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A B S T R A C T 

We investigate the efficacy of semi-analytical global accretion solutions in capturing the flow properties observed in two- 
dimensional numerical simulations of shocked accretion onto black holes. A comparative analysis reveals that no single 
disc geometry adequately matches the simulation profiles across the entire radial domain. The pre-shock region exhibits 
closer agreement with the conical disc geometry, while the post-shock region is better described by the vertical equilib- 
rium disc, where enhanced thermal pressure leads to substantial vertical expansion. Motivated by these complementary 
behaviours, we introduce a hybrid disc geometry in which the pre-shock flow follows the conical solution and the post- 
shock flow attains vertical equilibrium. This hybrid model satisfactorily reproduces both dynamical and thermodynamical 
properties of shocked accretion flows, with the predicted Mach number and temperature profiles closely matching the 
simulations and the inferred shock location differing by ∼10 per cent . Within this framework, we delineate the shock 
parameter space spanned by the energy ( E) and angular momentum ( λ) of the flow for weakly and rapidly rotating black 
holes and investigate the possible origin of quasi-periodic oscillations (QPOs) in black hole X-ray binaries (BH–XRBs). We 
constrain flow parameters that reproduce observed QPO centroid frequencies ( νQPO ), demonstrating that oscillations of 
the shock front provide a self-consistent mechanism for both low- and high-frequency QPOs. Extending the analysis to 10 
Galactic BH–XRBs, we demonstrate that the observed νQPO are reproduced within physically plausible parameter ranges, 
which establishes shocked global accretion solutions as a potentially compelling framework for interpreting accretion- 
driven temporal variability. 

Key words: accretion, accretion discs – black hole physics – hydrodynamics – shock waves –X-rays: binaries. 
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 INTRODUCTION  

