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The environment surrounding a black hole or black hole binaries is generally expected to play an
important role in understanding various astrophysical phenomena around them. In this paper, we study
relativistic, low angular momentum, inviscid, and advective hot accretion flow onto a galactic supermassive
black hole dressed with a cold dark matter halo. Focusing on different relativistic dark matter distributions
with an inner density spike, we analyze the effect of the dark matter halo on the topology and properties of
the accretion flow. Our results show enhancement of disk luminosity in the presence of dark matter, which
depends on the nature and properties (halo mass and compactness) of the dark matter distribution. Under
the assumptions of our accretion model, the dominant contribution to the disk luminosity for compact and
massive halos arises from the inner regions of the accretion flow. Consequently, our analysis indicates that
luminosity measurements can serve as an effective probe of the underlying dark matter density spike.
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I. INTRODUCTION

The stellar velocity dispersion of S stars (particularly the
S2 star) around the center of our Milky Way (Sgr. A) [1,2]
together with the findings of the Event Horizon Tele-
scope (EHT) Collaboration [3] have established the exist-
ence of supermassive black hole (SMBH), Sgr. A*
(MBH∼4×106M⊙) in the galactic center with almost
absolute certainty. Infact, almost all galaxies are believed
to host a SMBH (MBH ∼ 106–1010M ⊙) [4,5], which plays
a crucial role in their evolution [6]. Despite the over-
whelming evidence of their existence, the formation
mechanism and growth rate of these SMBHs remain an
open question [7]. The current theoretical models on the
formation of SMBHs fail to explain the distribution of the
black hole (BH) mass with distance as most of the SMBHs
are found at high redshifts [5]. Although galaxy mergers in
the early universe may lead to a possible explanation for the
rapid growth rate of the SMBHs, it requires the presence of
dark matter (DM) [8] (see [9–11] for alternatives).
The flattening of the rotation curves of spiral and disk

galaxies at large radii provides strong evidence of the
existence of DM [12]. Studies on the rotation curves of Sgr.
A [13,14] and other galaxies [15,16] suggest that over 90%
of the galactic mass is in the form of DM. Furthermore,
cosmic microwave background (CMB) observations indi-
cate that DM constitutes over 85% of the total matter

density of the Universe [17]. Though the exact nature and
origin of DM remain a mystery, its abundance, coldness
and lack of strong (nongravitational) interaction with
Standard Model particles are indisputable (see [18] for a
review). The cold dark matter (CDM) at the galactic center
gets redistributed by the SMBH, whose strong gravity
results in a significant increase (spike) in the local mass
density of the CDM outside the event horizon. Assuming
the central SMBH (in the absence of DM) to be represented
by the Schwarzschild geometry, a fully general relativistic
analysis suggests that the DM density distribution must
vanish at twice the Schwarzschild radius [19] (see also [20]
for a Newtonian analysis). Thus, the galactic cores serve as
a unique laboratory to probe the effect of DM on strong
gravity phenomenology [21].
At low redshift, SMBHs primarily grow through the

process of accretion, where (luminous) matter from their
surrounding environment falls onto them, gradually
increasing their mass. These are observed as active galactic
nuclei (AGN). The accretion rate influences AGN proper-
ties, launching outflows that may shape the host galaxy’s
growth [6,22,23]. The environmental dependence of AGN
activity can provide powerful constraints on evolutionary
scenarios of SMBH fueling and feedback [24]. The present
work is an attempt in this direction to qualitatively analyze
the influence of cold collisionless DM halo, particularly the
DM overdensity/spike on the advection dominated tran-
sonic hot accretion flow of (luminous) matter onto the
central SMBH.
Accretion of luminous matter onto BHs and other

compact objects is believed to be one of the primary
mechanisms to power astrophysical sources, such as x-ray
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binaries [25] and AGNs [26,27]. The accretion flow starts
subsonically far away from the BH (outer edge of the
accretion disk) and spirals inward, approaching the speed
of light as it reaches the event horizon. Thus, the accretion
flow is transonic in nature [28–32]. Ichimaru [33] first
pointed out that the energy generated by viscous dissipation
will increase the temperature of the accretion flow rather
than being radiated away. As a result, the advection-
dominated accretion flow (ADAF) becomes hot. This
hot accretion must also be thermally stable. The dynamical
and radiative characteristics have been extensively inves-
tigated [34–37]. Though the hot accretion model is usually
considered to be radiatively inefficient, with their cooling
time being longer than the infall time, it can successfully
describe the hard and quiescent states of the supermassive
black hole in the galactic center, low-luminosity AGNs, and
black hole x-ray binaries. On the other hand, in thin disk or
cold disk model, the gas temperature is lower than the virial
temperature [28,38–44], making the disk geometrically thin
and optically thick resulting in thermal blackbodylike
radiation.
Since the dynamics of accretion flow around compact

objects is strongly governed by the geometry of the
surrounding spacetime, one must accurately model the
modification of the spacetime geometry due to the rela-
tivistic distribution of the DM particles around the SMBH
at the galactic center. The first step in this scheme is a good
description of the galactic DM density profile, guided by
observations and large-scale simulations [45]. Assuming a
Hernquist (HQ)-type DM density distribution [46],
Cardoso et al. [47] proposed an exact analytical solution
representing SMBH minimally coupled to the anisotropic
dark matter fluid using the Einstein cluster model [48,49]
within general relativity (GR). The spacetime solution
obtained in [47] was used in [50] to develop a generic,
relativistic formalism to study gravitational-wave emission
by extreme-mass-ratio inspirals. Going beyond the
Hernquist class of DM distribution, a fully numeric pipe-
line was developed in [51,52] to treat generic density
perturbation around spherically symmetric galactic SMBH.
See Refs. [53–73] for studies on the influence of DM halos
on different spacetime properties and phenomenology. In
the present work, we follow the numerical framework
developed in [51] to model the spacetime around a static
spherically symmetric SMBH, dressed with a DM halo,
with different relativistic density distributions.
Our results indicate that the change in geometry due to

the feedback from the relativistic distribution of DM halo
causes a significant change in the effective gravitational
potential, leading to deviation in the topology and proper-
ties of the accretion flow. This results in substantial
differences in the spectral energy density and the bolo-
metric luminosity, particularly for highly compact halos
with large halo mass. The quantitative deviation of the
flow properties and luminosity from that of the vacuum

Schwarzschild BH depends on the exact nature of the halo
density profile (and the DM spike model). In the present
work, we consider three different DM density profiles,
namely, Hernquist, NFW, and Einasto, along with a fully
relativistic model of the DM spike based on Hernquist-type
distribution.
The paper is arranged as follows. In Sec. II, we discuss

the geometry of the spacetime around the central SMBH
with different numerically and observationally supported
halo density profiles. In Sec. III, we highlight the assump-
tions involved in the analysis and discuss the governing
equation for transonic accretion flow. Section IV deals with
the occurrence of the sonic points and the topology of the
global accretion solution. Subsequently, in Secs. Vand VII,
we discuss the results concerning the parameter space,
solution properties, and the luminosity of the global
accretion solution, respectively. Finally, we conclude with
a brief summary and discussion of our results in Sec. VIII
highlighting their importance and prospects.
Throughout the paper, we use geometric units

(G ¼ c ¼ 1) unless stated otherwise.

II. BACKGROUND GEOMETRY
AND DENSITY PROFILES

This section briefly reviews the formalism to construct
an asymptotically flat, static, spherically symmetric BH
solution embedded in a DM halo with different density
distributions.

