? defined by

0122 = eXp(; / g 2 1ogl0(0) dm(c))

is outer and belongs to H?(ID). Setting f := O'/? and g := I O'/?, we have f,g € H*(D)
and fg = F. Hence H'(D) C H*(D) - H*(D). O

Exercise 5.41. f € H', f(T) C R then f is a constant.

Proof. Let f =wu+iv on D, where u = Rf and v = Jf are harmonic. Since f € H'(D),
the non-tangential boundary values f exist almost everywhere on T and belong to LY(T).

By assumption f is real-valued almost everywhere, hence & = 0 almost everywhere on T.
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The harmonic function v belongs to the harmonic Hardy class h!, so it admits the

Poisson representation

v(re) = /T PO B(C) dm(C),  0<r <1,

where P, is the Poisson kernel. Since ¢ = 0 almost everywhere, the right-hand side vanishes
identically, and therefore v = 0 on D. Thus f(D) C R. An analytic function with real

values on a domain is constant, so f is constant. O
Exercise 5.42. Let f € HY?. Assume that f > 0 a.e. on T. Then f is a constant.

Proof. Assume f # 0. By the canonical factorization theorem, we may write f = By,
where B is the Blaschke product determined by the zeros of f and ¢ € H'/? is holomorphic
and nonvanishing on D. Since D is simply connected, the nonvanishing of g implies the
existence of a holomorphic square root: there is h € Hol(D) such that h? = g. Moreover,

|'/2 a.e. on T, hence h € H'. Consequently,

the boundary function satisfies |h| = |g
f = Bh?.

The condition f > 0 ensures that f = |f| a.e. on T. Hence, since B is unimodular on
T, we have Bh? = h a.e. on T.

Next on one hand we have, Bh € H', and on the other hand h € H'. We know that
H'NH' contains only the constant functions. Therefore Bh is a constant function. By the
uniqueness of the canonical factorization this happens precisely when B is a unimodular

constant and h is a constant. Thus eventually h is a constant. O

Example 5.43. If f(z) = exp(ifi) then f is a singular inner function.

Proof. Recall that |e¥| = |eRewTilmw| — |gRew| — cRew Hence |f(2)| = exp (Re(%)) =

AP <0 for z € . It follows that |f(2)] < 1V2 € D. Thus f € H®. Moreover for |2| = 1

1P vz
and z # 1 implies Re 25 = 0 and therefore | f(e"?)] =1 for all 6 # 0. Since €® is never zero

for any complex number w, it follows that f is an inner function with no zeros on D. [J

Remark 5.44. The function f(z) = exp(

of the function in earlier example hence |f(e?)| =1 for 8 € (0, 27). However for 0 < r < 1

142
1—

Z) is not an inner. This function is the reciprocal

1+r> _
— o0, 1r—1
1—r

7)) = exp (

Although f has unimodular boundary value almost everywhere on T, it is unbounded on D
and hence is not an inner function. Thus when checking to see whether or not an analytic

function is inner one must be careful to check at first that it is actually bounded on D.
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Exercise 5.45. Let r > 0,s > 0,¢ > 0 be such that £ =1 + 2. Show that H" = H* - H'
and moreover || f,.|| = min{||g||s||h|l:: g € H*,h € H' s.t. f = gh}

Proof. By Hoélder’s inequality, if ¢ € H*(D),h € H'(D) then f = gh € Hol(D) and
for every p,0 < p < 1, we have ||f,|| < |lg,llsl|hylle, which implies f € H"(D) and
I fll- < llglls||||:- Conversely, if f € H"(D), with f = ABV[f] its Canonical factorization,
then by g = ABV[f]"/*,h = [f]"/*, we obtain f = gh and ||f||, = ||g||s]|h]:- O

Exercise 5.46. Let A € D and ¢, be an evaluating functional on H?, 1 < p < oo, i.e.

@A(f) = f()‘)vf € .
Show that ||px]| = (1 — [A]?)~1/7.
Proof. When p = 2,0x(f) = f(A) = Lyzo f(R)A* = (f, kx) 2, where

kx(z) = Zxkzk,z e D,

k>0

is the Szego reproducing kernel of H?, hence |[px|| = [|kxll2 = (1 — [A]?)"Y/2. When p-is
arbitrary, recall that for every function f, |f(A)| < |[f]A| and || f]l, = ||[f]p/2||§/p which

leads to:

loall = sup{lf )] : £ € HP,|Ifllp < 1} = sup{|[/P20PP + I[f77]] < 1}
= (@),

]

Exercise 5.47 ( Neuwirth and Newman, 1967 ). Let f € H?(D),p > 0. Show that
f = constant if and only if the following hypothesis is verified:

(i) p> 1 and f(C) is real a.e. ¢ € T.
(i) p>1/2and f({) >0ae (€T.
Show that the conclusion no longer holds if p < 1.

Proof. Case (i) is evident, because in this case f, f € H(T), which implies f=constant.
For (ii) see Exercise 5.42.
= respectively fo = f. It follows

that f; € HP(D) for any p < 1 and f, € HP(D) for any p < 1/2. O

For the last assertion, consider the function f; =1
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Exercise 5.48. Let f,g € H? and h = fg. Show that [A(n)| < e [F(B)] - [G()]-

Proof. The Fourier series g = "¢, G(2)27 converges in L?(T) hence by Cauchy Schwartz’s
inequality the series h = fg = >;c,G(2)f%’ converges in L'(T) and by continuity of
h — h(n), we obtain h(n) = ez f(n = 7)3(4); the result follows. O

Exercise 5.49. Let (') =i(t — ) for 0 < t < 27. Find the Fourier coefficients of ¢.
Proof. $(0) =0 and for k # 0,

o) = [ Tt — m)e Mt jor

. T 27 .
= [—(t - W)e*’kt/Zwk}j . +/ ekt )2rk
= 0

— —1/k

Exercise 5.50. (The Hilbert Inequality, 1908) Let f,g € H?. Show that

3 f(k)g(k)

: < 7| fll2llgll2-
K750 k+7+1

Proof. For F,G € L*(T) and ® € L>*(T) just as in (a) above, we have (®F,G) =

~

D it j+k=0 @(Z)F(k)@(j), which gives
(@f}?ﬁ)::'—

Then the result follows from

(ef. 29 < llefl2lIZglla < llellooll fll2llgllz = 7l fll2llgll2-

Exercise 5.51 (The Hardy Inequality, 1926). : For every function h € H', 315 k)|

[l
Rl S
ml|Alls-

Proof. By Exercise 5.45, h = fg with f,g € H? and || f||3 = ||lg/|3 = |||l and by Exercises
5.48 and 5.50

~

h(k itj= )90
Z |k(+)1| < Z D it kk’i<21)’|g(j)‘ < 7|l fll2llgll2 = =||A|1.
k>0 k>0
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]

We have seen that every HP function f(re) converges almost everywhere to an L?
boundary function f(e*). It is important to know that whether f(re®) always tends to

f(e) in the sense of the LP mean or not.

Exercise 5.52. (Mean convergence theorem) If f € H?(0 < p < o0) then

i [ 7 = [ 1) (591)
r—1 /o 0

and .-
gﬁoymwpﬂwﬁw:o (5.9.2)

Proof. First let us prove 5.9.2 for p = 2. If f(z) = Y a,z" is in H?, then 3 |a,|* < oo.
But by Fatou’s Lemma

2

715 — p(e) P < v g [T 17 (re) — (e a0

p—1

=27 Z \an|2(1 - 7’")2,
n=1

which tends to 0 as » — 1. This proves (5.9.2) and hence (5.9.1) for p = 2.
If f € H? with 0 < p < oo, we use the factorization f = Bg. Since [¢(z)]?/? € H?, it

follows from what we have just proved that

2 . 2w 2m .
/\WWWWS/\7ePW%/ (e)as = [ [ f(e"))a0
0 0 0
This together with the Fatou’s Lemma proves (5.9.1)
The following lemma can now be applied to deduce (5.9.2) from (5.9.1). O

Lemma 5.53. [13/[p. 21] Let Q be a measurable subset of R and let ¢, € LP(w),0 < p <
oo;n=1,2,... Asn — 0o, suppose ¢,(x) — ¢(x) a.e. on Q and

[ lentrde = [ lo(e)Pdz < o0

then
/ lon(x x)[Pdz — 0.
Corollary 5.54. If f € H? for some p > 0, then

lim llogﬂf re)| — log™ | f(e") ]’ dd =0

r—1
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Proof. Immediately follows from Mean convergence theorem 5.52 and the following in-
equality:
1
|log" a —log*b| < =|la—bP,a>0,6>0,0<p<1
p

For the proof the inequality see [13][p. 22] O

Exercise 5.55. [13][p. 34] A function f analytic in D is representable in the form
f(z) = P(z) ie. L
= — P.(0—t Yt
£ =g [ RO~ A"

as a Poisson-integral ¢ € L' if and only if f € H'. In this case p(t) = f(e) a.e.

Proof. 1f an analytic funcition f(z) has the form f(z) = Z¢(z) then

[ 1pe s < [T el

so that f € H.

Conversely, suppose f € H!, and write

O(z) = ;ﬂ /02” P.(0 — ) f(e)dt

For any fixed p,0 < p < 1

Fos) = o [ PO~ )7 (o)t

m™Jo

But by the Exercise 5.52 7™ | f(pe't) — f(e™)|dt — 0 as p — 1, so f(pz) — ®(2). Hence
O(2) = f(2). O

Corollary 5.56. A function f(z) is analytic in |z| < 1 is the Poisson integral of a function
p € LP(1 <p<o0)ifand only if f € HP.
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Chapter 6

Szego infimum and generalized

Phragmén—Lindelof principle

Using canonical factorization as a structural tool, we analyze Szegd-type extremal
and approzimation problems. We express the Szegd infimum dist(1, H3(u)) in terms
of the logarithmic integral of the weight, describe cyclic vectors and the closure of
polynomials, and study the borderline cases. We then introduce the Nevanlinna
and Smirnov classes, formulate a conformally invariant framework, and prove a

generalized Phragmén—Lindeldf principle adapted to these classes.

Learning objectives.

e Derive the Szeg6 formula from factorization and understand its approximation-theoretic

meaning.
o Distinguish clearly between H?, the Nevanlinna class A/, and the Smirnov class N '.

o Use conformal invariance and outer-factor ideas to formulate growth principles on

general simply connected domains.

Key ideas.
o Extremal problems in Hardy spaces are governed by logarithmic integrability.

e The Smirnov class is large enough to retain factorization, but still rigid enough to

satisfy maximum-principle type statements unavailable in the full Nevanlinna class.
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o Conformal transport is not cosmetic: it reveals which arguments are genuinely geometric

and which depend on a particular model domain.

Example 6.1 (A Smirnov function outside H'). The function

belongs to the Smirnov class N, (D) because its denominator is outer and zero-free on D.
However f ¢ H'(D), since its boundary values are not integrable near 1. This example

sharply separates IV, from the Hardy classes.

In this chapter we consider two main applications of the canonical Riesz—Smirnov
factorization. First, we express the Szegd infimum dist(1, H2(p)) in terms of the measure
p and describe the cyclic vectors of L?(T). This leads to the classical logarithmic-integral
criterion for the completeness of the polynomials, together with the complementary
description of the closure H?(u) in terms of the outer function associated with the Radon—
Nikodym derivative w = %. We also study outer functions, their extremal and extension
properties, and boundary-distribution phenomena, before turning to the Smirnov subclass
of the Nevanlinna class. After transferring the discussion to arbitrary simply connected

domains in C, we obtain a broad Phragmén-Lindelof-type principle in the spirit of Smirnov

(1920) and Helson (1960).

6.1 Szego infimum and weighted polynomial approxi-

mation

Theorem 6.2. (Szegs, Kolmogorov) Let du = wdm + dus be a Borel measure. Then

inf / 11— p|*du = exp (/ logwdm> :
pePf JT T

Proof. By Theorem 4.16 two cases are possible
(i) If there exists f € H? such that |f|> = w a.e. m then dist® = 0; otherwise
(i) dist®> = |f(0)]%.

By the Corollary 5.37, Case (ii) < logw € L' holds if and only if logw € L' and in this

case:

S logwh (©)dm(©)

fz)=exp [ :
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Since f € H?, f(0) = f(0) and |f(0)]2 = |£(0)|2 = exp [y log wdm. O
Let f € L*(T), and write
E; =span{:"f :n > 0}.

If E; = L*(T), then f is called a cyclic vector. Although the positive half of the
trigonometric system (2"),>¢ is far from complete in L?(T) on its own, multiplication by

a suitable function f may restore completeness:
span{z"f :n > 0} = L*(T).
Corollary 6.3. Let f € L*(T). Then
By = span{="f : n > 0} = L(T)
if and only if f(§) #0 a.e. on T and

/10g|f|dm:—oo.
T

Proof. Assume first that E; = L*(T). Then certainly zE; = E;. By Wiener’s theorem

(Theorem 3.5), there exists a measurable set 0 C T such that
E; = x,L*(T).

Since f € Ey and f # 0 a.e. on T, we must have 0 = T up to a null set.

Conversely, assume that f # 0 a.e. on T and

/10g|f|dm:—oo.
T

If E; # L*(T), then zE; C Ey, because the alternative zE; = E; would imply, again by
Wiener’s theorem, that E; = x,L?*(T) for some measurable o, and the condition f # 0 a.e.
would force o = T. Hence zE; C Ey, and by the Beurling-Helson theorem there exists a
unimodular function 6 such that Ey = H?. Since f € E;, we may write f = g for some
g € H? so |f| = |g| a.e. on T. Corollary 5.37 then gives log | f| € L!(T), contradicting the
assumption that [;log|f|dm = —oo. Therefore E; = L*(T). O

Example 6.4. (a) If f(¢") = |1 —€”|*, a > —1, then Ey # L*(T).