ccretion onto black holes is considered to be a fundamental 
strophysical process that powers some of the most energetic 
henomena observed in the Universe, including active galactic 
uclei and X-ray binaries (J. Frank, A. King & D. J. Raine 2002 ;
. A. Remillard & J. E. McClintock 2006 ; H. Netzer 2013 ; F.
uan & R. Narayan 2014 ). The standard thin disc model (I. D.
ovikov & K. S. Thorne 1973 ; N. I. Shakura & R. A. Sunyaev
009 ) successfully explains the thermal emission from accretion 
iscs; however, it fails to adequately describe the innermost re- 
ions where advection plays a dominant role. Subsequent studies 
emonstrated that an initially Keplerian flow can become sub- 
eplerian close to the black hole (S. K. Chakrabarti 1990 ), mo-
ivating the development of advective and geometrically thick 
ccretion models (R. Narayan & I. Yi 1994 , 1995 ). 
 E-mail: monu18@iitg.ac.in (MS); sgarain@iiserkol.ac.in (SKG); 
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Accretion flows onto black holes are inherently transonic in 
ature. Accordingly, rotating accreting matter from the outer 
dge of the disc becomes supersonic after crossing a critical point
S. K. Chakrabarti 1989 ; S. K. Chakrabarti & S. Das 2004 , and
eferences therein) and depending on the angular momentum, 
he flow experiences a centrifugal barrier that leads to the trig-
ering of the shock transition provided the Rankine–Hugoniot 
onditions are satisfied (L. D. Landau & E. M. Lifshitz 1959 ).
he existence of shocks in black hole accretion flows has been
rmly established through numerous semi-analytical (J. Fukue 
987 ; S. K. Chakrabarti 1989 ; J.-F. Lu, W.-M. Gu & F. Yuan 1999 ;
. A. Becker & D. Kazanas 2001 ; S. Das, I. Chattopadhyay & S.
. Chakrabarti 2001 ; S. K. Chakrabarti & S. Das 2004 ; K. Fuku-
ura & S. Tsuruta 2004 ; S. Das 2007 ; R. Aktar, S. Das & A. Nandi
015 ; R. Aktar et al. 2017 ; I. K. Dihingia, S. Das & S. Mandal
018b ; B. Sarkar, S. Das & S. Mandal 2018 ; S. Mitra & S. Das
024 ; A. Kumar, S. Chakrabarti & S. Das 2025 ) and numerical
tudies (D. Molteni, D. Ryu & S. K. Chakrabarti 1996 ; S.-J. Lee,
. Ryu & I. Chattopadhyay 2011 ; S. Das et al. 2014 ; T. Okuda &
. Das 2015 ; P. Suková & A. Janiuk 2015 ; S.-J. Lee et al. 2016 ; P.
uková, S. Charzyński & A. Janiuk 2017 ; T. Okuda et al. 2019 ;
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. Okuda, C. B. Singh & R. Aktar 2022 , 2023 ; S. Debnath, I.
hattopadhyay & R. K. Joshi 2024 ; I. K. Dihingia, A. Uniyal &
. Mizuno 2025 ; J. Mao et al. 2025 ). The post-shock region is hot
nd dense, and plays a crucial role in explaining the spectral and
iming properties of accreting systems, including the production
f hard X-ray emission and quasi-periodic oscillations (QPOs; S.
hakrabarti & L. G. Titarchuk 1995 ; S. K. Chakrabarti & S. G.
anickam 2000 ; S. K. Chakrabarti et al. 2008 ; S. K. Chakrabarti,
. G. Dutta & P. S. Pal 2009 ; A. Nandi et al. 2012 ; D. Radhika &
. Nandi 2014 ; N. Iyer, A. Nandi & S. Mandal 2015 ; H. Sreehari
t al. 2020 ; S. Majumder et al. 2022 ; P. Majumder, B. G. Dutta &
. Nandi 2025 ). 
It is worth noting that the vertical structure of the accretion
isc is commonly described by hydrostatic equilibrium, how-
ver, alternative disc height prescriptions, such as constant height
nd conical disc models, have also been widely employed (S. K.
hakrabarti 1990 ; S. K. Chakrabarti & D. Molteni 1993 ; S. K.
hakrabarti & S. Das 2001 ; K. Giri et al. 2010 ; N. Bilić et al.
014 ; J. Zhou et al. 2025 ). Although these models are globally
quivalent under suitable transformations of the polytropic index
S. K. Chakrabarti & S. Das 2001 ), their local flow properties and
hock characteristics differ significantly. In particular, numerical
imulations indicate that no single disc-height prescription can
ccurately describe the entire accretion flow in the presence of 
hocks, as the pre-shock region is better represented by a con-
cal geometry, whereas the post-shock region exhibits vertical
xpansion consistent with the disc structure obtained using the
ydrostatic equilibrium prescription (K. Giri et al. 2010 ). 
Motivated by this discrepancy, we propose a physically moti-
ated hybrid disc geometry in which the pre-shock flow follows
 conical disc prescription, while the post-shock flow attains a
ertical equilibrium structure due to enhanced thermal pressure.
o achieve this, we consider a steady, inviscid, advective flow
round a rotating black hole and adopt an effective potential that
imics the space–time geometry of a Kerr black hole (I. K. Dihin-
ia et al. 2018a ). Within this framework, we compute global tran-
onic solutions featuring standing shocks and demonstrate that
he hybrid disc model yields significantly better agreement with
umerical simulations compared to single geometry prescrip-
ions. Furthermore, we investigate shock oscillations as a plau-
ible mechanism for the origin of QPOs. Employing our model
ormalism, we reproduce the observed QPO frequencies ( νQPO )
y constraining the underlying flow parameters, namely energy
 E) and angular momentum ( λ) of the flow, along with shock
roperties such as the shock radius ( rs ) and compression ratio ( R )
or several Galactic black hole X-ray binaries (BH–XRBs). 
The paper is organized as follows. Section 2 outlines the model
ssumptions and governing equations describing the accretion
ow around a rotating black hole. In Section 3 , we present the
ritical point analysis and construct shock-induced global accre-
ion solutions. Section 4 provides a detailed discussion of our
esults, while Section 5 explores the astrophysical implications
f our formalism in explaining QPOs from BH–XRBs. Finally, we
resent the conclusions in Section 6 . 