A. Background geometry

We model the spacetime geometry of a BH by the line
element,

ds2 ¼ −fðrÞdt2 þ dr2

1 − 2mðrÞ
r

þ r2dΩ2; ð1Þ

where dΩ2 represents the metric on a unit two-sphere.
Following [47,51,52,74,75], we employ a generalized

Einstein cluster formalism [48,49]. Einstein cluster is a
collection of collisionless particles in all possible circular
geodesics. The average stress energy tensor is given by

hTμνi ¼ n
mp

hPμPνi;

where n is the proper number density of particles with rest
mass mp and Pμ is the four-momentum satisfying the
geodesic equation. The averaging h…i is done over all
trajectories with all the directions and phases passing
through a spatial point where the energy-momentum tensor
of the orbiting particles is computed. This averaging
ensures that the system remains static and spherically
symmetric. The number density, nðrÞ, on a given shell is
independent of that in the other shells. This construction is
equivalent to an anisotropic material with only tangential
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pressure Pt and zero radial pressure. Thus, we assume the
metric in Eq. (1) to be a solution of the Einstein’s equations,

Gμν ¼ 8πTenv
μν ; ð2Þ

where

ðTμ
νÞenv ¼ diagð−ρDMðrÞ; 0; PtðrÞ; PtðrÞÞ; ð3Þ

is the anisotropic stress-energy tensor encoding the proper-
ties of the environment in terms of the density ρDMðrÞ and
the tangential pressure PtðrÞ of the matter distribution. The
zero radial pressure of the distribution is also indicative of
the negligible DM accretion rate within the timescale of
baryonic accretion. For a given density profile, the con-
tinuity equation determines the mass profile as

m0ðrÞ ¼ 4πr2ρDMðrÞ; ð4Þ

whereas the metric function fðrÞ and the tangential
pressure PtðrÞ are determined by the rr component of
the field equations (Eq. (2)) and the Bianchi identities,
respectively,

f0ðrÞ
fðrÞ ¼ 2mðrÞ=r

r − 2mðrÞ ; ð5Þ

PtðrÞ ¼
mðrÞ=2

r − 2mðrÞ ρDMðrÞ: ð6Þ

The metric functions fðrÞ and mðrÞ completely specify the
geodesic structure of the spacetime.
The stationarity and spherical symmetry of the metric (1)

implies the existence of a timelike and a spacelike Killing
vector associated with the conserved quantities, the specific
energy and the specific angular momentum at infinity. The
radius of the innermost stable circular orbit for massive
particles is given by the roots of the equation,

r2m0ðrÞ þ rmðrÞ − 6m2ðrÞ ¼ 0; ð7Þ

with the associated angular frequency,

ΩISCO ¼
�

fðrÞmðrÞ
r2ðr − 2mðrÞÞ

�
r¼rISCO

: ð8Þ

The radius of the light ring (unstable null circular geodesic)
is determined by the roots of the equation, r ¼ 3mðrÞ, with
the associated angular frequency,

ΩLR ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
fðrLRÞ

p
rLR

: ð9Þ

To evaluate the metric functions fðrÞ and mðrÞ, we
follow the numerical procedure outlined in [52] motivated

by the solutions obtained in [76–78]. We start with a
specific choice of the DM density profile ρDMðrÞ (as
outlined in Sec. II B) and numerically integrate Eq. (4)
from r ¼ 2MBH to r∞ ¼ 1016MBH (corresponding to our
numerical infinity) to determine mðrÞ. We then use mðrÞ in
Eq. (5) to evaluate fðrÞ by integrating backwards from r∞
with the boundary conditions,

mr∞ ¼ MBH þMhalo; ð10Þ

fðr∞Þ ¼ 1 −
2mðr∞Þ

r
; ð11Þ

where Mhalo is the total mass of the DM environment
surrounding the BH. Note that by construction, the event
horizon is rh ¼ 2MBH. The obtained metric functions can
then be used in Eq. (6) to determine the tangential pressure.
Similarly, the location and angular momentum at the ISCO
and light ring can also be determined explicitly, using
Eqs. (7)–(9), respectively.

B. Environmental density profiles

Since we are interested in studying the effect of colli-
sionless CDM distribution on the accretion onto the central
BH, we consider two of the most widely studied CDM
density profiles, the Hernquist [46] and the Navarro-Frenk-
White (NFW) [79,80] distributions. Whereas the Hernquist
profile is mostly used to model the Sérsic profile observed
in bulges and elliptic galaxies, the NFW profile is mainly
used for galaxies with the largest content of DM [5]. Both
these profiles can be parametrically described as [81]

ρDMðrÞ ¼ ρ0DMðr=a0Þ−γ½1þ ðr=a0Þα�ðγ−βÞ=α; ð12Þ

where ρ0DM ¼ 2ðβ−γÞ=αρDMða0Þ is a scale factor with a0 being
the scale radius of the halo. The parameters β and γ,
respectively, govern the dependence of the profile at large
and small radii, whereas α determines the sharpness of the
change of the profile slope at a0 [81]. The Hernquist and
NFW density profiles correspond to the parameter set
ðα; β; γÞ ¼ ð1; 4; 1Þ and ðα; β; γÞ ¼ ð1; 3; 1Þ, respectively.
Since the total mass of the NFW profile is logarithmically
divergent, we use a cutoff radius rc for the dark matter
distribution, such that Mhaloðr > rcÞ ¼ 0. Henceforth, for
the NFW density profile, wewill use two values of the cutoff
radius; (a) rc ¼ 5a0 (referred to as NFW), (b) rc ¼ a0
(referred to as NFW1). We also use a third-density profile
named, Einasto profile [82,83], that, as per recent N-body
CDMsimulations, provides an excellent fit to awide range of
dark matter halos. The Einasto profile is given by

ρDMðrÞ ¼ ρeDM exp f−dn½ðr=reÞ1=n − 1�g; ð13Þ

where re denotes the radius of the sphere containing half of
the total mass, and ρeDM is the mass density at r ¼ re with
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n ¼ 6 and dn ¼ 53=3 [84,85]. Throughout the work, we set
re ¼ a0 for brevity.
Due to the adiabatic accretion growth of a seed non-

rotating BH sitting at the core, the DM distribution is
expected to develop an overdensity with a sharp cutoff
close to the horizon at r ¼ 4MBH [19,20]. Following [52],
we model the overdensity in two different ways:
(1) We multiply the DM density profile with the cutoff

factor ð1 − 4MBH=rÞ.1 The choice of the cutoff factor
ensures that the dominant energy condition is satisfied
[52,86,87] in the region, 2MBH < r < 4MBH;

(2) We consider a fully relativistic DM spike model
introduced in [88]. We concentrate on the Hernquist
subclass of the DM spike i.e., we consider the
adiabatic growth of the DM spike starting from a
Hernquist distribution given by [52]

ρDMðrÞ ¼ ρ̄DMðrÞ
Mhalo

M2
BH

�Z
rc

4MBH

4πr2ρ̄DMðrÞdr
�

−1
;

ð14Þ

with

ρ̄DMðrÞ ¼
�
1 −

4MBH

r

�
α
�

rMBH

Mhaloa0

�
β

×

�
1þ rMBH

Mhaloa0

�
γ

; ð15Þ

where α ¼ 2.366, β ¼ −2.320, and γ ¼ −1.370.
The functional dependence of ρ̄DMðrÞ on a0 and
Mhalo was determined empirically by studying the
behavior of an ensemble of DM profiles computed
numerically for selected values ofMhalo and a0 [19].
The numerical values of α, β, and γ were then
determined by fitting with a numerical spike with
Mhalo ¼ 104MBH and Mhalo=a0 ¼ 0.001.