64



M650: Advanced Hardy Spacészegd infimum and generalized Phragmén—Lindel6f principle

(b) If f(e¥) = exp (1—5119>7 then E; = L*(T).

The following two theorems are final statements on weighted polynomial approximation

on the circle T.

Theorem 6.5. Let i be a positive measure on T and let w = j—i its Radon-Nikodym

derivative. Then polynomials Py are dense in L*(u) if and only if logw & L'(T).

Proof. By Corollary 4.5, the polynomials are dense in L?*(u) if and only if the Szegd
distance is zero. By Theorem 4.16, this is equivalent to the nonexistence of an outer
function f such that |f|> = w. Corollary 5.37 shows that this happens precisely when
logw ¢ LY(T). O

Theorem 6.6. Let i be a positive measure on T, let du = wdm + dus be its Lebesque
decomposition and suppose that logw € L(T). Let ¢ € H? be the outer function defined
by ¢ = [w2]. Then closure H*(11) = clospz(,) Py is given by

H*(p) = L*(ps) ® (¢~ H?) = L*(ps) @ {f € Hol(D) : f € H*}.

Proof. Indeed, Corollary 4.2 gives H*(u) = H?(wdm) & L*(5) and Lemma 4.4 and
Theorem 6.2 show that H*(wdm) is 1-invariant (non-reducing) subspace of L?(wdm) (
see also Remark 4.3). < H?*(wdm) = 0H? for some 6 such that |0|?w = 1 by the Helson
Theorem 3.12 = 0 = [w2]~! = i% Hence H*(wdm) = —zH? = ¢ 'H? since ¢ =
[w'/?]. " 0

6.2 Properties of outer functions

From Theorem 5.28 we see that the condition log|f| € L' is already sufficient to define
[f], while the additional assumption f € LP guarantees that [f] € H?(D). More generally,

we make the following definition.

Definition 6.7 (Outer functions). Let h be a measurable function on T such that
log|h| € LY(T). An outer function with modulus |h| is a function of the form f = A[h],
where [A| = 1 and

(+=z
T(— 2

(=) = exp( log [h()| dm<c>) L et

We now record several basic properties of outer functions.

65



M650: Advanced Hardy Spacészegd infimum and generalized Phragmén—Lindel6f principle

Properties 6.8. (i) An outer function f admits non-tangential boundary limits f.

(iv)

Moreover, f € H?(D) < f € LP(T)

Proof. By Fatou’s theorem lim,_,; log |[f]|(7€) = lim, 1 [3 Pre(¢) log | £|(¢)dm(¢) =
log | f|(€) exists non-tangentially a.e. on T. Hence |[f](€)] = |£(€)] = |[f]| = |f].

If f € LP(T) then [f] € H?(D) follows from the Theorem 5.28 (i). If [f] € H?(D)
then f € L? since |[f]| = |f].

U

Let f € HP,p > 1. Then f is outer if and only if Ef = closy»(fP,) = HP(&
f is cyclic in HP)

If f e HP and % € Hi(p> 0,9 > 0), then f is outer.

Proof. f = MBiSi[f] and § = MBoSalj] = sy = bS] = 1=
ABS[4] = ABS = B = 1,5 = 1(since |B| < 1,|S| < 1onT) Similarly,
By =By=1and S; =5 = 1. Hence f is an outer (% is also an outer.) O

Theorem 6.9 (Smirnov, 1928). (a) If f € Hol(D) and Re f(z) > 0 for all z € D,
then f € HP, 0 < p < 1 (but perhaps f ¢ H*(D)) . Moreover, f is an outer.

Proof. Note that Re f(z) > 0,Vz € D = Re f(z) > 0,Vz € D. Indeed if
there exists a point zy € D such that Re f(z) = 0 then by maximal/minimum
principle for harmonic functions Re f = 0 on D, so f is constant, identically

equal to 0, a contradiction [see [11] p.150.]
As the values of f are in the right-half plane:

C* ={z € C:Re(z) >0}

the function z — (f(z))? is analytic and we can choose arg f(z) such that
|arg f(2)P| < pr/2, z € D. Hence if 0 < p < 1, then there exists ¢, > 0 such
that |f(2)|P < ¢, Ref(2)P [since Re f(2)? = |f(2)[F cos(arg(f(z))?)]. The MVT

applied to the harmonic function Ref(2)P gives

[T 15Gen P < [T Re(f(re)) cos(mp/2) 5 = Re(F(0)")/ cos(mp)2)
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(b)

for 0 <r < 1. Hence f € H?(D), 0 <p < 1.

Moreover, since Re (ﬁ) > 0 in D, we have f and % in H?, 0 < p < 1. By

Property (iii), f is an outer function. O

More generally, if f € Hol(D), f(2) # 0 and o := > .cp |arg(f(2))| < oo then
f is outer and f € HP(D) for every 0 < p < m/2a (but perhaps f ¢ H2 (D).)

Proof. Apply the first case to g = /2. O
For every h € LY(T), Th € Nocpc1 HP(D) for every 0 < p < 7/2a where

Ih(z) = [ ST2n(C)dm(Q)

T(— 2

Proof. If h > 0 then Re I'h(z) > 0 in D, hence I'h € No<pc1 HP(D). The general
case follows from h = hy — hy + ihs — ihy where 0 < h; < |A|. O

Remark 6.10. By Herglotz’s theorem (Theorem 5.29), every function f € Hol(D)
with Re f > 0 has the form
[ C+z

where p is a positive measure on T and ¢ € R.

Example 6.11. (Herglotz Integral) Let u € M(T) such that

[ &tz
Ju= TE— 2

dp(§).

Then f, € H?,0 < p < 1 since Re f,(2) = J; E_'jl‘zdu = [ P.(§)dp > 0if p >0
and 1 = 1 — pig + ipiz — iprg where 0 < pi; < |pl.

If i > 0 then also Re(ﬁ) >0 = + € HP, hence f, is an outer.

fu
Example 6.12. (Cauchy Integral) If f is integrable then F(z) = 5= [; %df =
s et = F(2) = b 7S dp(t). I p > 0 then Re{ 5%} =
%>O.Heneef€[{p,0<p<l.
(v) If f € H*® and ||f||ooc <1, then 1+ f is outer.
Proof. Re(1+ f) > 0 and apply Theorem 6.9 (a) O
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(vi) The set of outer functions is a commutative group for standard point-wise-point

multiplication.
(vii) Let f, g € HP(p > 0)
(a) Then fg is outer if and only if f, g are outer.

Proof. Let f = M B1S1[f] and g = A2 B2S5[g], hence fg = (A A2) B1B2S15:[f 9],
then use the uniqueness part of the Smirnov Canonical Factorization Theorem
5.33. =

(b) Let f be an outer function and let |f| < |g|, then g is an outer.

Proof. Since |f| < |g| on T, the quotient f/g belongs to H*> and has no zeros
in D. By Theorem 5.33, we may write

L_ sk,

9

where F'is outer and S is singular inner. Suppose, for contradiction, that g is
not outer. Then g = \{S1F}, where S; is a nontrivial singular inner function

and F is outer. Consequently,
f= QM) (55)(FF),
so the factorization of f contains the nonconstant singular inner factor S5,
contradicting the fact that f is outer. Hence g is outer. O]
(c) If f e H?(D), p> 1 and igﬂfp\f(z)\ > 0, then f is outer.

Proof. Tt follows that for g € H? (¢ > 1) we have % € H7 and hence by Theorem
5.34 (iv) f is outer. O

Theorem 6.13. Let p > 0.

(i) Let f, € HP be a sequence of outer functions with f,(0) > 0. If |f.| \ on T,
then f(z) = T}nglofn(z), z € D exists uniformly on compact sets. Moreover, if

lim fn(0) =0, then f =0, otherwise f is an outer H? function.

(ii) Let f € HP be an outer function. Then there exists a sequence of outer functions
fn € H? and 1I€1Hg]fn(z)] > 0,n > 1, |fal N\ |f| on T (and hence on D) and
f(z) = lim fu(2), z € D.
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Proof. (i) As the functions f,, are outer, we have

log |£u(2)] = [ P(6)log| (&) ldm(¢).

To show the uniform convergence of f,, it is enough to show that f,, is uniformly

Cauchy sequence. For this, we will show log|f,(z)] is a uniformly Cauchy.

G

ok 1) = 108 ] = | [ P(:8) 0w 26 m<s>]
LN
P(
= 01 s 72

= Cr ([ 1o (] dm(©) — [ 10g1fuip(©)ldm(©))

The conclusion is followed by monotone convergence theorem.

Suppose that 11gf1 f(0) =0, then

hm /log|fn|dm = hm log fn, =

For a point z, € D, we have P(z¢€) < H'ZOI = Cy. Hence,

—|z0

log |, (z0)| < Co [ 10g |f,|am.

We conclude that lim log |fu(20)] = —o0 and similarly for all z € D and we get
f=o.
If 1r§f1 fn(0) >0 and |f,| N\, h on T, then

/loghdm: lim /log\fn]dm > —00,
T n—oo Jr

and hence log h € L. Next, it is obvious that Jim fn(z) = f(2) with f = [h].

(ii) Without loss of generality, we may assume that f(0) > 0. Set f, = [|f| + d.], where
0, > 0 an appropriate sequence with lim 6, = 0 and [y log(|f[ 4 dn)dm < co. Then
fn satisfies the desired properties.

[
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6.3 The Nevanlinna (V) and Smirnov (N, ) classes

Section roadmap.
o Introduce the classes through harmonic majorants and quotient representations.

o Compare them with the Hardy classes and isolate the extra boundary behaviour allowed
in N and N,.

o Prepare the class of functions on which the generalized Phragmén—Lindelof principle

will act.

We know that Nevanlinna class can be represented as

N = {f € Hol(D) : there exist f1, f> € | J H” such that f = fl/fQ}

p>0

and let

D= {f € Hol(D) : there exist fi, fo € U HP? such that f = f1/f, and fs is outer}

p>0
be the Smirnov class (sometimes denoted by IV, ).

Lemma 6.14. We have
N = {f € Hol(D) : there exist fi1, fo € H® such that f = fl/fQ} and

D= {f € Hol(D) : there exist fi, fo € H® such that f = fi/fs and f5 is outer}.

Proof. Let f € N, f £ 0, and write f = f1/fs with fi, fo € H? for some p > 0. Applying
canonical factorization to f itself, write

[ = /\[f]BISL

Set
Fy := Amin(1, |f|)]B1S1, Fy = [min(|f|7, 1)].

Then Fy, Fy € H®, and since | f| min(|f|~!,1) = min(1, |f]), we obtain
(/1] [min(| [, 1)] = [min(1, | £])]
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and hence [min(1, | f])]
A1 =1r1= [min(| /-5, 1)]°
Therefore Ja
A A f1B1Sh = f.

O

Definition 6.15 (Outer in Nevanlinna class). A function f € N is called outer if there

exist two outer functions fi, fo such that f = %
Properties 6.16. (of the class D and Nevanlinna outer functions)
(a) If f is outer, then f € D.
(b) If f1 and f5 is outer, then so is fi fs.
(c) If fife are outer, and fi, fo € D, then f;, fo are outer.
(d) If fi1, fo € D, then f;fy € D.
(e) If F € Hol(D), G € D and |F| < |G| in D, then F € D.

To verify (c), just let G = % with G, Gy € H*®, and G, outer. By hypothesis |Gy F'| < |G|
in D, and hence G5 F' € H*. We conclude that F' = %QF eD

Theorem 6.17. (Generalized Maximum Principle) Let f € D and g be an outer function
in N.If |f| <|g| on T, then |f| < |g| on D.

Proof. Let f = % and g = i—; where f5, g1 and gy are outer functions in H*> and f; € H*.
By assumption |f1g2| < [f2g1| on T and hence | fig2| < [[f192]] < [[fog1]| = [f291| m D. O

Remark 6.18. This result is not true in general if f € N \ D and/or if g is not outer.

Let us recall that by Fatou’s theorem every f € H* has a non-tangential limit a.e. on

T and the boundary function satisfies:

/log | fldm > —oo0,
T

that means the non-tangential limits of f are non-zero a.e. From here we see that:
Proposition 6.19. Fvery function in N class has a non-tangential limit a.e. on T.

Proposition 6.20. H? C N,
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Proof. Hint: If f € HP\{0} then f = ABS[f] where

—Z

1) = e ( [ S ogr(@lam(@))

Next log = logt —log™ and consider fi, f> corresponding to functions log™ and log™. [
Inclusions. HP C N, C N.

Theorem 6.21 (Smirnov theorem). If f € N, and its boundary function belongs to LP,
then f € HP; equivalently,
N, NLP = HP.