 GOVERNING  EQUATIONS  AND  

SSUMPTIONS  

e examine the dynamics of low angular momentum, advective
ccreting flow around a rotating black hole. To capture differ-
nt geometric configurations of the accretion flow, we consider
hree axisymmetric and inviscid disc models: (a) Model V, where
NRAS 551, 1–10 (2026)
he flow is in hydrostatic equilibrium along the transverse direc-
ion; (b) Model C, characterized by a conical cross-section in the
eridional plane; and (c) Model H, where the disc maintains a
onstant vertical height throughout. The analysis is carried out
n cylindrical coordinates ( r, φ, z). Under these assumptions, the
overning fluid equations are formulated using a unit system
BH = G = c = 1 , where MBH is the black hole mass, G is the
ravitational constant, and c is the speed of light. In this unit sys-
em, the length, angular momentum, and energy of the flow are
easured in units of rg = GMBH /c2 , crg , and c2 , respectively. With
hese considerations, we formulate the set of fluid equations that
overn the accretion flow confined at the disc equatorial plane
round the rotating black holes and are given by (I. K. Dihingia
t al. 2018a ), 
(i) Radial momentum equation: 

d υ
d r 

+ 1 
hρ

d P 
d r 

+ d�eff
e 

d r 
= 0 , (1) 

here υ is the radial velocity, P is the pressure, ρ is the mass
ensity, h [= (ε + P ) /ρ] is the enthalpy, and ε denotes the internal
nergy of the flow, respectively. In equation ( 1 ), �eff

e refers to the
ffective gravitational potential that satisfactorily describes the
pace–time geometry around the rotating black holes at the disc
quatorial plane and is given by I. K. Dihingia et al. ( 2018a ), 

�eff
e = 1 

2 
ln 

[
r


a2 k (r + 2) − 4 ak λ + r3 − λ2 (r − 2) 

]
, 

here λ denotes the angular momentum of the flow, ak repre-
ents the spin of the black hole, and 
 = r2 − 2 r + a2 k , respec-
ively. 
(ii) Mass conservation equation: 

˙
 = 2πυ�

√ 


 = 4πυρ
√ 


rβ
(
P r 
ρF 

)δ/ 2 

. (2) 

quation ( 2 ) is obtained from the mass flux conservation equa-
ion, and it depends on the specific disc geometry under con-
ideration. Here, Ṁ denotes the mass accretion rate, which re-
ains constant throughout the flow, and β and δ are constants.
or Model V (H. Riffert & H. Herold 1995 ; J. Peitz & S. Appl
997 ), β = 1 and δ = 1 . For Model C (S. K. Chakrabarti 1990 ),
= 1 and δ = 0 . For Model H (S. K. Chakrabarti 1992 ; S. K.
hakrabarti & S. Das 2001 ), β = 0 and δ = 0 . In addition, F =
(r2 + a2 k )2 + 2
a2 k 

]
/
[
( 1 − λ�) 

(
(r2 + a2 k )2 − 2
a2 k 

)]
and �(= 

 

2 ak + λ(r − 2)] /
[
a2 k (r + 2) − 2 ak λ + r3 

]
) is the angular velocity

f the flow. 
(iii) Entropy generation equation: (
ε + P 

ρ

)
d ρ
d r 

− d ε
d r 

= 0 . (3) 

o close the set of governing equations ( 1 )–( 3 ), we employ, owing
o simplicity, an equation of state that relates ε, P , and ρ of the
ow as (I. Chattopadhyay & D. Ryu 2009 ) 

= ρ + P 
� − 1 

, (4) 

here � denotes the adiabatic index that remains fixed through-
ut the flow. Subsequently, we define the sound speed of the flow
s Cs =

√ 

�P/ (ε + P ) . 
Upon simplifying equations ( 1 )–( 4 ), we calculate the gradient
f radial flow velocity as 

d υ = N 

, (5) 

d r D 
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here the explicit expressions of the numerator N and denomi- 
ator D for various disc geometries are given by 

N = 2 C2 
s 

2 + δ(� − 1) 

[
1 
2


d

d r 

+ δ

2 

(
1 
r 

− 1 
F 

d F 

d r 

)
+ β

r 

]

−
(
d�eff 

e 

d r 

) (6) 

nd 

 = υ − 2 C2 
s 

[ 2 + δ(� − 1)] υ
. (7) 

Next, we express flow temperature in dimensionless form as 
= kB T /me c2 , where T is the flow temperature in Kelvin, kB is

he Boltzmann constant, and me is the electron mass, respectively. 
ith this, we calculate the gradient of flow temperature as 

d�
d r 

= − 2�
2 N + δ

[
1 
υ

d υ
d r 

+ 1 
2


d

d r 

+ δ

2 

(
1 
r 

− 1 
F 

d F 

d r 

)
+ β

r 

]
, (8) 

here N [ = 1 / (� − 1)] is the polytropic index of the flow. 