Figure 1 shows the representative plots of different DM
distributions for different values of the halo mass and scale
radius. We note that the Hernquist and the NFW profiles
behave almost similarly, with the Hernquist density being
greater than the NFW density at a fixed radius. The NFW
distribution terminated at a0 (NFW1) has a higher density
than the one terminated at 5a0 since the total halo mass
remains constant. For the halo-compactness (Mhalo=a0)
considered in Fig. 1, the Hernquist-type spike profile has
the highest density of DM close to the BH; however for
more compact halos, the situation is reversed [52].

FIG. 1. Halo density profiles for different values of the Mhalo and a0. For the NFW profile, two values of the truncation radius have
been used, rc ¼ 5a0 (NFW) and rc ¼ a0 (NFW1). The DM spike profile is of the Hernquist subclass. See the text for details.

1The radius r ¼ 4MBH corresponds to the radius of the
unstable circular orbit of a marginally bound particle with angular
momentum per unit mass L ¼ 4MBH. Any particle with energy
E ≤ 1 and angular momentum L ≥ 4MBH has an inner turning
point at r ≥ 4MBH. So, a particle reaching r ¼ 4MBH with E ¼ 1
is necessarily captured by the BH.
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In the subsequent sections, we study the accretion flow
of the baryonic matter onto the galactic BH dressed with a
dark matter halo. We again stress that the DM influences
the accretion flow of the baryonic matter by modifying
spacetime geometry.
Since there are multiple length scales involved in the

problem, we maintain a strict separation of the length
scales,MBH ≤ Mhalo ≤ a0 and redge ≤ a0, where redge is the
outer edge of the accretion disk. Note that in all the cases,
we treat Mhalo and a0 as free model parameters for a
qualitative analysis.

III. ASSUMPTIONS AND MODEL EQUATIONS

In this section, we present the basic equations governing
the advection dominated, steady, inviscid, hot accretion
flow of nonmagnetic and optically thin plasma [89] onto the
central BH. The spherical symmetry of the background
geometry [Eq. (1)] allows us to consider a planar accretion
flow (for brevity we choose to be the equatorial plane). The
energy-momentum tensor and the four-current of the fluid
is given by

Tμν ¼ ðeþ pÞuμuν þ pgμν and jμ ¼ ρuμ; ð16Þ

where e, p, ρ, and uμ are the local energy density, pressure,
mass density and four-velocity of the fluid element,
respectively, with uμuμ ¼ −1. The conservation of the
energy-momentum tensor and the mass-flux provide the
relativistic hydrodynamical equations that completely
determine the accretion flow. These are given by

Tμν
;ν ¼ 0 and jν;ν ¼ 0: ð17Þ

Using the projection tensor, hμν ¼ gμν þ uμuν, projecting
the conservation equation onto the hypersurface orthogonal
to the flow velocity, we get the relativistic Euler equation as

hαμT
μν
;ν ¼ ðeþ pÞuνuα;ν þ ðgαν þ uαuνÞp;ν ¼ 0: ð18Þ

Similarly, the component of the conservation equation
along the flow velocity yields the energy equation,

uμT
μν
;ν ¼ uμ

��
eþ p
ρ

�
ρ;μ þ e;μ

�
¼ 0: ð19Þ

Since the temperature of the accretion flow close to the
BH is of the order ∼1010–1011 K, the accretion flow is
thermally relativistic. Thus, we use the relativistic equation
of state (REOS) [90] with variable adiabatic index to relate
the density and pressure of the flow,

e ¼ ρ

τ
f̃; p ¼ 2ρΘ

τ
; ð20Þ

with, τ ¼ 1þmi=me and

f̃ ¼
�
1þ Θ

�
9Θþ 3

3Θþ 2

��
þ
�
mi

me
þ Θ

�
9Θme þ 3mi

3Θme þ 2mi

��
;

ð21Þ

where me and mi are the masses of electron and ion,
respectively, and Θð¼ kBT=mec2Þ is the dimensionless
temperature. In the above equation and all subsequent
calculations, we implicitly assume the number density
of the electrons and ions to be the same. Using the
REOS in Eq. (20), we express the associated sound-speed

as Cs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ΓΘ=ðf̃ þ 2ΘÞ

q
, where Γ½¼ ð1þ NÞ=N� is the

adiabatic index with N ¼ ð1=2Þðdf̃=dΘÞ being the poly-
tropic index of the flow. Since the accretion flow is
assumed to be confined in the equatorial plane
ðθ ¼ π=2; uθ ¼ 0Þ, we write the radial component of the
relativistic Euler equation as

vγ2v
dv
dr

þ 1

hρ
dp
dr

þ dΦeff
e

dr
¼ 0; ð22Þ

where γv ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
is the Lorentz factor associated

with the fluid three velocities in the corotating frame,
v ¼ γϕvr ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
urur=½ututðλ2fðrÞ=r2 − 1Þ�

p
. The quantity

hð¼ ðeþ pÞ=ρÞ is the specific enthalpy and Φeff
e is the

effective potential [91] given by

Φeff
e ¼ 1 −

1

2
ln

�
1

fðrÞ −
λ2

r2

�
: ð23Þ

As evident from Eq. (23), the effective potential depends on
the spacetime geometry and the specific angular momen-
tum of the flow.
The symmetry of the background spacetime allows us to

consider a stationary and axisymmetric accretion flow.
Thus, we define the specific energy (E) and the conserved
angular momentum (L) associated with the timelike and
spacelike Killing vectors (∂t) and (∂ϕ) respectively as

−hut ¼ E; and huϕ ¼ L: ð24Þ

We also define the specific angular momentum as λ ¼ L=E,
which is conserved along the flow streamline.
The effect of the DM density profile on the effective

potential is shown in Fig. 2. We observe that compared to
the vacuum Schwarzschild BH, the presence of the DM
halo lowers the effective potential at any given radius.
Thus, a flow with lower specific energy can overcome the
potential barrier. For a fixed total halo mass as a0 increases
(DM distribution gets more dilute), Φeff

e approaches the
Schwarzschild limit for all DM distributions. Again, for a
given a0, as the halo mass increases, the deviation of the
effective potential of each of the DM distributions from
the Schwarzschild value increases. However, for a fixed
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compactness, (Ψ ¼ Mhalo=a0), the higher the halo mass, the
lower the effective potential. Though the effective potential
for the different DM distributions follows a similar trend,
they differ largely among themselves. We observe that close
to the central BH, the Einasto profile gives rise to the smallest
effective potential. Far away from the centralBH the effective
potential for the NFW1 profile is usually the smallest. The
effective potential for HQ-type DM spike distribution
strongly depends on the halo mass as shown in Appendix B.
The radial component of the entropy-generation equation

[Eq. (19)] gives �
eþ p
ρ

�
dρ
dr

−
de
dr

¼ 0: ð25Þ

The integrated form of the continuity equation [Eq. (16)]
gives the conserved mass accretion rate of the flow as

Ṁ ¼ 4πrρvγvH
ffiffiffiffiffiffiffiffiffi
fðrÞ

p
; ð26Þ

whereH ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
prðr2 − λ2fðrÞÞ=ρ

p
is the local half-thickness

of the disk. Following [92,93], we define the entropy
accretion rate of the flow as

Ṁ ¼ Ṁ
4πK

¼ ρ

K
vγvHr

ffiffiffiffiffiffiffiffiffi
fðrÞ

p
; ð27Þ

where the density is obtained by integrating Eq. (25) using
Eqs. (20) and (21),

ρ ¼ K exp

�
f − τ

2Θ

�
Θ3=2ð3Θþ 2Þ3=4ð3Θþ 2mi=meÞ3=4;