Proof. The proof depends on the Arithmetic-Geometric Mean Inequality:

exp ( / log hda) < / hdo,
T T

where h is a non-negative function on T which is integrable.
If f € NT then f = g1/g2 where g1, g2 € H™ and gs is outer. Since the presence of an
inner factor in g; will not affect whether or not f € H?, we can also assume that ¢ is also

an outer. Using the definition of an outer function applied to functions ¢g; and g» we see

that
@(z) = exp ( (= log |gl(o|dm(().>

92 TC—2 = |g2(0)]

Furthermore, for each r € (0,1) and w € T

gl(rw)r = exp (/T Py (¢) log :gig:zdm@

g2

Next apply the Arithmetic-Geometric Mean inequality to the function |g;/g2| and the

2
g1 /
—(rw)| <

92( )| < |

measure P.,dm:

()| Prudm(Q). (6.3.1)

92
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Integrate both sides:

L 1w Pam(w) = [ L w)Pdm(w)

T g2
({26l miomc) o
= [ (1P Pa(Qdm(c) ) dinfuw)
= [17©R ([ PatQmtw) ) dmic)

= [ 1fPdm

Thus supg., -1 fr |f(rw)|*dm(w) < [ |f[*dm, which implies f € H?
To prove the second statement of the theorem, observe that if f € Nt and f|p € L™

then as before we can assume f = g;/go and gy, g2 are bounded outer functions. By (6.3.1)
we see that

2 | 2 m
o = 2w < [ g2<<>| Q)i ()

- / H(OP Pl Qdm(C)
<|Ifel [ Pradm(c)
= £l

which implies f € H™. m

Remark 6.22. Smirnov’s theorem fails for the full Nevanlinna class N, even for functions

f) = exp (1)

—Z

analytic on ID. For example,

is the reciprocal of the atomic inner function described in Example 5.43. It belongs to the
Nevanlinna class N, is analytic on D, and has boundary values of unit modulus a.e. on T.

However, it does not belong to H?, because, as noted in Remark 5.44,

fOl=ew (), re),
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which violates the necessary growth estimate for an H? function (see [8, p. 59]):

/1l

JI— AR

The original definition of the Nevanlinna class differs from Definition 6.3. One has
f € N if and only if

fV] < feH

sup TlogJr |f(ré)] dé < oo.

0<r<1
The equivalence of the two definitions is far from obvious; proofs may be found in
Nevanlinna and Nevanlinna (1922), Privalov (1941), Duren (1970) [13, p. 16], and Koosis
(1998) [4]. We record the theorem in the following form.

Theorem 6.23. [13, p. 16] A function analytic in the unit disk belongs to the class N if

and only if it can be written as the quotient of two bounded analytic functions.

Proof. (<) Suppose first that f(z) = ¢(2)/¢(z) where @, are analytic and bounded in
D. There is no loss of generality in assuming |p(z)| < 1, |¢(2)] <1 and ¢(0) # 0. Then

2 . 27 .
/ log* | f(re®)|df < —/ log |1 (re™®)|dé.
0 0
But by Jensen’s formula (see Ahlforse, p. 206)

1/2”10 [(rei®)|do = log [¥(0)| + 3 log ——
5 ), log — log g

b
|zn|<r | ”|

where z, are zeros of . This shows that [log || increases with r, so f € N.

(=) Let f(z) # 0 be of class N. Let f has a zero of multiplicity m > 0 at the origin,
so that 2™ f(z) - a # 0 as z — 0. Let z, be the other zeros of f, repeated according
to multiplicity and arranged so that 0 < |z1]| < |z9] < --- < 1. If f(2) # 0 on the circle
|z] = p < 1, the function

P =t [ (2255

is analytic in |z| < p, and Re F'(z) = log|f(2)| on |z| = p. Hence by analytic completion
of the Poisson formula:

pett + 2
peit — 2

1 2 . )
F(z)= %/0 log | f(pe™)| dt +iC.
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This is sometimes called the Poisson-Jensen formula. After exponentiation, it takes of the

form f(2) = ¢,(2)/v,(2) where

m

z p(z = zp) 1 o2 pe' + z
pp(z) = pmHzn|<pp2_an-eXp{—%/o log™ | f(pe' )|pe dt+ i

0 =exn {5 [Trowt e 25 )

z

Next choose a sequence {py} increasing to 1 such that f(z) # 0 on the circles |z| = py.
Let ®(2) = ¢ (pr2;); Yi(2) = ¥, (prz). Then f(prz) = Pi(2)/¥i(2) in D. But the
functions are analytic in the unit disk, and |®.(2)| < 1, |Wx(2)| < 1. Hence {®;} and
{W\} are normal families, and there exists a sequence {k;} such that &, (2) — ¢(z) and
Uy, (2) = 9(z) uniformly in each disk |z| < R < 1. The function ¢, ¢ are analytic in unit
disk and [p(2)] < 1, ]1(2)| < 1. According to the definition of 1, the fact that [log™ |f] is
bounded gives a uniform estimate |, (0)] > ¢ > 0, so ©(z) # 0. Thus f = /1 and the
proof is completed. []

This theorem is important because it allows properties of functions in N to be deduced
from the corresponding properties of bounded analytic functions. In particular, it gives

access to their boundary behavior.

Theorem 6.24. For each f € N, the non-tangential limit f(e¥) exists almost everywhere
and log | f(e")] is integrable unless f(z) = 0. If f € HP for some p > 0, then f(e?) € LP.

Proof. Assuming f(z) # 0, represent in the form ¢(z)/1(z), where |p(z)] < 1 and
|1(z)| < 1. Since ¢ and 9 are bounded analytic functions, they have non-tangential limits

©(e?) and 1)(e?) almost everywhere. Appleaing to Fatou’s Lemma we have

21 . 27 .
| Nogle(e)1d6 < timn inf {— / log\go(rew)dﬁ}
0 r— 0

But [log ¢(re?)df increases with r, by Jensen’s theorem. Hence log|p(e?)| € L and
similarly for ¢. In particular ¥(e?) cannot vanish on a set of positive measure. The radial
limit f(e?) therefore exists almost everywhere, and log |f(e??)| € L. Another application
of Fatou’s lemma shows that f(e¥) € L? if f € HP. O

The theorem says that if f € N and if f(e?) = 0 on a set of positive measure, then
f(z) = 0. In other words, a function of class N is uniquely determined by its boundary

values on any set of positive measure.
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It is evident from the representation f = ¢/v that [log™ |f(re?)|dd is bounded if
f € N. Hence f € N if and only if [ ’log ]f(frew)” df is bounded.

6.4 A conformally invariant framework

Here we consider the classes Nev(2) and D(2), where 2 is a simply connected domain

(# C), that is, domains that are conformally equivalent to the open unit D.

Definition 6.25. Define
H(©) = {{ € Hol(): | lu= = sup |£(2)] < oo}
and
N(Q) = {f € Hol(Q) : there exist f1, fo € H®(Q) such that f = fi/f}.

For w : D — Q be an onto conformal map. A function f € Nev(Q) is called outer if

f ow is an outer in Nev(ID). With this definition, we get
D(Q)) = {f € Hol(Q2) : there exist fi, fo € H*(Q2) such that f = f1/f, and f is outer}.

The following two results are straightforward transfers to 2 of well-known factorization
statements on . Note that if w : 2 — D extends to a homeomorphism of clos(2) onto

clos(D), then we call Q a Jordan domain.

Lemma 6.26. (Generalized Mazimum Principle) Let Q@ be a Jordan domain. Let \ €
09, f € D(Q) ﬂC(CIOS(Q) \ {)\}) and let g be an outer function such that g € C(CIOS(Q)\

{)\}) and |f] < lg| on OQ\ {A}. Then |f| < |g| on .

Lemma 6.27. Let f € H®(S). Then f is outer if and only if there exists a sequence of
outer functions (fn)n>1 € H>®(Q2) such that

nf o2 > 0,0 > 1, Jim fu(2) = ), 1) N 1) 2 € 2
Corollary 6.28. Let 0y C Qy be two simply connected domains and let f € N(£3).
(i) If f is outer on Qsq, then flq, is outer on Q.
(ii) If f € D(Qy), then flo, € D().
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6.5 The generalized Phragmén—Lindelof principle

Theorem 6.17 and Lemma 6.26 may be viewed as versions of the Phragmén—Lindelof
principle. The essential point is that, in general, the relevant majorants need not be

analytic functions.

Let €2 be a Jordan domain, let M and M, be two non-negative functions on €2, and let
w € C(0N ~ {\}), where A € 9Q2. Then M, is called a Phragmén—Lindel6f majorant for
M and w if, for every
f € Hol(©2) N C(clos(2) ~ {\})

with |f| < M on Q and |f| < w on 09\ {A}, one has |f| < M, on Q.

Theorem 6.29. (Generalized Phragmén—Lindeldf principle) Let F' € D(Q) and G €
N(Q) N C(clos(2) ~ {A}) be such that M < |F| on Q and w < |G| on 02~ {\}. Then

either there exists an outer function [w o w] (in which case
M, =|wow]ow™|
is a Phragmén—Lindelof majorant for M and w), or every function

f € Hol(2) N C(clos(2) ~ {A})

with | f| < M on Q and |f| < w on IQ ~ {\} is identically zero (and then M, =0).

Proof. In view of part (e) of Properties 6.16, the inequalities |F'| < M < |F| show that
M € D(Q). If there exists f # 0 in N(2) such that

[fowl<wow < [Gouw|

on T\ w™'({\}), then we can define the outer function [w o w]. Applying Lemma 6.26, we
obtain
|[f ow| <[wow]

on T\ w™({\}), and the conclusion follows. O

6.6 Exercises and extensions

The following exercises isolate two useful tests for outerness that complement the general

structural theorems proved above.
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Further exercises

Exercise 6.30. Let b be a non-constant function in the closed unit ball of H*°. Put

1
=1
Then f is outer in H? for 0 < p < 1.

Proof. Since b € {||f|lco < 1: f € H*®} by the maximal principle, [b(2)| < ||b]|cc < 1 for

each z € D. Hence f is analytic on D. Moreover we have

1 1—Reb(z) _ 1—|b(2)?
= > D).
A O R TG R e 6
Hence by Smirnov Theorem 6.9, f is an outer in H”. [

Exercise 6.31. If a polynomial p has no zero in the open disk ID, then p is outer.

Proof. Consider p(z) = const [ (1 - g), & > 1. As |z| < 1 and [¢| > 1, we have
i=1 d
Re (1 - f) > 0. By applying Theorem 6.9 and the Property ( (a).) O
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Chapter 7

Harmonic analysis in L%(T, p)

This chapter connects Hardy-space structure to classical harmonic analysis on the
circle. We study skew projections and bases of exponentials in weighted L? spaces,
develop the Riesz projection and harmonic conjugation, and record several equivalent
formulas for the conjugate function. The main highlight is the Helson—Szegd theorem,
which characterizes those weights for which Fourier series converge in L*(T, ).

Learning objectives.

o Relate harmonic conjugation, the Hilbert transform, and the Riesz projection in a

unified framework.
 Understand how weighted L? estimates control Fourier convergence and basis properties.

o Interpret the Helson—Szegd theorem as a structural criterion for well-behaved generalized

Fourier series.

Key ideas.
o The Hilbert transform is the real-variable shadow of analytic projection.

» Boundedness of the Riesz projection on weighted spaces encodes subtle geometric

information about the weight.

o Exponential systems, singular integrals, and Hardy-space factorization are three facets

of the same harmonic-analytic structure.
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Example 7.1 (The first Hilbert-transform identities). For every integer n > 1,

cos(nt) = sin(nt), sin(nt) = — cos(nt),

up to the normalization adopted for zero-mean conjugates. These identities explain why
harmonic conjugation acts diagonally on Fourier modes and why the Riesz projection can

be written in terms of the Hilbert transform.

The main result of this section is the Helson—Szegd theorem characterizing those
L3(T, p) in which the Fourier series of every function f € L?(T, i) converges in the norm
topology. This is one of the main results of harmonic analysis on the circle group T. It is
closely related to generalized Fourier series with respect to a minimal sequence; harmonic

conjugates, the Riesz projections, and weighted estimates for Hilbert singular integrals.

Definition 7.2. A sequence (z,),>; in a Banach space X is called minimal if
Ty & M, :=Span{zy : k #n}

for every n > 1. It is called uniformly minimal if

Ln

inf dist( ,
n>1 |z |

Mn) > 0.

To proceed, we need a standard corollary of the Hahn—Banach theorem.

Proposition 7.3. Let M be a linear subspace of a normed linear space X, and let xq € X.
Then xo € M if and only if there does not exist a bounded linear functional f on X such
that f(x) =0 for all x € M but f(x) # 0 (indeed, one may arrange f(xo) =1).

Proof. (<) If zo € M and f is a bounded linear functional on X satisfying f(x) = 0 for
all z € M, then continuity gives f(zg) = 0.

(=) Suppose g ¢ M. Then there exists § > 0 such that ||z — z¢|| > § for every
x € M. Let M’ be the subspace generated by M and g, and define f : M’ — C by

flz+ Azo) = A, re M, \eC.
Then f(x) =0 on M and f(zo) = 1. Moreover,

O|Al < [[Azo + =],
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and therefore

1
(& + Azo)| = [A] < <[[Azo + 2.
)

Thus f is bounded on M’. By the Hahn-Banach theorem, f extends to a bounded linear
functional f on X. m

Lemma 7.4. (i) A sequence (x,)n>1 C X is minimal if and only if there exist func-
tionals f, € X* such that (vg, fn) = Okn. Such a pair ((xy)n>1, (fr)e>1) is called

biorthogonal, and the functionals f, are the corresponding coordinate functionals.

(17) (zp)n>1 C X is uniformly minimal if and only if there exists a sequence (fn)n>1 of

coordinate functionals such that sup ||z, || || fal| < oc.
n>1

Proof. (i) By Hahn-Banach’s theorem, if z,, € M,,, then there exists a sequence f,, € X*
with [|[fo]l = 1, falzs) = [[zall, falze) =1, fu = Hi«ciz”

(ii) Moreover for any subspace E C X,
dist(z, E) = sup{|f(z)| : f € X", fle =0, [[f]| <1}

For this, if x € E then both sides are equal. So firstly we will show "<". When
z ¢ F, by Hahn- Banach’s theorem there exists f € X* such that f(z) = dist(z, E),
and f(E) = 0 with || f|| < 1. Implies

dist(z, B) = | f(x)] < sup{|f(z)] : fe X", fl=0, |f] <1}.