 CRITICAL  POINT  ANALYSIS  AND  SHOCKED  

CCRETION  SOLUTIONS  

he accretion flow around a black hole is inherently transonic 
n nature. At large distances from the black hole, the flow is sub-
onic, but as it moves inward and approaches the event horizon, it
akes a sonic transition to the supersonic regime. Consequently, 
he flow must pass through a critical point ( rc ) before plunging
nto the black hole. At the critical point, both numerator N and
enominator D of equation ( 5 ) simultaneously vanish, resulting 
n an indeterminate form d υ/ d r = 0 / 0 . Imposing the condition
 = 0 (see equation 7 ) leads to the Mach number at rc as 

(rc ) = υ

Cs 
=

√ 

2 
2 + δ(� − 1) 

. (9) 

nforcing N = 0 (see equation 6 ) then provides an expression for
he sound speed at rc as 

C2 
s (rc ) =

[
1 + δ(� − 1) 

2 

](
d�eff 

e 

d r 

)

×
[
1 
2


d

d r 

+ δ

(
1 
2 r 

− 1 
2 F 

d F 

d r 

)
+ β

r 

]−1 
. 

(10) 

Since equation ( 5 ) becomes indeterminate at rc , we apply 
’Hôpital’s rule to compute the radial velocity gradient of the 
ow. This yields two possible values of the velocity gradient 
d υ/ d r)c at rc . The nature of the critical point is determined by
hese values: if both are real and of opposite sign, the critical
oint is classified as a saddle-type; if both are real and share
he same sign, it is a nodal-type; and if the values are complex,
he point is deemed a spiral-type (S. K. Chakrabarti 1990 ; S. K.
hakrabarti & S. Das 2004 ; S. Das 2007 ). Note that saddle-type
ritical points (hereafter critical points) are stable and particu- 
arly relevant as the accretion flow can smoothly pass through 
hem while transitioning into the black hole (E. P. T. Liang & K. A.
hompson 1980 ; M. A. Abramowicz & W. H. Zurek 1981 ; S. Kato
t al. 1993 ). Depending on the choice of input model parameters
 E, λ, ak ) and disc geometry, the accretion flow may possess mul-
iple critical points. We refer to the critical point forming close 
o the event horizon as the inner critical point ( rin ), and the one
ocated farther out as the outer critical point ( rout ). To obtain the
lobal transonic accretion solutions for a set of model parameters, 
e numerically integrate the governing equations ( 5 ) and ( 8 )
tarting from a critical point ( rc ), and extend the integration both
nward towards the event horizon ( rH ) and outward to the outer
dge of the accretion disc ( redge ). By smoothly connecting these
wo branches, we obtain a global transonic accretion solution (S. 
. Chakrabarti & S. Das 2004 ; S. Das 2007 ; M. Singh & S. Das
024 ) 
The existence of multiple critical points in such solutions not 
nly determines the transonic nature of the flow but also plays
 crucial role in enabling discontinuous transitions within the 
ccretion dynamics. In particular, the formation of a shock is a
atural consequence of the complex interplay between gravity 
nd centrifugal repulsion. For a shock transition to occur, the 
ccreting matter must possess multiple critical points allowing 
he flow to undergo a discontinuous transition from the super- 
onic to the subsonic branch (J. Fukue 1987 ; S. K. Chakrabarti
989 ; S. K. Chakrabarti & S. Das 2004 ; S. Das 2007 ). This scenario
rises when the centrifugal force, acting as an effective barrier 
gainst radial infall, becomes strong enough to balance the in- 
ard gravitational pull. As the supersonic inflow encounters this 
entrifugal barrier, a shock transition is triggered provided the 
ankine–Hugoniot conditions (RHCs) are satisfied (L. D. Landau 
 E. M. Lifshitz 1959 ). These conditions require the conservation
f mass flux, momentum flux, and energy flux across the shock
ront. More specifically, the RHCs are: (a) mass flux conservation 
˙ + 