ð28Þ

with K being the constant of integration. Since we have
considered an adiabatic accretion flow, the entropy accre-
tion rate Ṁ remains constant throughout the flow stream-
line. Furthermore, using Eqs. (25) and (26), we express the
dimensionless temperature gradient as

dΘ
dr

¼−
2Θ

2Nþ 1

�
1

r

�
5

2
þ λ2

r2 − λ2

�
þ γ2v

v
dv
dr

þ f0ðrÞ
2fðrÞ

�
: ð29Þ

Using Eqs. (22) and (29), we obtain the wind equation in
terms of the sound speed as

dv
dr

¼ N
D

; ð30Þ

where

N ¼ 2C2
s

Γþ 1

�
1

r

�
5

2
þ λ2

r2 − λ2

�
þ f0ðrÞ
2fðrÞ

�
−
dΦeff

e

dr
; ð31Þ

D ¼ γ2v

�
v −

2C2
s

vðΓþ 1Þ
�
: ð32Þ

FIG. 2. Variation of the effective potential (Φeff
e ) as a function of the radial coordinate r in the unit of the BH mass for different DM

halo density profiles. Here, we choose λ ¼ 3. See the text for details.
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IV. CRITICAL POINT ANALYSIS AND GLOBAL
ACCRETION SOLUTION

The accretion flow starts subsonically from the outer edge
of the accretion disk (v < Cs) and continues smoothly along
a streamlinewith the infall velocity approaching the speed of
light as it reaches the event horizon. Thus, during the course
of accretion, the flow turns supersonic at a specific radius
depending on the background geometry, the specific angular
momentum and energy of the flow.Hence, the accretion flow
is transonic in nature. At the critical radius (rc), both D and
N in Eq. (30) must vanish identically to maintain the
smoothness of the accretion flow. Setting the critical point
conditions D ¼ N ¼ 0, we get

v2c ¼
2C2

sc

Γc þ 1
; ð33Þ

C2
sc ¼

Γc þ 1

2

�
dΦeff

e

dr

�
c

�
1

rc

�
5

2
þ λ2

r2c − λ2

�
þ f0ðrcÞ
2fðrcÞ

�−1
;

ð34Þ

where the subscript c denotes the corresponding quantity
being evaluated at the critical point r ¼ rc. Since dv=dr
takes “0/0” form at the critical point, we use the L’Hôpital’s
rule to calculate the radial velocity gradient of the flow,
ðdv=drÞrc . At a critical point, if both values of ðdvdrÞrc are real
and of opposite sign, the critical point is referred to as saddle

type, whereas if they are of the same sign, the critical point is
referred to as nodal type. In case the radial velocity gradient
at a critical point becomes imaginary, the corresponding
critical point is referred to as spiral type. Henceforth,we only
consider saddle-type critical points since they are stable
against small-amplitude perturbations [94]. If a saddle-type
critical point develops close to the event horizon, it is referred
to as the inner critical point (rin), whereas if it develops away
from the event horizon, it is referred to as the outer critical
point (rout).
Using the flow velocity (vc) and temperature (Θc)

evaluated at the critical point as initial conditions, we
integrate Eqs. (29) and (30) from the critical point to the
outer edge (redge) and again from the critical point to the
horizon (rh). Finally, we combine both these segments to
get the global transonic accretion solution. If the accretion
flow contains only an inner critical point (rin), the corre-
sponding flow topology is referred to as I-type, whereas if
the flow contains only an outer critical point (rout), it is
called O-type. Depending on the background geometry and
flow parameters, the accretion flow may as well contain
both the inner and outer critical points simultaneously. In
such cases, if the entropy accretion rate at rin is greater than
that at rout (Ṁin > Ṁout), the flow is referred to as A-type,
whereas for the reversed case, when Ṁin < Ṁout, the flow
is called W-type [31,95]. We represent all these types of
solutions in Sec. IV B. For an A-type solution, the flow
coming from the outer edge (redge), connects the horizon

FIG. 3. Variation of specific energy (Ec) measured at a critical point (rc) with specific angular momentum (λc) for different dark matter
density profiles with fixedMhalo ¼ 10MBH and a0 ¼ 105MBH. The top left plot corresponds to that of a Schwarzschild BH. The yellow,
gray, and green points represent the saddle, nodal, and spiral-type critical points. See the text for details.
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(rh) only through the outer critical point (rout). On the other
hand, for a W-type solution, the accretion flow passing
through rin only connects the outer edge (redge) and
horizon (rh).

A. Critical point analysis

We analyze the dependency of the critical points on
flow properties i.e., energy (E) and angular momentum (λ)
in the absence and presence of various dark matter
distribution (Mhalo ¼ 10MBH; a0 ¼ 105MBH). In Fig. 3,
the surface plot represents the nature of the critical points

with E and λ. The yellow, gray, and green colours denote
the saddle, nodal, and spiral-type critical points. The range
of critical points is not the same for all DM distributions
and exhibits notable deviations from the Schwarzschild
case for the HQ-type DM spike. A common feature is that
there are upper and lower limits of energy and angular
momentum, beyond which the multiple saddle-type criti-
cal points cease to exist. This happens due to the choice of
the relativistic equation of state and is in agreement with
the findings of previous studies [96]. As we increase the
angular momentum, the likelihood of forming outer
critical points is reduced. Under such conditions, the flow

TABLE I. Table showing the specific angular momenta range for different accretion flow topologies around a
galactic BH with different types of DM distributions with Mhalo ¼ 10MBH, a0 ¼ 105MBH, and E ¼ 1.0015. The
maximum value of λ for each profile is fixed by the corresponding Keplerian angular momentum λK , where
λSchK ¼ 3.67424, λHQK ¼ 3.67460, λNFWK ¼ 3.6756, λNFW1

K ¼ 3.67519, λEinK ¼ 3.67549, and λDM−Spk
K ¼ 3.67625.

λ=λK (O-type) λ=λK (A-type) λ=λK (W-type) λ=λK (I-type)

Schwarzschild <0.78 0.78–0.85 0.85–0.94 >0.94
Hernquist <0.78 0.87–0.84 0.84–0.92 >0.92
NFW <0.78 0.78–0.85 0.85–0.93 >0.93
NFW1 <0.78 0.78–0.84 0.84–0.90 >0.90
Einasto <0.78 0.78–0.84 0.84–0.89 >0.89
DM—spike <0.78 0.78–0.84 0.84–0.87 >0.87

FIG. 4. Accretion flow topologies around a galactic BH surrounded by an Einasto-type DM distribution (bottom row), compared to an
equal mass Schwarzschild BH (top row) with same flow parameters. Here, we chooseMhalo ¼ 10MBH, a0 ¼ 105MBH, and E ¼ 1.0015.
See the text for details.
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enters the BH only through the inner critical points.
Accretion flow with lower specific angular momentum
passes through the outer critical points only. As these
solutions are adiabatic in nature, the entropy accretion rate
is constant throughout the journey from the outer edge to
the horizon, passing through a critical point. To analyze
the effect of Mhalo and a0, we refer the reader to Sec. V,

where we focus on the portion of theMhalo − a0 parameter
space for which both the inner and outer critical
points exist.