For the other inequality, let y € E, then we have

[f (@) = [f (@ =) < | flllle = yll < [l= =yl

and hence |f(z)| < inﬁJ ||lx — y|| = dist(x, ). This implies
ye

sup{|f(z)| : f € X7, fle =0, [[f]] <1} < dist(z, E).
Thus,

sup{|f(z)|: f € X", fle =0, [[f] <1} = dist(z, E).
Next, replacing f by f/f(x), it follows that

1

in {IfIl: £ € X", fla =0, fla) = 1} = dist(x, B)’
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(If ¢ ?é S C (07 OO) then Supl(S) = 1nf% = infSES i)
Main Proof: Apply this to z = z,,, £ = M,, and let f, € X* be the corresponding

coordinate functionals with minimal norm. Then,

11
(A

1
dist ( M ) dist(z,, M,) =
AN [|zall

Thus,

1nf dist ( ) > 0 if and only 1fsup lzn || || fo]l < oo

lzall’

Definition 7.5. To a minimal sequence (z,,) we associate the (formal) Fourier series

o~ (2, fo)Tn, © € X,

n>1

The operator x — P,z = (z, f,,)x, is called the projection onto the nth Fourier compo-

nent (or the coordinate projection associated with the biorthogonal pair ((xy)n>1, (fx)k>1))-

Remark 7.6. We have || P,|| = || f.||||zn| (because f,(x,) =1).

Proof. || Pu(zn)|| = |fa(za)lllzall = Lllzall = ([ fallllzall (since fi(z,) = 1,and 1 = || fal]).
Also, since P,z = (z, f,)x, we have

P,(x)]
sup L2 g
w20 |||
= [|Ball = |l fullllznl,
because equality is attained at the point x,,. O

Definition 7.7. A sequence (z,) in a Banach space X is called a basis of X if for every

x € X there exists a unique sequence (a,) C C such that

T = Z QL.

k>1

We write a,, = a,(x) for the corresponding coefficients. A sequence (z,,) is called a basis

sequence if it is a basis for its closed linear span spany{z, : n > 1}.

Theorem 7.8. (S. Banach, 1932) Let (zy) be a basis of the Banach space X. Then (xy)

is uniformly minimal and f.(x) = ax(z), © € X are the coordinate functionals.
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Definition 7.9. Let X be a Banach space and let (z,,),ecz be a family in X. It is called a
symmetric basis if for every z € X there exists a unique sequence (ag(x))rez C C such
that

n

z = lim kz ar ().
=—n

It is called non-symmetric if

n

v=lim > ap(x)zy.
k=—m

Lemma 7.10. Let x = (zx)rez and (fx)rez be a biorthogonal pair in a Banach space X.

Set P, = Z (., fx)xg, m,n € Z. Then

k=—m
(i) x is a symmetric (respectively non-symmetric) basis if and only if sup || P—p,.|| < oo
n>1

(respectively sup || Pr,.|| < 00) and x is complete.

(i) If x is a (at least symmetric) basis, then (fx)rez is total, i.e. fr(z) =0 forallk € Z

implies x = 0.

(iii) For o C Z, define x, = Span{zy : k € o} and x° = span{zr € X : fi(x) =
0 for all k & o}. If x is a basis, then for all o C Z, we have x, = X°.

Proof. (i) Since y is a basis, lim P ne = @ for all z € Lin{zy : k € Z}. By the
UBP (uniform bounded principle: pt-wise bounded implies uniform bounded)

Supm,n ||Pm,n|| < 0.
(ii) If fi(z) =0 for all k € Z, then P_, ,,x = 0 for all n > 1. Hence x = 0.

(iii) The inclusion x, C x7 is clear (even for minimal families). On the other hand, if
r € X7, then x = nhﬁrglo P_, nx with P_, ,x € X,. Hence z € X,.
O

7.1 Skew projections

Let L, M be two subspaces of a vector space X such that L N M = {0}. Define P :
L+ M — X by P(x+vy) =z, then P> = P, P|;, = id and P|y; = 0. Then P is called

skew projection onto L parallel to M and denoted as P := Ppy.
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Lemma 7.11. Let L, M be two subspaces of a Banach space X wverifying L N M = {0}.
Then

() Py is continuous if and only if Py is well defined and continuous (here L=

clos L and M = clos M ).

Proof. Let v +y € L+ M,z € L,y € M. Then Py is continuous <= || Ppjja (2 +
Y| = |lz|| < ¢||lz+y| foreveryz € L,y € M <= ||z|| < C||z+7y||,7 € L,and 5§ € M
<= Pp3; is continuous. O
(i) If L, M are closed, then Ppy is continuous if and only if L + M = clos (L + M).
Proof. Apply closed graph theorem for the operator 1" = Pp . n

Definition 7.12. Let L, M be two subspaces of a Hilbert space H. Define angle o € [0, 7]

(or minimal angle) between L and M by

cos(L, M) = cosac = sup z.y) .
ver,yen || 2|y

NOTATION: We write o« = (L, M).
Remark 7.13. L L M if and only if a = 7.

Lemma 7.14. With the above notations we have
cos(L, M) = cos(L, M) = || Py P |

and
sin(L, M) = sin(L, M) = || Pyar|| ",

where the symbols have obvious meaning.

P,
Proof. By definition, sup [P, y)| = || Pyz||. Moreover, (x,y) = (Pyz,y) fory € M
yemrioy [yl
and hence

Pi
cos(L, M) = sup [z, )| = sup 7“ w7 Y)|
ozweL,02yeM |Z|[lyll  otzer, oxyent [z[l||yll
1 P
B S 1107]
ozacL (|l ozyens [yl
P,
o 1P

ozel |||
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But p P p P p
1Pl _ g Wbl o WPsPezll g
o£zeL ||| ozacrL |7 oteet |||
Hence cos(L, M) = || Pi; Pzl
Next,
P x+y)|?
1Pyl = sup 1 Poael > L
0#z€L, 0£yeM |z + 9|
oy
0#zeL, 04yeM ||+ y||?
oy el
o£zeL foryens |2 + Y2
o il
ozzel ||(1 — Pyp)z||?
This now gives
gy 2 [Pgzl® . o I(1 = Py)z| 1
sin®(L, M) =1—cos™(L,M) =1— sup ———— = -
otecr |zl ofwer lz]l? [Pyl
So sin(L, M) = 5+ O

1Py acll

Corollary 7.15. The projection Prjas is continuous if and only if ||PpPy|| < 1 (and
hence if and only if (L, M) > 0). Moreover, || Prym|| = || PamLl-

Proof. Ppu is continuous & || Ppum|| exists and > 0 & PLTIM exists and > 0

sin(L, M) > 0 < (L, M) > 0. Since sin(L, M) > 0 < cos(L, M) < 1 < |PyPr|| < 1 by
Lemma 7.14 [

7.2 Bases of exponentials in L*(T, u)

Now, let X = L2(T,p), where u is a finite Borel measure, and z, = e, k € Z (or,
=2 ke,

Lemma 7.16. If (¢**!),cz is a basis of L*(u) then p, = 0.
Proof. Let 0, = {k : k> n}, let L2 =span;z, {z": k> n}, and let fi be coordinate

functionals associated to (€?*!)iecz, then

(N L2 ={z € L*(n): fu(z) =0 for allk € Z} = {0}

n>1
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negative modes nonnegative modes
6 ' ' frec'luenC);'index n e’z
P_ Py
H?(T) |« { L?(T) } > H2(T)

Figure 7.1: Fourier-frequency picture behind the Riesz projections: P, keeps the nonnega-
tive Fourier modes and P_ keeps the negative modes.

(cxe LP(p) = = Tpealr, fi)?" = Tiez fr(2)2" and fiy(z) = 0 since fr L
L*(oy,) for all k > 1( by Proposition 7.3 ) = x = 0 (by Banach’s theorem 7.8). Con-
sequently, Lin is an invariant subspace, and 2" € Lgn and z" £ 0 on T. Thus it can be
deduced (as in Corollary 4.2) that L2 = L2 (u,) + L*(ps) for all n € Z. But then also
() L2 D L*(p,), implies L?(u) = 0. O

n>1

Remark 7.17. For studying exponential basis in L?(T, i) one can restrict to measure which is

absolutely continuous with respect to the Lebesgue measure m, du = wdm, w € L (T, m).

Lemma 7.18. (Kolmogorov, 1941) Let w > 0, w € LL. Then (2"),ez is a minimal
sequence in L*(wdm) if and only if + € L'(T).

Proof. Due to biorthogonality, we have
5n,k = (vafk)LQ(wdm) = / an_kwdma nvk € Z.
T
Hence we deduce that fyw = 2*, k € Z, that is f, = %, k € Z. Hence

1
fi € L*(wdm) if and only if/ —wdm < o0.
T W

7.3 Riesz projection

See Figure 7.1 for a schematic illustration.
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Let P, P, be as earlier and P_ = span{e?* : k < 0}. Define the Riesz projection P, by

P.f =% f(k)e*, feP.

k>0

Then
P+ — PP+||]P>_.

Let also "
Ponf =Y f(k)eikt, feP, mmneZ m<n.
k=m

The following result gives the principle link between the problem of bases and the norm

estimation of the Riesz projection.
Lemma 7.19. Let w € LY. Then the following are equivalent.
(i) (2F)kez is a nonsymmetric basis of L?(wdm).

(i) sup || Pl < oo.

n,me”z

(iii) (2%)rez is a symmetric basis of L?(wdm).
(iv) sup || P_nn|| < o0.
nez
(v) The Riesz projection Py is continuous on L*(wdm).
(vi) (Py,P_) >0 (or (H},H?) > 0, where HZ = closp2(wdm) Px+-

Proof. In view of Lemma 7.10 we get (i) < (ii) and (iii) < (iv). It is also clear that
(ii) implies (iv). Using Lemma 7.14 and Corollary 7.15 we obtain (v) < (vi). Next, we
verify that (iv) implies (v). Pick f € P, then for n = n(f) sufficiently large, we get (using
the relation: z "f(k) = f(n + k), Pof = 2"Popnzf, 50 ||Pf|| = |Pennz""f|| <
| P_p ol £Il implies || Py|| < sup ||P-y.n|- It remains to show that (v) implies (ii). Note
that =

Ponf =2"" (1 = Py )z (mtmtDp omy £ P,

But then
[P fll = (1 = Po)z= 0P £l < | Pell|[Pez™ £ < PP

for all f € P, since |1 — Py|| = ||P+||, (by Corollary 7.15). Hence the result follows. [
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7.4 Harmonic conjugates

In order to get the desired characterization of exponential type bases in L?(u), we need a

result of analytic type, namely, the so-called harmonic conjugation on T (or D).

Theorem 7.20. Let u € L*(T) be a real valued function. Then there exist a unique real
valued function v € L*(T) such that 9(0) = 0 and w+ iv € H?. The mapping u > v is

linear and continuous with ||v|| < ||ul].

Proof. Let u=>_ @(n)e™ € L® Then 4 =Y _ a(n)e ™. Since u is real valued, & = u <
nez neZ

(n) = u(—n) for n € Z. Define

>

Then f € H? and

Re f — ;(f L =a0) + Y am)en + Y almye ™ = .

n>1 n>1

Thus v := Im f satisfies the conclusion of the theorem. We now prove uniqueness. If
u+iv = u+iv; € H?, then v —v; € H?. Since v — v, is real-valued, its complex conjugate

also belongs to H?, and therefore v — v; must be constant. Moreover,
v(0) —v1(0) =0(0) —01(0) =0

by the normalization v(0) = 7;(0) = 0. Hence v = v;. Finally,

—f 1 . _ . 1 . .
v=Imf= / ,f = ( > a(n)e™ = > a(n)e_mt) = (Z a(n)e™ = > ﬂ(n)emt)
2i b\ p>1 n>1 v\ n>0 n<0
The process u — v is linear and
ol =D la(k)[* < flull?,
k0
and if 4(0) = 0, then [ju|| = [|v]|. O

Definition 7.21. The function v is called Harmonic conjugate of u. Let v = u. The
mapping H : L*(T) — L*(T), u — @ is called the Hilbert transform.
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7.5 Different formulas for u

(a) We can translate the above formula for @ in terms of Riesz projections

In particular, if 4(0) = 0, then @ = (P, u — P_u). Also, we have

(2

f=u+iu=2P u—u(0).

(b) If u satisfies the hypotheses of the theorem, then f = u +iv € H?> and u = Re f.
Since f extends holomorphically to D, so does Re f. For z € D, we have

u(z) =Re(f * P,) =u=x P,.

Because the Poisson kernel satisfies P,(¢) = Re(gf‘z ), it follows that u(z) = Re f1(z),

where
_[St=2

T(— 2

fi(z) u(¢)dm(Q).

Note that f; € Hol(D), Re f1 = u, and f1(0) = [; udm € R. By uniqueness, we have
f = f1 and

U . d
a=tuf =t i = [ 1 (S5 )u©dm() = [ Qur — e
where z = re’™ and
B C+2z\ 2rsint
QT(Q_Im(C—z) 1 —2rcost+r?

Auziliary computation. For |z| < 1,

elt_I__Z

et — z

142 Z et
n=1
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Therefore
1 me+z . Lo 2 X . .
o : ity It = 7/ it dt = / n —int it dt
27?/—7re”—zf(e) 2m _Wf(e) +27T —TI'nz::lze /(")
= J0)+23 f(n)=",
n=1
which is a power series in z and hence defines a holomorphic function on D (see [9, p. 12]).
int
Remark 7.22. Forr — 1, Q, ~ 151711t = cot(t/2). In fact, one can show that
— cos

() = (e cot(/2))(r) = [ ulr — 1) cot (1/2) o

in the sense of Cauchy principle valued integral.