B. Global accretion solution

In this section, we analyze the variation of flow topol-
ogies due to the presence of DM halo. Table I summarizes

FIG. 5. Parameter space in E − λ plane for different dark matter profiles. Here, we take three different (Mhalo − a0) sets. The boundary
region represents the parameter space in the E − λ plane for multiple saddle-type critical points. In all the figures, the black dotted line
corresponds to a vacuum Schwarzschild black with the same mass. The middle lines (Ṁin ¼ Ṁout) in each plot divide the A-type and
W-type solutions. See the text for details.
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the variation of the flow topologies with specific angular
momentum (λ) for E ¼ 1.0015, Mhalo ¼ 10MBH, and a0 ¼
105MBH for different types of DM distribution and equal
mass Schwarzschild BH. For simplicity, in Fig. 4, we depict

the flow topologies around a vacuum Schwarzschild BH
and that around a galactic BH of the same mass immersed
in an Einasto-type DM halo for the parameters mentioned
above. We observe that for the chosen specific flow energy,

FIG. 6. Parameter space in a0 −Mhalo plane for different dark matter profiles. Here we take three different (E, λ) combinations. In all
the figures, we show the lower boundary of the allowed region of parameter space for multiple saddle-type critical points. See the text for
details.
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the specific angular momentum range for the I-type
solution for the Schwarzschild BH falls within the λ range
of the I-type solutions for all dark matter profiles. From
Fig. 4, we note that the presence of the Einasto-type DM
halo changes the flow topology from O-type to A-type for
λ ¼ 2.875 and A-type to W-type for λ ¼ 3.1. Increasing
the angular momentum as λ ¼ 3.36, the topology of the
solution changes from W-type to I-type in the presence of
the Einasto-type DM distribution. Thus, changing the DM
distribution can, in general, change the topology of the
accretion flow depending on the choice of the DM and flow
parameters. To elucidate this point further, in the following
sections, we study the DM and flow parameter space for the
existence of multiple saddle-type critical points.

V. PARAMETER SPACE FOR MULTIPLE
CRITICAL POINTS

As discussed earlier, the occurrence of multiple (saddle-
type) critical points happens only for a specific range of the
flow parameters and DM parameters. In this section, fixing
the DM parameters, we first scan the E − λ plane for
multiple saddle-type critical points (Fig. 5), then fixing the
flow parameters, we repeat the analysis in the a0 −Mhalo
plane (Fig. 6). Even within the portion of the parameter
space allowing multiple (saddle-type) critical points, the
topology of the accretion flow can be different. Though the
entropy accretion rate (Ṁ) remains constant along the flow
streamline, Ṁ is different for the inner and outer critical
points. Thus, we differentiate the accretion flow based on
the solution topologies and the entropy accretion rates. In
Fig. 5, we show the E − λ parameter space for multiple
saddle-type critical points for galactic BHs with different
dark matter profiles. In each panel, we portray the corre-
sponding parameter space for a Schwarzschild BH (black
dotted line) of the same mass for comparison. The bounded
regions with green (solid), blue (dash-dotted), and magenta
(dashed) lines stand for three sets of DM parame-
ters ðMhalo; a0Þ ¼ fð10MBH; 104MBHÞ; ð10MBH; 105MBHÞ;
ð102MBH; 104MBHÞg, respectively. On the top and left of
the boundary of the existence of multiple saddle critical
points, the flow topologies are I-type and O-type, respec-
tively. Contrary to the Hernquist, NFWand NFW1 profiles,
the accretion flow does not possess multiple saddle-type
critical points for the HQ-type DM spike distribution
with ðMhalo; a0Þ ¼ ð10MBH; 104MBHÞ, whereas, for the
Einasto-type DM distribution the same is also true for
(Mhalo; a0 ¼ 102MBH; 105MBH). In Fig. 5, we observe that
compared to a vacuum Schwarzschild BH, the presence of
DM halo shifts the allowed region of the parameter space
for multiple (saddle) critical points to lower specific
energies and smaller specific angular momenta. In cases
of Hernquist, NFW, and NFW1 profiles, we observe that
for a given halo-compactness (Ψ ¼ Mhalo=a0), increasing
the halo mass shifts the upper bound of the specific energy

slightly towards higher specific angular momentum. In all
cases, we observe that for a fixed halo mass, increasing the
halo compactness (lowering a0) shrinks the allowed region
of the parameter space, which also shifts towards lower
specific angular momenta and lower specific energy of the
flow. Although the admissible regions of the parameter
space for the Hernquist and NFW distributions are almost
similar, they are considerably different for the NFW1,
Einasto, and HQ-type DM spike profiles. The maximum
values of λ for all the cases considered in Fig. 5 are set by
the minimum value of the Keplerian angular momentum
(i.e., λ at the marginally stable orbit, See Appendix A for
details) for the corresponding DM distributions. In each
panel, the shaded regions of the allowed parameter space
correspond to the W-type solution, whereas the unshaded
regions represent the A-type solution. Note that, for the
NFW1 profile with Ψ ¼ 0.001, there exists a small portion
of the E − λ parameter space, where only A-type solu-
tions exist.
Figure 6 illustrates the admissible region for multiple

critical points in a0 −Mhalo parameter space, corres-
ponding to various sets of flow parameters, namely
ðE; λÞ ¼ fð1.0009; 3.0Þ; ð1.0009; 3.5Þ; ð1.0022; 3.0Þg. The
magenta (solid), blue (dashed), and green (dash-dotted)
lines represent the lower boundary for the admissible
portion of the a0 −Mhalo plane. We observe that for a
fixed set of flow parameters, the allowed region of the a0 −
Mhalo parameter space may contain either A type, W type or
both types of accretion flow. For E ¼ 1.0022 and λ ¼ 3.0,
the magenta (dotted) line marks the upper bound of the
W-type solutions (and lower bound of A-type solutions) for
the NFW, NFW1, and Einasto DM distributions. The other
solution topologies are marked in the figures, respectively.

VI. SOLUTION PROPERTIES

In this section, we study how the presence of different
DM halo distributions affects the properties of the accretion
flow onto the central BH. Following the I-type accretion
solution,2 in Fig. 7, we show a representative plot of the
flow properties for different halo mass and scale radius for
fixed Eð¼ 1.001Þ and λð¼ 3.674Þ. In the first two columns
in Fig. 7, the halo compactness (Ψ) increases from 10−4 to
10−2 for a fixed Mhalo (=102MBH), whereas in the third
column, Mhalo is increased to 1010MBH keeping the halo
compactness fixed at Ψ ¼ 0.01. The first to fifth rows in
each column represents the Mach number (M ¼ v=cs),
temperature (T), density (ρ), aspect ratio (H=r), and optical
depth (τeff ), respectively. For comparison in each panel, we
also plot the corresponding flow property around a vacuum
Schwarzschild BH. We observe that the presence of DM
halo shifts the critical point to smaller radii and decreases
the flow velocity (as well as Mach number) close to the BH,

2For other types of solutions, the similar variations also exist.
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in general. As the mass accretion rate of the flow is
assumed to remain constant throughout, the local mass
density varies inversely with the flow velocity [see
Eq. (26)]. So, when the flow velocity (as well as Mach
number) is lower than the Schwarzschild BH, the density
becomes higher and vice versa. The constant specific
energy of the accretion flow with reduced flow velocity
results in increased thermal energy of the accreting fluid.
This raises the local temperature resulting in an increased
thermal pressure, which puffs up the disk, making it
quasispherical. Thus, at a fixed radius, the flow with higher
temperature has a higher aspect ratio (H=r).
Our analysis assumes the accretion disk to be optically

thin. To ascertain that the accretion disk continues to
remain optically thin, we explicitly calculate the optical
depth (τ) of the accretion disk. In fact, the optical thinness

of the accretion disk is necessary for the emitted
Bremsstrahlung radiation to be observable. Opacity to
Bremsstrahlung radiation primarily occurs due to multiple
coherent Thompson scattering of the emitted photon by the
free electrons in the plasma aswell as the free-free absorption
in the fully ionized plasma. The opacity coefficient of
Thompson Scattering is taken as κs ¼ 0.4 cm2 gm−1.
Following [97], we evaluate the Rosseland mean opacity
coefficient for free-free emission as

kffR ¼ 0.64 × 1023ρT−7=2
e ð1þ 4.4 × 10−10TeÞḡff cm2 gm−1:

ð35Þ
Considering the half-thickness (H) of the disk as the typical
associated length scale, we evaluate the effective optical
depth as

FIG. 7. Variation of flow variables of I-type accretion flow with radial coordinate (r) for different compactness and halo mass with
E ¼ 1.001 and λ ¼ 3.674. In the first column, we consider Mhalo ¼ 102MBH and a0 ¼ 106MBH. In the second and third columns, plots
are for (Mhalo, a0)= (102MBH; 104MBH) and (1010MBH; 1012MBH), respectively. See the text for details.
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τeff ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τaðτa þ τsÞ

p
; ð36Þ

where τa ¼ ksρH is the optical depth due to Thompson
scattering and τa ¼ kffRρH is the absorption optical depth.We
note fromEqs. (35) and (36) that theoptical depthdepends on
the local flow temperature, density and disk height. Since the
presence of DM halo changes each of these flow properties,
the exact deviation of the local optical depth is the result of an
interplay between them. However, we note from Fig. 7 that
the presence of DM halo does not make the accretion disk
optically thick. The disk is particularly optically thinner close
to the inner edge fromwheremaximum emission occurs (see
Sec. VII for details).
Comparing the first and second columns, we note that

increasing the halo compactness increases the deviation from
the Schwarzschild BH with the Einasto profile showing the
maximum variation. Apart from the HQ-type DM spike
profile, increasing the halo mass also increases the deviation
of the flowproperties from those of theSchwarzschildBH. In
the case of HQ-type DM spike distribution, the density
profile has a strong nonlinear dependence on the halo mass.
For this particular case, it is observed that for smallMhalo the
DM density at a fixed radius decreases with the halo mass,
however for large Mhalo, the behavior is reversed. This
change in the halo density with Mhalo strongly influences
the background geometry, which in turn affects the effective
potential, causing the flow properties to behave nonlinearly
with the halo mass (see Appendix B for details on HQ-type
DM spike profile).

VII. RADIATIVE EMISSION PROPERTIES

In this section, we study the emission of the thermal
Bremsstrahlung (free-free) radiation from the accretion disk.
Bremsstrahlung emission is the radiation emitted from
an accelerating electron as it passes through the field
of a heavy ion. However, in the case of hot accretion flow
(HAF), the flow is thermally relativistic (kBTe > mec2),
making the electron-electron emission more significant.

Thus, following [28], we incorporate the relativistic effect
and electron-electron emission in addition to the standard
electron-ion emission channel to obtain an approximate
expression for Bremsstrahlung emissivity at a frequency ν as

εν ¼
32πe6

3mec3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2π

3mekB

s
neniz2T

−1=2
e

× ð1þ 4.4 × 10−10TeÞe−hν=kBTegb; ð37Þ

where h is the Planck constant, kB is the Boltzmann constant,
ni is the ion-number density, and e, me, ne, and Te are the
charge, mass, number density and temperature of electrons,
respectively. The factor gb is the thermally averaged Gaunt
factor that incorporates the quantum mechanical corrections
and is taken to be 1.2 [98]. Here, we consider the plasma to be
hydrogenic and the electron number density to be equal to the
ion number density (ne ¼ ni). Furthermore, since the elec-
trons are much lighter than the ions, the electron temperature
must be lower than the ion temperature, which, in turn, is
approximately equal to the flow temperature T. Thus, we
approximate the electron temperature asTe ≈ T=10 through-
out the accretion disk for simplicity [98]. The strong
gravitation potential of the central BH implies that the
emitted radiation is redshifted as it travels towards an
asymptotic observer. The rotation of the accretion disk also
induces a Doppler shift of the emitted radiation. Thus,
ignoring any light-bending effects, the frequency of the
emitted radiation is related to the observed frequency at
asymptotic infinity as [99]

νe ¼ νoð1þ zÞ ¼ νout
�
1þ eλfðrÞ

r2c
sin θ0 sinϕ

�
; ð38Þ

where z is the redshift factor, and θ0 is the inclination angle of
the accretion disk, which we consider to be π=4 for galactic
BHs. Taking all these into account, we write the mono-
chromatic disk luminosity for an asymptotic observer as

Lν0 ¼ 2

Z
redge

rh

Z
2π

0

ενeHrdrdϕ

¼ 4.875 × 1010gb erg s−1Hz−1
Z

redge

rh

Z
2π

0

½ρ2ðT=10Þ−1=2 × ð1þ 4.4 × 10−11TÞe−10ð1þzÞhνo=kBTHrdrdϕ�; ð39Þ

where rh and redge are the inner and outer edges of
the accretion disk, respectively. For our analysis, we
take redge ¼ minð1000MBH; r0Þ, where r0 is such that
H=r0 ∼ 1. This choice of redge is essential to ensure that
our analysis respects the assumptions in Sec. III. To analyze
the radiative properties of the galactic BHs, we assume the
mass of the central supermassive BH asMBH ¼ 5 × 108M⊙

[100,101] and mass accretion rate of Ṁ ¼ 0.01ṀEDD,
where ṀEDD ¼ 1.39 × 1018ðM=M⊙Þ gm s−1 is the Edding-
ton mass accretion rate.
In Fig. 8, we show the spectral energy distribution (SED)

of galactic BHs for the different DM distributions with
varying halo mass and compactness, ðMhalo=MBH;ΨÞ ¼
fð100; 10−4Þ; ð100; 0.01Þ; ð1010; 0.01Þg. We choose the
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specific energy and angular momentum of the flow as
E ¼ 1.001 and λ ¼ 3.674. We choose λ < λSchK to ensure
the flow remains sub-Keplerian all throughout, where λSchK
is the Keplerian angular momentum for Schwarzschild
BH (see Appendix A for details). We observe that the
presence of DM causes significant deviation of the SEDs
from that of a vacuum Schwarzschild BH of the same
mass. The SED also shows a sharp cutoff at
ν ≈ 1021–1022 Hz, which is governed by the electron
temperature at the inner edge of the accretion disk.
The presence of a DM halo increases the cutoff frequency
from that of the vacuum Schwarzschild BH. Although
qualitatively similar, the SEDs for a given DM distribu-
tion show significant quantitative variation with the halo
mass and compactness. For the low compactness of
the DM halo, the spectral energy distribution at high
frequency is almost similar to that of the vacuum
Schwarzschild BH, whereas the deviation from the
Schwarzschild BH is relatively large in the low frequen-
cies. On the other hand, for very high compactness, SED
shows an even stronger deviation from the vacuum
Schwarzshild BH. For a given halo mass, as the halo
gets more and more compact, the spectral luminosity
increases both in the high and low-frequency regimes.
The peak luminosity is also higher for more compact
halos and occurs at a relatively lower frequency (except
for the Einasto and NFW1 distributions, where it shifts to
a higher frequency). The location of the peak of SED
corresponds to the frequency and, hence, the energy of
the electrons that provide the maximum contribution to
the emitted radiation. The cutoff frequency is also higher
for more compact halos, which is again an artifact of the
higher flow temperature for more compact halos. Though
the changes in the SED with halo mass for a given halo
compactness are even smaller, we observe the following
general trend. The peak luminosity of the Hernquist,
NFW, NFW1, and Einasto profiles slightly increases with

the halo mass (left to right in Fig. 8) and shifts towards a
higher frequency. However, for the HQ-type DM spike
profile, the peak spectral luminosity decreases and shifts
towards higher frequency as the halo mass is increased.
For Hernquist and NFW profiles, the spectral luminosity
increases with the halo mass in both low and high-
frequency ranges. For NFW1, Einasto, and HQ-type DM
spike distributions, though the spectral luminosity at high
frequencies increases with the halo mass, the behavior is
reversed at low frequencies. The cutoff frequency stays
unaffected by the change in halo mass for a given halo
compactness except for the HQ-type DM spike distribu-
tion, where it increases with the halo mass. Integrating
the spectral luminosity over all frequencies, we get the
bolometric disk luminosity as