7.6 The Helson—Szego theorem

Theorem 7.23. Let u be a finite Borel measure on T. Then the following are equivalent.
(i) The family (2")nez s a (symmetric or nonsymmetric) basis of L*(u).
(ii) The Riesz projection P, is bounded on L*(u).

(7ii) The angle satisfies sin(P,, P_) > 0.

h
(iv) du = |h|*dm, where h € H? is an outer function such that dist (h’ H°°> <L

(v) du = wdm, where w = e“*?

(condition (HS)).

and u,v are real valued bounded functions and ||v|. < §

The proof of the theorem will be given in several steps based on the following lemmas.

Lemma 7.24. The mapping j : H*> x H*> — H' (¢,7) — ¢ is continuous and
symmetric. Moreover, j(B?* x B?) = B, where BP is the unit ball in HP.

Proof. The continuity follows from the Cauchy Schwarz inequality ||¢]1 < [|@]|2]]¢]|2-
For surjectivity, let f € H', then f = ABS[f]. Write ¢ = ABS[f]2 and ¢ = [f]z then
&) € H. O

Lemma 7.25. Let E be a subspace of the Banach space X, and ® € X*. Then

|[]| = inf{[]P]

x+: V=& on E} =inf{||® + |

x+: a € X" and alg = 0}
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Proof. The inequality "<" is clear. For ">" apply Hahn-Banach’s theorem. Let ¥/ = ®|g.
Then

V|| x+ = sup [¥(z)] = [ W] x- = sup [V'(z)] = [|®]p].
zeX zeX

By Hahn-Banach’s theorem, there exists W' € X* such that ||®|g| = ||¥'||x+, and hence
the result follows. L

Lemma 7.26. Let f € H' and suppose that f(T) C A C C. Then f(D) C conv A) (the
closed convex hull of A).

2P
conv(A). However, conv(A) = NH where the intersection is taken over all the half-planes:
H = {z € C:Re(az + b) > 0} containing A, a,b € C. Since P, > 0 and [; P,dm(§) =1,
we see that the condition Re(af(¢ +b) > 0) for ae. ( € Tas f({() € AC H —
Re(af(z) +b) >0 = f(z) € conv(A) O

Proof. Observe that for z = rw € D, |w| = 1 we have f(z) = P,x f = [ 1_‘Z|2f(§)dg €
T

Lemma 7.27. (V. Smirnov, A. Kolmogorov) Let v € L*(T) be a real valued function
then e’ € LY(T) if AJv]le < 3.

Proof. Tt is enough to prove that ||ul|s < 7/2 implies e* € L'. Set

f= o i(utin).

This is well defined on D because u + it € H?. Moreover, |f| = € and |arg f| = |u| <

(1 —¢)/2 for some € > 0 on T, and hence on D by Lemma 7.26. The same argument as
in Theorem 6.9 therefore shows that f € H', so |f| = e¢* € L}(T). O

Proof. Implication (i) < (ii) < (iii) < (iv) of Helson-Szegd theorem.

Recall that we may restrict to du = wdm, w € L} (T). By Lemma 7.19 we get the
equivalence of (i),(ii) and (iii).

We next prove the equivalence of (i), (ii), and (iv); see Figure 7.2. If the sequence
(2")nez 1s a basis, then Banach’s theorem (Theorem 7.8) together with Kolmogorov’s
lemma (Lemma 7.18) gives 1/w € L', and hence logw € L'. (Indeed, the latter conclusion

can also be justified directly from z ¢ H?(u).) Therefore there exists an outer function
h € H? such that |h]|* = w. Thus,

B _hh _h h
(f- e = [ fqwdm = [ fhghzsdm = [ (/m)(gh)pdm = [ FGZdm
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f—=F=fh pairing | 7,
P, C L? H2(T v poorr
4 C L2 (p) " e 12(m)

/@v

P_ C L*(n) H§(T) 5
(fs 92 = /TFG*dm

g—G=gh

Figure 7.2: A schematic of the identifications in the proof of the Helson—Szeg6 theorem:
multiplication by an outer i transfers the weighted pairing on L?(i) to an unweighted
pairing on T with symbol h/h.

for all f € P, and g € P_ and therefore,

1£12 Z/\thQdm = FllZ2ey N9z = IGIIZor).

Clearly F = fh € H?, since g € P), we get G € H{. By definition of outer function, it
follows that span{F = fh: f € P,} = H* and also A:={F = fh: f € P, ||F|| <1} is
dense in the unit ball B* of H?. For the same reason, we see that B := {G =gh: g €
P_,||G|| < 1} is dense in B> N HZ. We deduce that

cos(Py, P} 2 = sup{|(f,9)| : f € Pi g € P fIL(1) < 1, llgllL(p) <1}

:sup{’/FGde‘: FGA,GGB}.
T

Set ®(k) = fk(%)dm, k€ LYT). As h/h € L>(T), we get ® € (L'(T))*. By (Lemma
T
7.24), we see that the angle (P.,P_) = [[®[4]], and by means of (Lemma 7.25), we can

express it in terms of h:

R R
cos(Py, P_) 2y = || @] ]| = dist (h’ (Hé)L> = d1st) (h,H )

Lo°(T) L (T
The last equality is the consequence of the relation
(HY)* ={geL~: /Tgfdm —0forall fe H}=H>.
Next, we conclude that cos(P,,P_) < 1 if and only if logw € L', w = |h|? for an outer

function h € H? satisfying dist Loo(’]r)(%, H>) < 1, that is (i) and (ii) are equivalent to (iv).
Proof of implication (iv) = (v):(See Fig 2)
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Figure 7.3: The geometric constraint |a — gh?(£)| < (1 —¢)a forces gh*(T) to lie in a sector
A={z:|argz| < a}, with sina =1 —¢.

See Figure 7.3 for a schematic illustration.

Suppose that -
h
dist (,H"O> <1,
L=>(T)\ h
where h is an outer function and |h|? = w. Then there exists g € H* such that
h
- — < 1.
il
Equivalently, for some ¢ > 0 we have
h
’—g’<1—5 a.e. on T.
h
Multiplying by |h|?, we obtain
[h? = gh?| < (1= e)|h>  ae. onT.
Setting a = |h(£)|? > 0 for £ € T, this becomes
la — gh?*| < (1 —¢)a.

Geometrically, if a € (0,7/2) is chosen so that sina =1—¢c and A = {z: |argz| < a},
then gh?(T) C A; see Figure 7.3.

From (Lemma 7.26) we get gh?(D) C A, so log gh? is analytic in D. We set v = —
Im log gh? = —arg gh® and get || = Re log gh? + ¢ = log|gh|* + ¢, where ¢ has to be
chosen such that ©(0) = 0. We obtain log gh? = © —iv — ¢ and gh? = €*~*~¢ on T, we
have ]% — g| < 1 — ¢, which implies that |1 — |g|| < 1 — ¢, hence € < |g| < 2 — . Finally,
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|h|* = e ", where u = —log |g| — ¢ € L*=(T) and |jv]je < %.

Proof of implication (v) implies (iv):

5
logw =u+ 0 € L'(T), Lemma 7.27 implies that w € L*(T). Hence there exists an outer
function h € H? such that |h|?> = w. Therefore

Let wdm = e“"™dm, where u,v € L*®(T) are real valued and ||v| < Since

log |h|*> = u+ ¥
and
logh* =u+0+i(u+9)~ =u+9+i(d—v+c)

for some constant ¢ € R. Setting g = e~ (“"#~¢ we obtain a bounded holomorphic

function g € H* because |g| = e™*. Moreover,

h h? L .
79= |h|29—exp( i(t—v+c¢) —u—it—ic) = exp(—u — ),

where [|v]|oc < 5. This gives the following estimates on T.

_6)'
2

h 1

h
h
(cf. Figure 2). The value of (%)g thus belongs to

1—
D= {ZE(C “lellee < 2] < ellullee \argz|<7r( 5 €>}
For ) sufficiently big and some § > 0 we have B(\, (1 — §)A) D clos D or A™'B(), (1 —
)A) = B(1,1 —8) D A7 ! clos D. Then A~ 1hg € B(1,1 —9) a.e. on T. In other words,
AN H(#)g—1<1—dae onT, and [A\"'g— ( )] <1—0ae. T. As g € H*®, this gives
dlStLoo(']T)( L H™) < 1. O

7.7 An example

Let w(e™) = |t|*, t € (—m, ), « € R. Then for a > 1 we have 1/w & L'(T) and (e"),z
cannot be uniformly minimal in view of Lemma 7.18. For @ < —1, w & L'. Thus, the only
interesting case is |a| < 1.

First note that if the quotient w; /wy and ws /w; are bounded, then the sequence (e™),cz
is a basis of L*(w;) if and only if it is one of L?(ws). [ |21 < K and [32| < Kj. By the
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Lemma 7.18, (¢"),cz is a basis of L*(w;) & w% € L'. Now

1 K 1 1
/|7|§/|7‘:K/—<oo:>7€[11<:>
W2 w1 |w1\ Wa

(€™"),e7 is a basis of L?(wq) by Lemma 7.18. Similarly the other case follows.]
The identity map f — f is an isomorphism from L?(w;) to L?(ws).

Next, let w; = w and wy = (1 — ). Then

logwy = log |1 — €"|* = aRearg(1l — ") 1= w.

Necessarily, we get

a(t) = aarg(l—e") = aarg(e/?(e7? — ¢/?)
= « arg(eit/Q(—Qi sint/2).

[ at/2—m/2) >0
| a(n/2—1t/2) ift<0.

We deduce that i)l = |a|F < T if |a| < 1. Hence (e™),¢z is a basis in L*(|t|*dt) <
la| < 1.
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Chapter 8

Transfer to the upper half-plane

We transport the disk theory to the upper half-plane via the Cayley transform. After
constructing an explicit isometric correspondence between LP(T) and LP(R), we
develop the Hardy spaces HP(Cy.) from both the boundary-value and Fourier-transform
viewpoints (Paley—Wiener). We discuss canonical factorization, invariant subspaces,
and the duality between translations and multiplications by characters, emphasizing
the parallelism with the disk model.

Learning objectives.

o Transfer the disk model to C, through the Cayley transform and boundary Jacobian.

o Connect H*(C,) with the Fourier transform and Paley-Wiener theory.

o Translate inner functions, factorization, and invariant subspaces from the disk to the
upper half-plane.

Key ideas.

o The upper half-plane is not merely another model: it makes translation-invariance and

Fourier support visible.

o Outer/inner factorization survives conformal transport, but its formulas acquire a

distinctly real-variable flavour.

e The duality between multiplication by characters and translation links Hardy-space

methods to spectral analysis.

96



M650: Advanced Hardy Spaces Transfer to the upper half-plane

Example 8.1 (A basic inner function on C; ). For a > 0, the function
I(2) = e, z € Cy,

is bounded and analytic on C,, satisfies |I,(x)| = 1 for almost every = € R, and hence is
inner. This family already reflects the translation/Fourier flavour that is natural in the

half-plane model.

In this chapter we outline the Hardy-space theory on the upper half-plane and on
the real line. We focus on the principal structural results: the isometric correspondence
between Hardy spaces on the disk and on the half-plane, canonical factorization, the

Fourier-transform description given by the Paley—Wiener theorem, and invariant subspaces.

8.1 A unitary mapping from L?(T) to LP(R)
Let w: D — C be the Cayley transform,

14+ =z
Z b
11—z

w(z) =
which maps the disk D conformally onto the upper half-plane
Cy={¢eC:Im¢ >0}

Its boundary restriction w|y is a one-to-one correspondence between T \ {1} and R. The

inverse map is

w_l(a:):x_l,, z € R,
)
and its Jacobian satisfies |J(x)| = e Hence the mapping
T

U=U,: L’(T) — L”(R)

1 1/p
-1
Upf(z) = <7T(I+Z)2> flw™(z)), z € R,
is an isomorphism (unitary for p = 2) of the space LP(T) onto LP(R).

First, we give three descriptions of the image under U of the Hardy-space H*(T) C
L*(T), then pass to arbitrary p, 1 < p < oo. Consequently, U,H?(T) is a closed subspace
of LP(R).
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8.2 Cauchy kernel and Fourier transform

The first description of Uy H*(T) is straightforward.

Lemma 8.2. )
U, H*(T) = Spaan(R){x—ﬂ s Im op > 0}.

To prove this we first need the following proposition:
Proposition 8.3. H*(D) = span{cA = oA € ]D)}

Proof. From Corollary 5.10, for each A\ € D the evaluation map p,(f) = f(\) is a bounded
linear functional on H?. By the Riesz representation theorem, there exists a unique
cx € H? such that

ox(f)=f(A) =(f,en)  (f € H?).

We now compute c¢,. For |A| < 1 we have

— YN
n>0

and (X"),>0 € £2(Np), so this function belongs to H?. Moreover,

AP" = < :
Zl ’ ’)\’2 <

n>0

Hl Azl

If f(z) =Y ,50an2" € H?, then

<f’1— > 2 an X" = f(

n>0

By uniqueness in the Riesz representation theorem, it follows that

Consequently,
1

leall? = (ex,ex) = ex(A) = TP

The function ¢, is called the Cauchy kernel or Szegd kernel, and H? is a reproducing

kernel Hilbert space.
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It is straightforward to check that the family D = {¢) : A € D} is linearly independent.
Moreover, if f € H? is orthogonal to ¢y for every A € D, then f(A\) = (f,cy) = 0 for all
A €D, so f=0. Hence D is dense in H? (equivalently, D+ = {0}). ]

Proof. [Proof of Lemma 8.2] Since H?*(T) = spaan(T){l_l;\Z DAl < 1}, and U, is an

isometry, we have

< C 1
H2(T) = span {U l—Azlz:)\ED}:san Iy > 0},
(T) panyra T 2( ) PETSY P {z—ﬁ H }
Consequently, u = w(\) runs over the entire upper half-plane C, . O]

Now, we recall that Fourier transform F and its inverse F !,

) == [ f@)e e

FANE = 7= [ e

are unitary mapping of L?(R) onto itself,
Lemma 8.4. UyH? = F L3R, ), where L*(R,) = {f € L*(R) : f =0 on (—00,0)}.

Proof. Compute the inverse Fourier transform of the function yg, e** € L*(R,), where
ImA>0:

o 1 1 1 1
iAT 2 e — ; by R
€ T [Z:L‘(Z + )]a::O \/%Z - (_)\)7

, 1
J—_-—l ez)@ _ / e :
(e, ™) V21 JR Ry V2ri(z+ A)
where —\ = p runs, again, over the entire half-plane C_. Since F ! is an isometry, Lemma

8.4 reduces to the proof of the following identity:
L*(R,) = span{xg, e Im\ > 0}.

The equality follows from the injectivity (classical Fourier uniqueness theorem) of the
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Transfer to the upper half-plane

Cs
A
/N
’ A\ Sw = y
¢, CONNE
’ \
’\/‘
o R

Figure 8.1: Typical regions in C,: horizontal slices Sw = y used in the H?(C, ) norm,
and a non-tangential approach cone at zy € R.

Fourier transform F. Let f € L?(R..) and suppose that fLyg, €™ for all A with Im A > 0.

/ f(@)xr, e Mdx =0

R

= / f(x)xr, e e ¥ dr =0 (putting A = y + 1)
R

= F(fxr, e ")(y) =0 (Vy €R)

= fXR+€_x:0 a.e. on R [ since f:() — [=0]

= =0

8.3 The Hardy space H! = H?(C,)

Section roadmap.

o Define the half-plane Hardy spaces through boundary control and Poisson extension.

o Transport the disk theory via the Cayley transform while keeping track of norms and

boundary measures.

o Then reinterpret the resulting spaces through Fourier-analytic tools that are special to

C..

See Figure 8.1 for a schematic illustration.

We now transfer the theory from the real line R to the upper half-plane C,. We

identify the subspace U,H? C LP(R) with the space of boundary values of a corresponding
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holomorphic Hardy space in the half-plane C,. Note that w™!(z) = j—;z is a conformal
mapping from C, to D.

Hence the same formula as above, U, : H?(Ct) — H?(D)

1
7(z +1)

00 = ( )l/pf«u—l(z)), m 2 >0

defines a holomorphic function in C; for all f € HP(C,).

1

Moreover, w™" is still conformal at the boundary points r € R and transfers a Stolz

angle in C, {z+1y: |r—r| < cy}, into a Stolz angle in D. Now, Fatou’s theorem implies
that the functions U, f, f € H?(ID), have non-tangential boundary limits (U,(f))r a.e. on
R, U,(fr) = (U,f)r. Hence in order to get another characterization of U, H?(T), it remains
to describe U,H?(D) in intrinsic terms as a subset of Hol(C, ). This is done in the next

theorem. But, first we define Hardy classes on C,..

Definition 8.5. Hardy space HY = HP(C,),0 < p < oo, is the class of functions
g € Hol(C, ) such that

1
. p
||9||Hi = sup (/ lg(x + zy)|pd$) < 00,
y>0 R

with the usual modification for p = co. In order to compare H?(C, ) with U,H?(D), we

need the following simple result.

Lemma 8.6. (i) Let v be an arbitrary circle in D. Then

[17GPIdel <2 [ |f()Plaz]

for all f € HP(D), 1 < p < o0, here |dz| stands for the arc length measure.

(ii) Let g € HP(C,), 1 <p< oo and z € C,, then

1

2 v
91 < (=5 ) ol

Proof. (i) We first treat the case p = 1. For u € L'(u), let u, denote the harmonic

extension of v to the unit disk:

L— |2

¢ —2?

wn(2) = /T u(¢) dm(¢),  zeD.
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We claim that the map u + u.|, is a bounded operator from L(T) to L*(y) with norm at

most 47. Indeed,

IA

B
[ O = pam Q)

= [ul( [ Gl Jam(o

2
_ zw/mg\K ’C} m(C),

| a2l

where 7 = v(c,r). In the last step we used the mean-value theorem for harmonic functions,

() = Re(Z“)-

applied to the Poisson kernel

z=¢
Since 2w dm(z) = |dz| on T, r < 1 — |¢|, and

a2
1 |c|2§1+|c|§ 2
[C—c> 7 1—=lef =~ 1=

we obtain the desired inequality. For arbitrary p with 1 < p < oo, Holder’s inequality
gives |u, [P < (|ul?)., and the conclusion follows.

(ii) Using the mean-value theorem in the disk for
D={z+iy: |N—(z+iy)| <ImA},
Holder’s inequality, and the standard “rolling disk” argument, we obtain

9] = s [, b2 o dy

= (IHM(/ l9(z |pd:de> /p(/ 1d$dy>1/q
= <7r Tm \)2 )(/ l9(= !pda:dy> /p(ﬂarn)\)g)l/q
(W ) 1_)</021m/R‘9<$+iy)\pda:dy>l/p

1/p
< (=) ol

IN

The following theorem is one of the main results of this section.
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Theorem 8.7. Let 1 < p < co. Then U,H?(D) = HP(C,).
Proof. Let w: D — C, be the Cayley transform

1+z w—1

w(z) =1

W (w) =

1—2z’ CwH+i

For 1 < p < oo define, for w € C,,

1 1/p .
)W) = (o) S @),
where the holomorphic branch of (w +i)~%? is taken on C, (note that w + i never vanishes
there). For p = oo we drop the prefactor and set (U f)(w) = f(w™(w)). The map U,
sends holomorphic functions on D to holomorphic functions on C, .

On the boundary one has, for almost every x € R, the change of variables ( = w™!(z) €

T\ {1} with Jacobian |d(| = dx. Consequently,

1+ 1+22
[0 = = [ LD 4 - [y amie)
R |x~|—z|2
and similarly for p = oo one obtains ||Us f|| oo®) = ||f|| Lo (T)

For y > 0, the horizontal line R + iy is mapped by w™ to a circle C, C D tangent to

T at 1 (see Figure 8.2). The same change-of-variables computation yields

|10t + i) dz = [ 1£(2,(C)IF dm(c).

where ¢, is a disk automorphism (depending on y) parametrizing C,,. In particular, taking
the supremum over y > 0 shows that f € H?(D) implies U,f € H?(C,) and

1S v ey = I f 1o )-

Finally, the inverse transform is given by

Pow),  zeD (1<p<oo),

(Vo9)(z) := (m(w(z) +1)°)

and Vg = g ow. One checks that V,, o U, = Id and U, o V,, = Id on boundary L” spaces
and hence on Hardy spaces. Therefore U,H?(D) = H?(C,). O

See Figure 8.2 for a schematic illustration.
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Sw

A
d.

Figure 8.2: Under the Cayley transform, a horizontal line Sw = y in C, corresponds to a
circle Cy, C D tangent to T at 1 (schematic).

Theorem 8.8. (R. Paley and N. Wiener, 1934)
HP(Cy) = F'L*(Ry)

Proof. This is immediate from Lemma 8.4 and Theorem 8.7. O]

8.4 Canonical factorization and other properties

The following properties are straightforward consequences of the change of variables from

Section 8.1, Theorem 8.7, and the corresponding facts from HP? theory in the disk D.

Corollary 8.9. (Poisson formula) If f € HP(C,), 1 < p < oo, then

1

Proof. f € HP(C,) = there exists g € H?(D) such that U,g(z) = f(z),2 € C;, =
f(z) = (F(ZIH))I/”Q(%),Z € Cy. Next put w =22 € D for z € Cy; then (35)* = (54)°
hence f(z) can be re written as

—w. o\ /P
f(z) = (i(l 5 )2) g(w) for z € C; and w € D.
= h(w) € H?(D) [since <71T(1 ;iw

1/p
)2> is bounded on D and g € H?(D)

Next, applying the Poisson formula to A on D gives

F(2) = o+ i) = hiw) = o [ () 1 e

T or € — w2
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With the Cayley transform & = i—;z and w = z—;z, we obtain

1 fort—iy L= |55 2
:/h( Z,) *il dt

27 Jr \t+1 ’t;z‘_z;z‘ 14 ¢2

tHi a4

1 ~ 2y 1 Y 7
== tidt:—/— t) dt, > 0.
27r/]1£f(>|15—z|2 T R(x—t)2+y2f() Y

]

Corollary 8.10. (Boundary uniqueness theorem) If f € HP(C,), 1 <p < oo and f # 0,
then
dr < oo.

/Uoglf(iv)H
R 1+ 22

Proof. Let f € HP(C,) = f(z) = h(w) for z € Cy,w € D and h € HP(D) By the

boundary uniqueness theorem for the disk:

1 21

5= | Tog n(@)llag] < o
™ Jo

< “ 2dt

/ Iloglf(t)||dt< .
R 1-+¢2
]

Corollary 8.11. (Blaschke condition and Blaschke product) If f € HP(Cy), 1 < p < o0,

and f # 0, then
Z Im A\, <
LA

where A, are the zero of f in C, (counting multiplicities). The corresponding Blaschke
product (having similar properties as in D) is
zZ— Ay

B(z)=||en——=, 2 €Cy,
(2) l;IEz—)\n z +

where €, = |/A\§ﬁ| (by definition, €, =1 for \, =1).

Proof. Let f € HP(C,),1 < p < oo and f # 0. Then there exists g € HP(D) such that

1/ .
Upg = f- Next, f(A) =0 = Upg(h) =0 = (s5t2) | 9350 =0 = gl(m) =
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0 where v, = :\\”+Z € D. So X s are roots of f if and only if v/ s are roots of g.
ol = 2
)
2 = A A
W= =N
NP = A) + T T AP -2y
M2 = iD= X)) +1 T4 N2+ 2y,
where y,, = Im(\,).
Calculate 1 — |’yn|2 = m/{:‘%

Since g € HP(ID), its zeros {7, } satisfy the Blaschke condition

> (1= |mml) < oo,

equivalently >, (1 — |7,|?) < co. Using the identity

|2 4yn
1+ Al + 20

1=

Yn
1+ |2

|? (indeed, the ratio tends to 4 as |A,| — 1,

we see that 1 — |v,|* is comparable to

hence y,, — 0). Therefore

Yn
Z(l—|%|)<oo — Zm 00,

n

which is the desired Blaschke condition.

4y,
1— 2 2 4(1 2
R R ST A ) AV Y
T - L+ [An]? + 2y,
L+ |2 L+ |2

since |A,| — 1 forces y, = S\, — 0.
Hence by Comparison Test 3 (1 — |7,|%) < 0o & 30

Blaschke condition is: > 1111‘(; NP

Blaschke factor computation. The Blaschke product for g € HP(D) is

1+\,\ oo < 00. Hence the desired

< 00.

Byw) =IIb ", weD,
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where b,, = |Vn|/7n (and by = 1). Using 7,, = ijﬁ; and w = Z72, one checks that
Y — W z2— M\ A2+ 1]
by, ——— =€, — €n = —o——.
1 — 7w z2— A A2 +1

Therefore B(z) := Bg(z;i) has the asserted form. If A\, = i, then 7, = 0 and the

corresponding factor reduces to w = =, and indeed €, = 1. O

Theorem 8.12. Fach function f € HP(C,); 1 < p < o0, has a unique factorization of
the form f = ABV[f], where A € T, B is the Blaschke product constructed from the zeros

of f, V is a singular inner function (an H* function having no zeros in C, and with

unimodular boundary values on R) of the form

V() = V() = e (i vt

t—z

where a > 0, and v is a finite positive singular measure on R, [f] is the Schwarz-Herglotz

outer factor of the form

1) = e (=2 [0l ), = e C

Proof. Let f € HP(C,). Then there exists g € H?(D) such that f(z) = g(w) for z € C4

and w € . Next
2T 5 _I,_w

2rJo & —

() = exp [ [ 52 o el

Putting £ = +— and w = T we have:

t—z’iz—i_ {tz+ 14+t —iz} £ {tz+1—i(t—2)}
t+i - z+i (t+i)(z +1)

4+w  1+tz
E—w i(t—2)

Hence [£](2) = [0)(:25) = exp (& fo 2 log (1)), 2 € C.
Since g € HP(ID), it has a canonical factorization g = ABS|g]. Here

ftw

S(w)=eXp[ N —

d/ﬁ(ﬁ)] w e D,

for some finite positive measure ;1 L m on T. Passing to the half-plane by w = (z—1)/(2+1)
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and separating a possible atom at 1 € T, we obtain

() = [~ () - [ S e

1} € —w
z—1 141tz t—1
s — exp |ip({1})z — / d ( ) ,
(z—i—i) P [W({ bz R i(t — 2) S ]
because i(1 + w)/(1 — w) = —z. Therefore the singular factor on C, has the form
oz 1 + tz
V(z) = e"exp [/R =2 dl/(t)l :

where av = p({1}) and v is the pushforward of u|p 1y under the Cayley transform. [

Remark 8.13 (Recovering atoms of the singular measure in C, ). The canonical factorization
on the half-plane has the same conceptual structure as in the disk setting: every nonzero
f € H?(C,) admits a factorization

f(z) = € B(z)Su() O(z),  z€Cy,

where a > 0, B is the (half-plane) Blaschke product of the zeros of f in C,, S, is the
singular inner factor associated with a finite positive singular measure p on R, and O is
an outer function determined by the boundary modulus of f (see Sections 6.2 and 6.3).

Two features are worth recording explicitly.