L ¼
Z

∞

0

Lνodνo: ð40Þ

Figure 9 shows the variation of the bolometric lumi-
nosity with the halo compactness and halo mass for a
given value of the flow energy3 and angular momentum.
For constant halo mass, as the halo compactness
increases, the luminosity for each DM distribution
increases from the Schwarzschild value reaching a
maximum and then decreasing sharply. The compactness
at which the maximum bolometric luminosity is obtained
is different for different DM distributions. The maximum
value of the luminosity for the Hernquist, NFW, NFW1,
and Einasto profiles is almost the same; however, for the
DM spike profile, the maximum attained luminosity is

FIG. 8. Plot of the spectral energy distribution for different DM distributions for different values of the halo mass and scale radius;
Mhalo ¼ 100MBH; a0 ¼ 106MBH (left), Mhalo ¼ 100MBH; a0 ¼ 104MBH (middle), Mhalo ¼ 1010MBH; a0 ¼ 1012MBH (right). Halo
compactness ðMhalo=a0Þ changes from 10−4 (left panel) to 10−2 (middle panel) for a fixed halo mass, whereas it is kept fixed at
0.01 for right panel (Mhalo ¼ 1010MBH) withMBH ¼ 5 × 108M⊙. The solid black curve in each plot shows the SED for a Schwarzschild
BH of the same mass. The insets show the location of the peak of the SEDs in each case. The flow parameters are λ ¼ 3.674 and
E ¼ 1.001. See the text for details.

3As the E is increased keeping a constant λ (¼ 3.674), the
difference with the Schwarzschild bolometric luminosity starts
decreasing. At the value of the specific energy at which the
Schwarzschild bolometric luminosity is maximum, all the DM
distributions show a reduced bolometric luminosity.
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substantially smaller. In Fig. 9, we observe that for
constant halo mass, as the halo compactness increases,
the maximum bolometric luminosity for the Einasto
distribution is obtained, followed by the NFW1,
Hernquist, NFW, and the HQ-type DM spike distribu-
tions. As discussed in Sec. VI, when the compactness of
the DM halo increases, the critical point shifts to smaller
radii and the temperature of the accretion flow also
increases, which in turn increases the luminosity.
However, the increasing temperature also puffs up the
accretion disk. Since our analysis is valid when the aspect
ratio is less than unity (H=r ≤ 1), the effective portion of
the accretion disk contributing to the luminosity reduces,
decreasing the luminosity at high compactness.
On the contrary, for fixed compactness, the bolometric

luminosity increases with the halo mass, but it soon
saturates with the NFW1 profile, giving the maximum
luminosity followed by the Hernquist, NFW, Einasto, and
HQ-type DM spike distributions. The variation of the
bolometric luminosity for the HQ-type DM spike

distribution with the halo mass shows a rather curious
behavior when compared to other profiles (see the right
panel of Fig. 9). For sufficiently high halo mass, the
bolometric luminosity of the HQ-type DM spike distri-
bution is less than that of a vacuum Schwarzschild BH
of the same mass. This initial variation of the bolo-
metric luminosity with the halo mass for a HQ-type
DM spike distribution of constant compactness (∼0.01)
is related to the variation of the halo density profile
and the associated change in geometry and properties
of the accretion flow with the halo mass as discussed
in Sec. VI and Appendix B. At a high enough halo
mass, the relative disk height attains unity at a much
smaller radius, reducing the luminosity even below the
Schwarzschild limit.
In Fig. 10, we plot the maximum luminosity of the

galactic BH with different DM profiles for a constant
halo mass of 100MBH and halo compactness 0.01 with
MBH ¼ 5 × 108M⊙. In the plot, we vary the specific flow
energy while maintaining the specific angular momentum
of the flow slightly less than the Keplerian angular
momentum in each case. We observe that the maximum
bolometric luminosity is obtained for the NFW1 distribu-
tion, followed by the Einasto, Hernquist and NFW dis-
tributions. The maximum luminosity in each of these cases
is higher than the maximum bolometric luminosity of a
vacuum Schwarzschild BH. However, the bolometric
luminosity of the HQ-type DM spike distribution around
an equal mass BH with the same set of halo parameters
shows a significantly lower luminosity. This low luminosity
is a manifestation of the fact that at the chosen compactness
and halo mass, the critical radius r0 is very small
(see Fig. 7).

VIII. SUMMARY AND DISCUSSION

In this work, we study the advection-dominated tran-
sonic hot accretion flow of an inviscid relativistic fluid onto

FIG. 10. Maximum bolometric luminosity for different dark
matter profiles. Here, we choose Mhalo ¼ 102MBH and
a0 ¼ 104MBH. See the text for details.

FIG. 9. Right: Plot of bolometric luminosity for different dark matter profiles with halo compactness, Mhalo=a0 for Mhalo ¼ 100MBH
for E ¼ 1.001 and λ ¼ 3.674. Left: Plot of the luminosity for different dark matter profiles withMhalo forMhalo=a0 ¼ 0.01 for the same
values of energy and specific angular momentum of the flow. See the text for details.
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a galactic SMBH described by the metric [Eq. (1)]. We
model the geometry of the galactic BH as a spherically
symmetric central Schwarzschild BH immersed in a DM
halo with radial density distributions. We represent the
DM halo as an ideal gas composed of cold collisionless DM
particles. In the absence of hierarchical mergers [102], our
assumptions imply a seed BH at the center of a galaxy,
dressed with the relativistic distribution of DM [19] and a
density spike in the inner region [103–108]. Following
[52], we have modeled this DM density spike in two
different ways: (i) Hernquist, NFW, and Einasto distribu-
tions, truncated at r ¼ 4MBH and (ii) a fully relativistic HQ-
type DM spike model where we assume the HQ-type DM
spike grows adiabatically from an initial Hernquist-type
distribution. We explicitly assume the central BH to grow
adiabatically (Fig. 1). To obtain the effective spacetime
metric in the presence of DM, we use the Einstein cluster
formalism. This leads to the anisotropic nature (zero radial
pressure) of the DM [48,49]. Thus, within the timescale
of baryonic accretion, our analysis assumes the accretion
rate of the DM particles being negligible. Furthermore,
the analysis also ensures that the stress-energy tensor
remains covariantly conserved and all the energy condi-
tions are satisfied.
We maintain a strict hierarchy of the different length

scales involved in the problem, MBH ≤ Mhalo ≤ a0 and
rout ≤ a0, rout being the outer edge of the accretion disk.
Although the presence of the DM halo does not change

the location of the event horizon (rh ¼ 2MBH), it greatly
modifies the geometry of the surrounding spacetime
(including the location of the light rings and ISCO).
This change in geometry, in turn, reduces the effective
gravitational potential experienced by an infalling fluid
element (Fig. 2). The Keplerian angular momentum also
shows a significant deviation from that of Schwarzschild
BH, allowing flow with higher specific angular momenta to
reach the event horizon (Fig. 11). We observe that in all the
cases, the presence of DM halo shifts the critical points to
smaller radii, affecting the solution topologies (Fig. 4–6).
The primary observable in our study is the luminosity of the
emitted Bremsstrahlung radiation. Since the bolometric
luminosity for I-type accretion flow is known to be the
highest [109,110], we chose the flow parameters such that
the flow passes only through the inner saddle-type criti-
cal point.
We observe (Fig. 7) that the gravitational effect of the