(i) Local analyticity across the boundary. If f € HP(C,) extends analytically across
an open interval I C R, then the singular measure vanishes there: u(l) = 0.

Equivalently, the boundary singularities of f are supported on supp u C R.

(ii) Logarithmic residues (atoms on R). For zy € R, the atomic mass u({zo}) can be

recovered from the boundary decay rate of | f]:
p{ao}) = —mlimy log |f (zo +iy)],

whenever the limit exists (it always exists for f = S, and, more generally, it isolates
the atomic part of ). This is the half-plane analogue of the “logarithmic residue”

computation on the disk, and follows from the identity
log S,z + )| = —+ [ Y du)
0 r+iy)|l=—[ ——
& 1ou Y mJr (x — )2+ y? HAED,
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together with the fact that the Poisson kernel detects atoms.

Finally, the parameter a (the mass at co) is obtained from vertical growth:
= lim ~ log](iy)
@ = Jim —log| f(iy)]

since |e??*| = e7*%* and the remaining factors contribute only sublinear growth along iy.

8.5 Invariant subspaces

Here we consider translation invariant subspaces of L*(R) and their Fourier dual objects -

character invariant subspaces.

8.6 Duality between translation and multiplication

by characters

Define the translation operator 7, by
(1sf)(z) = f(z —s), x € R, for s € R.

This is a group of unitary operators on L*(R). A subspace E C L*(R) (closed, as always)
is said to be (translation) 2-invariant and if 7,F C E for all s € R, and (translation)
l-invariant if 7,F C E for all s > 0 but not for (all) s < 0. The Fourier image of the
translation operator 7, is the multiplication operator by the corresponding character e®
of the group R:

T(Ff) = F(e”f), for all f € L*(R).

Without any risk of confusion, we write €% both for the function x — €** and for the

multiplication operator by this function, f +—— e**f. Hence, we have
Te = ‘Feis:rf'flj

that is, the groups (7)ser and (€%%),cr are unitarily equivalent (conjugate) via the Fourier
transform.
We use the same terminology as above for e** -invariant subspaces. A subspace

E C L*(R) is (character) 2-invariant if ¢’** F C E for all s € R, and (character) 1-invariant
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if e**E C E for s > 0 but for (all) s < 0. Hence, E is an 1- or 2- character invariant if
and only if its Fourier image FFE is a 1- or 2- translation invariant subspace.
Consequently, the Hardy space H?(C,) is a character l-invariant subspace, and
FH?*(C,) = L*(R,) is translation 1-invariant.
Below, we will derive analogue of the Wiener theorem 3.5 and Beurling Helson theorem
3.6 for character invariant subspaces. First, we prepare the transfer of these results to

L?(R) by means of the operator Us.

Lemma 8.14. Let us = exp (3%) s €R, and let E be a (closed) subspace of L*(R). The
E is a 2-invariant subspace (with respect to the shift operator f — zf) if and only if
usBB C E, for all s € R, and E is 1-invariant subspace if and only if usE C E, for all

s >0, but not for (all) s < 0.

Proof. If b € H*®, and E is a z-invariant subspace of L*(T), then bE C E. Indeed, by
DCT, we have
liir% |bf —b,.flla =0, forall feFE,

where b,(z) = b(rz).

On the other hand, 2" f € E for every n > 0, and therefore b, f € E, since the Taylor
series of b, converges absolutely on T. Hence bf € E. The same argument applies to
b € H*® and Zz-invariant subspaces E. This proves the “only if” part of the lemma.

For the converse, it suffices to show that the function z is the bounded pointwise limit

of the functions

We have Re(1 — us(¢)) > 0, and hence |¢p5(¢)| < 1 for ¢ € T. On the other hand, using

the standard expansion e®” =14 sw + o(s) as s — 04, we obtain

limgy(Q)=¢,  CeT\{1}

Theorem 8.15. (P. Laz, 1959) Let E be a subspace of L*(R).

(i) E is a (character) 2-invariant subspace if and only if E = xsL*(R) for a measurable
subset ¥ C R.

(ii) E is a (character) 1-invariant subspace if and only if E = F,H*(C) for a measurable
function ¢ on R with |q| =1 a.e.
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Proof. Lemma 8.14 shows that F is 2 or 1-invariant if and only if its preimage U, 'E C
L?(T) has the same property with respect to the shift operator on L*(R). The results thus
follow by applying theorems 3.5, 3.6 and Theorem 8.7. O

Corollary 8.16. Let E be a subspace of L*(R).

1. E is translation 2-invariant if and only if E = FxsL*(R) for a measurable subset
Y CR.

2. E is translation I-invariant if and only if E = FqH?*(C,) for a measurable function
q on R with |q| =1 a.e.

Indeed, it suffices to use Theorem 8.15 and duality of Subsection 8.6.

Corollary 8.17. (i) If F C H*(C,), then spWHi{emF :5 >0} =0H?*(C,), where 0
is the g.c.d of the inner factors of f € F.

(it) If F C L*(Ry), then span s, {7.F : s > 0} = F(0H?*(C,)), where 0 is the g.c.d
of the inner factors of F~'f, f € F.

(ii) If f € L*(R), then Span g {e*f : s € R} = L*(R) if and only if f # 0 a.e. on R.

(iv) If f € L*(R), then Spanzg {e”*f : s > 0} = L*(R) if and only if f # 0 a.e. and
/(1 + %) log | f|dx = —oc0
R

(v) If f € L*(R), then Span o {7.f : s > 0} = L*(R) if and only if Ff # 0 a.e. on R

(vi) If f € L*(R), then span 2 g){7sf 5 > 0} = L3(R) if and only if Ff #0 a.e. and
/R(l + 2°) log | F f|dx = —oc.

Indeed, it suffices to use Theorem 8.15 and Corollary 8.16 and the corresponding

properties of z-invariant subspaces of L*(R).
Theorem 8.18 (Cauchy representation). Assume that 1 < p < occ.

(i) Let F € HP(C.), and let F(x) denote its boundary function. Then F(x) €

LP(—o00,00) and

Fz) = — /OO F) y >0, (8.6.1)

:Tm —ot— 2

0= ! I O y < 0. (8.6.2)

_% —ot— 2
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(ii) Let F(x) € LP(—o0,00) satisfy (8.6.1). Then the Cauchy formula above and the
Poisson representation from Corollary 8.9 define the same function on C,. This

function belongs to HP(C.), and its non-tangential boundary function is equal to
F(zx) a.e.

Proof. (i) By Fatou’s lemma and the definition of H?(C, ), we have:

/oo| ()P dz < lim inf - |F(z 4 iy)|Pde < oo = F € LP(—00,0).

—00 y—0 —0o0

Let G(2) = 5= [

5 D dt ,y # 0 Then G(z) is holomorphic separately for y > 0 and y < 0.
For y > 0

OOtz

6(2) =) = 5 | |25 — =] Far
© F
sy BT

= F(2).

Since F'(z) and G(z) are holomorphic on C; so is G(z),z € C,. But

@ = [ Wz cc,

2meJrt — 2

is also holomorphic. Since G(%) and G(%) are both holomorphic, hence G(%) is constant
on C;. Since G(—iy) — 0 as y — 0o, G(Z) =0 on C,. Thus (8.6.1) holds.

(ii) Assuming

:7/ (>dtVy<O:>O——/ <)dtvy>0=>0—G(f),Vy>0
271 ot — 2mi ot —7%

In (i) we have proved: G(z) — G(z) = F(z) fory > 0 = G(z) = F(z). Applying
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Holder’s inequality:

/_O:O\F(eriy)\pdx:/_oo /

I /zlt_f/zy ro] (]
< [ o) ()7 ) |
SV / Stro) ([ )
= y/” lrpar) e

<// t_i/” | F(t)Pdadt
g/_oo]Ft\pdt

p

0o y/?f s

S L —T Y

2

p

dx

dz

dx

This shows that F' € HP(C,) O

8.7 Cauchy kernels and LP-decomposition

1
Theorem 8.19. (i) Show that HP?(C,) = spaan(R){_ cImop > 0} forl <p < oo.
T —
(Hint: Use HP(Cy) = U,H? and solve U,f = ﬁ)

(i) Let 1 < p < oo. Show that LP(R) = HP(C,) ® HP(C_), where & stands for the
orthogonal sum for p =2 and direct sum for p # 2.

(iii) Let
1 f()
= dt, R
Cf(z) = 5 [ 72, zeCy
be the Cauchy integral of f € LP(R), 1 < p < oo, then the following are equivalent.

(a) f € HP(Cy).
(b) Cf = f., where f,. stands for the Poisson integral extension.
(c) Cf(z) =0 for Im z < 0.

Proof. Previously solved. n
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Theorem 8.20. (The Paley Wiener theorem) An entire function E is called of exponential
type if
mlz‘mlog EG _ .
||
the limit itself is the type of E. Let £, = set of all entire functions of exponential type
< a. For a > 0, show that the following are equivalent.

(i) E €&, and E|lg € L*(R).
(ii) There exists f € L*(R) such that Ff = E and supp f € [—a, al.

Hint: For (ii) = (i), estimate the exponential type of E applying the Cauchy
inequality to the Fourier transform of f :

2a|Imz| __ 1

B(2)| = ‘/_C; e~ (1) dx )é < (Qa)%eallmz\_

€
S

Moreover, || E||2 = || f|l2 by Plancherel’s theorem:
(i) = (ii): First suppose that E|g € L*(R) N L>(R). Then by Phragmén-Lindelof
theorem |E(2)| < ||E||lsoe®™*!, for z € C, implies
A
Z 4+ 1A

|EN(2)| = e E(z) € H*(CL), A > 0.

The Paley Wiener theorem 8.8 entails that F(F,) = 0 a.e. on (—o0,0) and hence
F(e"™E) = 0 on (—o0,a) (because A11_}11;1OHE,\ — ¢ E||12) = 0). Therefore, F(E) =
ToF (e"*E) = 0 a.e on (—o00, —a). Similarly F(E) = 0 a.e. on (a,00.) and we get (ii).

In general case, replace E by E(z) = [ E(z — t)¢c(t)dt, where ¢.(t) = e 'p(L), ¢ >0
is compactly supported in R. It follows that E€ € &, and supp (F) C [—a — €,a + €,

and we have lim | E — E||2®) = 0.
e—0

Question 8.21. (a) Show that f € H*(C,) if and only if f € L*(R) and F(f) =

0 a.e. on R.

(b) Find f € L'(R) N L*(R) such that L*(R) = spano(g)(7sf : s € R) and L'(R) #
span g {7sf : s € R} (Hint: Consider f = X(ap).)

(c) F. & M. Riesz theorem for R: Let y be a complex Borel measure on R such that
Jp €' du(t) = 0 for all s > 0. Show that u << m.
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8.8 Exercises and extensions

This final local exercise block is intended as a bridge from the disk theory to the upper
half-plane model.

Core exercise
Exercise 8.22. H'(C,) = H*(C,)H?*(C,)

Proof. We know that w : D — C, is a conformal map.

FeH(C,) = F-uw € H(D)
— F.w' =Gy Gy where Gy,Gs € HQ(]D))
— F =[G (w) Gy (w)?]

Next define two functions gy, g2 by the following forms:

grew=Gy-(w)?

grow =Gy (w)/?
= (grow)(w)? =G, € H*(D)
— (gpow)(w)/? =Gy € H*(D)
= 1,00 € H*(Cy)

and

F=(gew)(gew)
—_— F.w_lzgl.g2

= [ =0g1" 9.
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Chapter 9

Problem Sets and Further Reading

This chapter is a self-contained bank of problem sets aligned one-to-one with the
syllabus items and the chapter sequence of these notes. Each set is organized from
foundational checks to more conceptual questions, and can be used for tutorials,

take-home assignments, or midterm/final preparation.

Learning objectives.
o Revisit each chapter through carefully staged problems rather than isolated drill.
e Separate routine verification from deeper synthesis and open-ended extensions.

« Provide a clean assignment architecture suitable for tutorials, qualifying-exam prepara-

tion, and independent reading courses.

Problem-set architecture.

o In each set, the first problems are intended as warm-up checks of definitions and basic

lemmas.

e The middle problems form the core track; they assemble the main ideas of the chapter

into full proofs.

o The final problems are challenge/extension problems meant for seminar discussion,

projects, or exam enrichment.
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9.1 Problem Set I: Invariant subspaces of L*(T, y)

Problem-set architecture.
o Warm-up: Problems 1-4.
o (Core track: Problems 5-9.

o Challenge track: Problems 10-13.

1. Let u be a finite Borel measure on T and let M, denote multiplication by z on L?(u).
Show that a closed subspace E C L?(u) is reducing for M, (i.e. invariant for both M,
and M) if and only if £ = y,L?*(u) for some Borel set o C T.

2. For f € L?(u) define the cyclic subspace
E; :=span{z"f :n > 0} C L*(u).

Show that Ey is invariant for M, and compute the wandering subspace Fy © zEy in
terms of the orthogonal projection of f onto Ey © zFy.

3. (Unilateral shift model) Let © = m be normalized arc-length measure on T. Show that
H? =span{z" : n > 0} is invariant but not reducing. Compute H? & zH? and identify
the shift M, |g2 as a unilateral shift of multiplicity 1.

4. (Doubly invariant = characteristic function) Let p be a finite Borel measure on T.
Assume E C L*(p) satisfies zE = E. Show that F is reducing and hence E = yx,L*(1)
for some Borel o. (Hint: use z7'E C FE and the functional calculus for normal

operators.)

5. (Simply invariant subspaces and uniqueness) Let g = m and let £ C L*(T,m) be a
nonzero closed subspace with zF C F. Show that E contains a wandering vector w # 0
such that {z"w : n > 0} is orthogonal. Deduce that E = §H? for an inner function 6

(Beurling’s theorem).

6. (Boundary uniqueness) Let f € H?(D) for some 0 < p < co. Assume the non-tangential
boundary values f vanish on a set £ C T of positive Lebesgue measure. Prove that

f=0onD. (Hint: reduce to the outer factor and use log|f| integrability.)
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7. Let p be a finite Borel measure on T with Lebesgue decomposition p = u, + ps with

10.

11.

12.

13.

respect to m. Show that

HR (1) = 2H2(n) = H3 (1) @ L (1),

Conclude that H?(u) is a proper subspace of L?(u) if and only if y has a nontrivial

absolutely continuous part.

. (Distance to HZ(n)) With H2(u) as above, show that for f € L?(u),

dist(f, H3 (1)) = | (£ V2o - [ P&l

and specialize this formula to = m. (Hint: identify (Hg(u))* and use Riesz represen-

tation.)

. Let p be a finite Borel measure on T. Prove that the following are equivalent:

(i) There exists a non-reducing invariant subspace E C L?(u) with zE C E.

(ii) There exists a nonzero complex measure v < p such that [p 2" dv = 0 for all
n > 1.

Let 0 < u < m be a finite measure on T. Can H?(u) be a proper reducing subspace of

L*(1)? Give a complete answer (prove or produce a counterexample).

Let f € H? be outer. Show that span{z"f :n > 0} = H?, and that
span{z"f :n > 1} = zH”.

(Interpretation: cyclicity of outer functions.)

(Factorization in L?) Let (X, i) be a finite measure space. Decide whether it is true
that every F' € L*(u) can be written as F' = GH with G, H € L*(u). Give a sharp

condition on (X, 1) under which such a factorization always exists.

(Wold decomposition viewpoint) Let V' be an isometry on a Hilbert space ‘H and let
W :=H o VH. Prove the Wold decomposition

H = (QB V”W> & H,,

n>0
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where V' is unitary on H,. Apply this to V = M,|g for an invariant subspace E C
L*(T,m) and interpret dim(E © zF) as the shift multiplicity.

9.2 Problem Set II: Applications, outer functions, and

weighted approximation

Problem-set architecture.
o« Warm-up: Problems 1-3.
e Core track: Problems 4-8.

o Challenge track: Problems 9-11.

1. Let f € H?. Show that || f|| g2 = supge,<1 | fir)llz2(r) Where f)(C) == f(r¢).

2. Let p be a polynomial. Prove that p is outer (as an H?-function) if and only if p has

no zeros in D. Deduce that z — X is outer if and only if |A| > 1.

3. Let w € LY (T, m) and assume there exists f € H? such that |f|* = w a.e. on T. Show
that there exists a unique outer function f, € H? (unique up to a unimodular constant,
fixed by f,(0) > 0) such that |f,|> = w a.e.

4. (Szegd infimum) For w € L! (T, m) define

d(w) == inf{/ |1 —p[*wdm : pis a polynomial with p(0) = 0},
T

Assume logw € LY(T). Show that §(w) = exp<fT log w dm). (Hint: use outer functions

and orthogonal projection onto HZ(w dm).)

5. (Weighted polynomial approximation) Let w € L (T) and consider L?(w dm). Show
that polynomials are dense in L?(wdm) if and only if §(w) = 0. Relate this to the
condition logw ¢ L'.

6. (Probabilistic/prediction interpretation) Let (X, )necz be a stationary process with
spectral measure p on T. Formulate the one-step prediction problem and show that
the optimal prediction error equals dist(1, HZ(u)). Identify the Szegd condition in this

language.
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7.

8.

9.

10.

11.

Let f € H*N H? with || f|l« < 1. Show that 1+ f is outer. (Hint: use Rlog(1+ f) =

log |1 4+ f| and harmonic majorants.)
Let f € H?*N L*°(T). Show that e/ € H? and is outer.

(Arithmetic of inner functions) Let 6,605 be inner functions. Define their greatest
common inner divisor ged(fy, 6;) and least common inner multiple lem(6y, 65). Prove
that

01H? + 0, H* = gcd (6, 05) H?, 01H? N O, H? = lem(6,,60,) H?.

Let f € H' N L*>. Show that there exist g, h € L?(T) such that f? = gh and each of
g, h lies in the cyclic subspace generated by f. (Aim: practice L?-factorization and

invariant subspaces.)
(Concrete Szegd computations) Compute (w) explicitly for the following weights:

(a) w(¢) = |1 — al]* with [a] < 1;
(b) w(¢) = exp(2R(b¢)) with b € C;
(¢) w(¢) =1|¢C— A" for |A] =1 and o > —1.

State precisely for which parameters logw € L' and interpret the result.

9.3 Problem Set III: H? on the disk, boundary limits,

and canonical factorization

Problem-set architecture.

Warm-up: Problems 1-4.
Core track: Problems 5-8.

Challenge track: Problems 9-11.

. Prove that H?(D) C HY(D) whenever 0 < ¢ < p < oo and give an example showing the

inclusion is strict.

. Let f € Hol(D) and define u,(¢) = |f(r()[? for 0 < r < 1. Show that w, increases in r

if f € HP and explain how this yields the existence of radial boundary values in L? for
p>1.
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3. (Hardy—Littlewood maximal theorem for H?) Let 0 < p < oo and let f € HP. Define

the non-tangential maximal function

fH(&) == sup |f(z)].

z€l'(€)

Show that f* € LP(T) and that [[f*||, < ||f|lge- Deduce Fatou’s theorem for non-

tangential limits.

4. (Jensen formula and inequality) Let f € Hol(D), f(0) # 0, and let (a,) be the zeros of f

in D counted with multiplicity. Prove Jensen’s formula and deduce Jensen’s inequality
log|/(0)] < [ 1og|f|dm.

5. (Blaschke condition) Let (a,) C D be a sequence without accumulation in . Show
that the Blaschke product

B(z) = 1l 2

a, 1—a,z

n

converges uniformly on compact subsets of D if and only if -, (1 — |a,|) < oc.

6. (Singular inner functions) Let o be a finite positive singular measure on T. Show that

(+=z
T(— 2

50(2) = e - i(0))

defines an inner function, identify its boundary modulus, and prove that S, has no

zeros in D.

7. (Riesz—Smirnov factorization) Let 0 < p < oo and f € HP, f # 0. Prove that there
exist an inner function 6 and an outer function F such that f = 6F. If p < oo, refine
this to the full canonical factorization f = B S, F'.

8. (Outer criterion) Let F be outer. Show that log |F| € L*(T) and that
log |F(0)] :/1og|ﬁ\dm.
T

Conversely, show that if f € H? and equality holds in Jensen’s inequality, then f is

outer up to a unimodular constant.

9. (Boundary regularity and 0 < p < 1) Let 0 < p < 1. Investigate which parts of Fatou’s
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theorem and canonical factorization remain valid in H?. In particular, decide whether

non-tangential boundary limits coincide with radial limits a.e. for H? when 0 < p < 1.

10. (Approximation by Blaschke products) Let € be an inner function. Show that € can be

11.

approximated uniformly on compact subsets of D by finite Blaschke products if and
only if its singular inner part is trivial. State the precise approximation theorem you

use.

(Zero sets and uniqueness) Let E C T have positive measure. Construct a nontrivial
outer function F’ with boundary values F=0onFEandF # 0 a.e.on T\ E. Explain why
this does not contradict boundary uniqueness for analytic functions with LP boundary

values.

9.4 Problem Set IV: Szegé6 infimum, Smirnov class,

and Phragmén—Lindelof

Problem-set architecture.

Warm-up: Problems 1-3.
Core track: Problems 4-6.

Challenge track: Problems 7-9.

. Show that the Smirnov class N, (D) is a vector space and that H? C N, for every

0<p<Loo.

. Let ¢ be a conformal automorphism of . Show that f — f o ¢ preserves N, (D) and

sends outer functions to outer functions (up to a unimodular constant).

(Locally outer) Let f € N, (D). Show that for each 0 < r < 1 there exists an outer
function F, on D such that f/F, is bounded and analytic on rD.

. Prove the generalized Phragmén—Lindel6f principle in the form stated in the notes, and

deduce the classical maximum modulus principle for H* as a corollary.

(Outer on a smaller disk) Let f € Ny (D). Assume f is outer on 1D. Decide whether f
must be outer on ID. Give a proof or counterexample, and state clearly which step fails

if the implication is false.
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6. (Szegd and N, ) Let w € LY (T). Show that logw € L' if and only if there exists F' € N,
such that |F|?> = w a.e. Relate this to the existence of an outer H-function when
additionally w € L.

7. (Frostman shifts) Let 6 be inner and a € D. Show that

0(z)—«a
%) = T 500

is inner, and study how the singular measure in the canonical factorization changes

under this transformation.

8. (A sharp integrability test) Let F' be outer with boundary modulus |F|. Give a necessary
and sufficient condition (in terms of log |F|) for 1/F € H?. Check your condition on a

typical outer function with a power singularity at one boundary point.

9. (Szegd through Toeplitz forms) For w € L define the Toeplitz quadratic form on
polynomials by

Quw(p) ::/T|p|2wdm.

Show that the Szegd infimum equals the inverse of the squared norm of the evaluation
functional at 0 on the closure of polynomials in L?*(w dm). Use this to give an operator-

theoretic proof of the Szegd formula under logw € L*.

9.5 Problem Set V: Harmonic conjugates, Hilbert

transform, and Helson—Szeg6

Problem-set architecture.
o« Warm-up: Problems 1-4.
e Core track: Problems 5-7.

o Challenge track: Problems 8-9.

1. Let u € LY(T) with frudm = 0. Show that the harmonic conjugate @ is defined a.e.

(via principal value) and satisfies [; @ dm = 0.
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2. Compute the Hilbert transform of cos(nf) and sin(nf) for n > 1 and deduce that the
conjugation operator is an isometry on the subspace of real trigonometric polynomials

with zero mean.

3. (M. Riesz theorem) Prove that the Hilbert transform extends to a bounded operator on

LP(T) for 1 < p < oo, and explain why it fails on L' and L.

4. Show that the Riesz projection P, : L*(T) — H? extends boundedly to LP(T) for
1 < p < oo and identify P, in terms of the Hilbert transform.

5. (Generalized Fourier series) Let p be a finite measure on T and consider the system
{z"}nez in L*(pn). Give necessary and sufficient conditions for {2"},cz to be complete,

and relate this to the support of 4 and to invariant subspaces of L?(u).

6. (Helson—Szegd weights, conceptual form) Let w € L1 (T). Show that the following are

equivalent:

(i) The Riesz projection P, is bounded on L*(w dm).

(ii) There exist bounded real functions u,v € L*(T) with |[v|| < § such that

w=¢e""" ae.

(This is the Helson—Szeqd theorem; your task is to prove the direction emphasized in the

notes and outline the converse.)

7. Show that if w € Ay (Muckenhoupt class) then the Hilbert transform is bounded on

L*(w dm). Compare this sufficient condition with the Helson-Szegd characterization.

8. Let f € H? be outer and write f = €9 with g € H'. Show that |f|?> = ¢* and interpret
Helson—Szegé in terms of Jg (an L™ control on the argument). Give an example where
Rg € L' but Sg ¢ L™ and explain what fails.

9. (Bases of exponentials) Let p be an absolutely continuous measure with density w.
Investigate when {e™}, < forms a Riesz basis in L?(w df). State a sharp criterion in
terms of w (or logw) as far as covered in the notes, and illustrate it on explicit families

of weights.
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9.6 Problem Set VI: Transfer to the upper half-plane
and H?(C,)

Problem-set architecture.
o« Warm-up: Problems 1-3.
o Core track: Problems 4-6.

o Challenge track: Problems 7-8.

1. Let ¢(2) = % be the Cayley transform mapping C, conformally onto ID. Show that ¢
extends to a.e. boundary map R — T and compute the Jacobian relating df on T to
dx on R.

2. Define H?(C,) via non-tangential maximal functions (or via boundary values on R).
Show that f +— (fo @) - (¢~')' /P gives an isomorphism between HP(C,) and HP(D)

(with the usual convention for p = 00).

3. (Poisson and Cauchy kernels) Derive the Poisson kernel P,(z —t) for C and show that
for F' € L?(R), the Poisson extension

u(x +1y) = (P, * F)(z)

is harmonic in C, and has non-tangential boundary values F a.e.

4. (Paley-Wiener theorem for H?*(C,)) Show that f € H?(C,) if and only if there exists
g € L*(0,00) such that

1) = [Ty, zecy,

0
and that || f||z2 = [|g]|£2(0,00)-

5. (Inner—outer factorization on C, ) State and prove the canonical factorization in H?(C.).

In particular, identify:

(a) Blaschke products in C, and their convergence condition;

(b) singular inner factors coming from singular measures on R;
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(¢) the outer factor written via log|f| on R.

6. (Invariant subspaces) Formulate the analogue of Beurling’s theorem for the shift-invariant
subspaces of H*(C,) (multiplication by e’ or by the Cayley image of z). Explain how

inner functions on C parametrize such invariant subspaces.

7. Let U be an inner function on C, and consider the model space Ky := H?(C,) ©
UH?(Cy). Show that evaluation at points of C, is bounded on Ky and write down
the reproducing kernel. Relate this kernel to the Cauchy kernel and to Clark measures

(as far as covered in the notes).

8. (Conformal invariance and N, ) Prove that the Smirnov class N is conformally invariant
between D and C, . Use this to transport the generalized Phragmén—Lindel6f principle
to C, and work out an explicit example of a growth condition on f in C, implying
feH=(C,).

Reading and further exercise lists. For additional problem banks and perspectives,
see Duren [13] (Chapters 1-4), Hoffman [10], and Nikolskii [2].
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