DM halo weakens the inflow of the accreting fluid,
resulting in reduced flow velocity. The gravitational effect
of the DM halo also increases the local flow temperature
compared to that of a Schwarzschild BH. Since the mass
accretion rate is assumed to remain constant throughout
the accretion flow, the local mass density of the accreting
fluid is always inversely proportional to the local velocity

of the flow. Again, since the specific energy of the flow
remains constant, the lower flow velocity implies a lower
kinetic energy and higher thermal energy of the accreting
fluid, resulting in an increased local temperature (par-
ticularly, close to the inner edge of the disk). The
increase in local flow temperature results in an increased
thermal pressure, which increases the relative disk height,
making the accretion disk quasispherical. Though the
optical depth (τ) of the disk still remains small, the
increased disk height reduces the effective portion of
the disk, contributing to the disk luminosity. This is more
prominent for highly compact halos with a higher halo
mass. The SED also shows a significant deviation from
that of the vacuum Schwarzschild BH (Fig. 8). Since the
dominant contribution to the luminosity for I-type accre-
tion comes from the inner portion of the accretion disk,
where deviation from the vacuum Schwarzschild geom-
etry is strongly governed by the presence and nature of
DM spike (overdensity), the variation in luminosity for
the same set of halo and flow parameters indeed encode
information about the nature of the density spike. The
variations of the luminosity of the emitted radiation and
properties of the accretion flow increase with the mass
and compactness of the DM halo (Fig. 9). However, in
the case of the HQ-type DM spike distribution, the
nonlinear dependence of the density profile on the halo
mass changes the flow properties significantly with the
halo mass (see Appendix B for details).
Our results indicate that SMBHs in distant galaxies

can, in fact, be less massive than expected if the DM
contributions are considered. Since there exist tight
correlations between the mass of the SMBHs and the
properties of the host galaxies (such as the bulge mass
[111,112] and velocity dispersion [112,112,113]) leading
to coevolution of the SMBHs and the host galaxies our
results suggest modifications in our understanding of
galactic evolution [5].
Indeed, the presence of DM and the nature of its

distribution around the SMBH strongly influence the
geometry of the surrounding spacetime. However, the
variation of bolometric luminosity may not be significant
to infer the exact nature of the DM spike close to the BH.
Thus, further research is required on more accurate
modeling of the DM density spike around the SMBH
and its correlation with a more realistic accretion model.
In this regard, we mention the limitations of the accretion
model used in our work. As a first step to address the
present problem involving multiple length and timescales,
we assume the accretion flow to be governed by ideal
fluid dynamics, free from any dissipation mechanism.
This results in a constant angular momentum of the fluid
throughout the accretion flow as viscosity is ignored.
Note that in the inner regions of the disc, the viscous
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timescale often exceeds the infall timescale of the
accreting matter. As a result, the flow does not have
sufficient time to redistribute angular momentum
outward through viscous interactions, rendering the
inner accretion effectively inviscid [30,31] (see also
Appendix A of [114]).
Incorporating other dissipation mechanisms, such as

radiative cooling and thermal conduction, are expected to
regulate the disk temperature, influencing the spectral
emission properties. Furthermore, throughout our analy-
sis, we consider the electron and ion temperatures to be
related by a simple scaling factor. We also disregard the
presence of structured magnetic fields in this work.
The present findings obtained using these considera-

tions are expected to be in agreement at least qualitatively
with the observationally inferred systems such as Sgr A*
or M87*, where magnetic fields, turbulance, viscosity,
and multitemperature plasma dynamics play central roles.
It is worth mentioning that the implementation of these
issues is beyond the scope of the present work, and we
intend to take this up in our future endeavor.
Moreover, the predicted enhancements in disk lumi-

nosity due to the presence of a dense dark matter spike
could be degenerate with other astrophysical factors:
black hole spin alters the innermost stable circular orbit
and thereby the radiative efficiency [115–117]; magnetic
fields can significantly influence angular momentum
transport and energy dissipation (e.g., via magnetorota-
tional instability) [118–121]; and time variable accretion
rates can mimic or obscure dark matter induced signa-
tures [38,122,123]. These degeneracies are particularly
pertinent in the context of the EHT, which probes the
innermost regions of accretion flows, as well as in
indirect dark matter detection efforts, where excess
emission may be attributed to nonbaryonic processes.
Future extensions incorporating spin (via Kerr or Kerr-
like metrics) and magnetohydrodynamic effects are
essential to disentangle dark matter contributions from
baryonic degeneracies and to more robustly predict
observables that can be confronted with high-resolution
EHT data.
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APPENDIX A: KEPLERIAN ANGULAR
MOMENTUM

One of the key conditions for transonic hot accretion
flow is that the constant flow angular momentum must be
lower than the Keplerian angular momentum (λK). The
Keplerian angular momentum is obtained by the vanishing
gradient of the effective potential,

dΦeff
e

dr
¼ 0: ðA1Þ

This implies that matter rotating in a Keplerian orbit will stay
in equilibrium as the centrifugal force balances the effective
gravitational attraction. The variation of the Keplerian
angular momentum for the different DM profiles is shown
in Fig. 11. We note that the presence of the DM halo always
increases the Keplerian angular momentum from that of
Schwarzschild BH. This implies that advection-dominated
transonic hot accretion flow in the presence of DM halo can
have higher specific angular momentum. Except for highly
compact halos, the Einasto distribution shows the highest
Keplerian angular momentum at any radius.
The minima of the Keplerian angular momenta corre-

spond to the radius of the marginally stable orbit [124,125].
We observe that the radius of the marginally stable orbit
[ISCO, see Eq. (7)] shifts inwards due to the presence of the
DM halo, signaling a weaker inflow. This is consistent with
the observation in [126].

FIG. 11. Variation of the Keplerian angular momentum (λK)
with the radial coordinate (r) in the unit of the BH mass for
different DM halo profiles. The vertical lines in the inset show the
location of the marginally stable orbit (minima of λK) of the
corresponding DM halo distribution.
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APPENDIX B: HERNQUIST-TYPE
DM SPIKE

In this appendix, we plot the nonlinear dependence of
the density profile of the HQ-type DM spike with the
halo mass, the associated effective potential Eq. (23) in
Fig. 12. The resulting changes in the location and
temperature at the critical point for I-type accretion flow
with E ¼ 1.001 and λ ¼ 3.674 is shown in Fig. 13.
Figure 13 also shows the radius r0 at which the aspect
ratio becomes unity. Note that the maximum value of r0
is set at 1000MBH for the current analysis. Other flow
properties strongly depend on the location and temper-
ature of the critical point. This explains the nonlinear
behavior of the flow properties and luminosity of the
HQ-type DM distribution shown in Secs. VI and VII.

FIG. 12. Variation of the halo density and effective potential of
HQ-type DM spike profile with the halo mass for a fixed DM halo
compactness of 0.01.

FIG. 13. Plot of the critical points (rc) (top) and temperature
(Tc) of the critical point (middle) for a Hernquist-type DM halo
with Mhalo around a galactic SMBH with E ¼ 1.001 and
λ ¼ 3.674. In the bottom panel, variation of radial distance r0
at which the relative disk height (H=r) becomes unity, is shown.
Here, the maximum value of r0 is set at 1000MBH.
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