= Ṁ−, (b) energy flux conservation E+ 

= E−, (c) momen- 
um flux conservation H+ 

[ P+ 

+ ρ+ 

v2 + 

] = H−[ P− + ρ−v2 −] , where
 −’ and ‘ + ’ refer to quantities immediately before and after the
hock transition, and H represents the local half-thickness of the 
isc. To estimate the energy flux, we use local specific energy as
(r) = (1 / 2) v2 + log h + �eff 

e which combines kinetic, thermal,
nd gravitational contributions of the accretion flow. 
Thereafter, we compare our semi-analytical results with nu- 
erical simulations. For this purpose, we employ the relativistic 
ydrodynamics code developed by S. K. Garain & J. Kim ( 2023 ).
he simulations solve the ideal hydrodynamical equations in 
 two-dimensional cylindrical coordinate system (r, z) over the 
omain 0 ≤ r ≤ 100 and 0 ≤ z ≤ 50 using a grid resolution of 
56 × 128 with a common stretching ratio of 1.003. The com-
utational domain covers only the first quadrant, with reflection 
ymmetry imposed across the equatorial plane. Inflow boundary 
onditions are applied along r = 100 allowing matter to enter the
omain through a vertical disc height H ∼ 50 . It is important
o note that the injection height H employed in the simulations
hould not be identified with the disc height prescriptions used 
n the analytical models, as the former serves only as a boundary
ondition, whereas the latter defines the assumed global geomet- 
ical structure of the accretion flow. Outflow conditions are set 
long z = 50 , while a reflecting boundary is enforced at r = 0 .
o ensure numerical accuracy, the simulations employ a globally 
econd-order scheme. Spatial reconstruction is performed using 
he van Leer slope limiter (A. Mignone 2014 ), and temporal evo-
ution is carried out using a two-stage strong-stability-preserving 
unge–Kutta method (C.-W. Shu & S. Osher 1988 ). The interfa-
ial fluxes are computed with the HLL (Harten–Lax–van Leer) 
iemann solver. The simulation domain is initially filled with a 
enuous background medium with a density floor of ρfloor = 10−6 

nd a pressure floor Pfloor = 10−9 to avoid numerical singulari- 
ies. As the simulation progresses, the inflowing matter rapidly 
ominates the domain, forming a stable shock structure due 
o interaction with the centrifugal barrier near the black hole. 
MNRAS 551, 1–10 (2026)
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M

Figure 1. Distribution of logarithmic normalized density log 10 (ρ/ρ100 ) 
in the r- z plane. The pronounced density discontinuity near rs ∼ 42 rg 
on the equatorial plane ( z = 0 ) extending vertically upward indicates the 
shock surface. Inner critical at rin ∼ 5 . 08 rg is also marked. See the text for 
details. 
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Figure 2. Radial variation of the Mach number ( M = υ/Cs ) for different 
disc geometries. The dashed (red), dotted (blue), and dot–dashed (purple) 
curves correspond to Model V, Model C, and Model H, respectively, while 
the solid (black) curve represents the simulation result at the disc equa- 
torial plane ( z = 0 ). The parameters are chosen as E = 1 . 0043 , λ = 3 . 38 , 
� = 4 / 3 , and ak = 0 . 0 . Vertical arrows denote the locations of shock 
transitions. See the text for details. 
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ig. 1 illustrates the distribution of logarithmic normalized den-
ity (log 10 [ ρ/ρ100 ] ) in the r- z plane at time t = 50 000 rg /c , when
he simulation reaches a steady state. For this simulation, we
dopt the parameters E = 1 . 0043 , λ = 3 . 38 , ak = 0 . 0 , and � =
 / 3 . Here, ρ100 denotes the density at r = 100 rg . The shock sur-
ace is evident from the abrupt density jump near r ∼ 42 rg along
he equatorial disc ( z = 0 ), which extends vertically upward. The
egion near the axis remains void of matter due to the non-zero
ngular momentum of inflow. This feature provides a distinct sig-
ature of the flow dynamics and emphasizes the role of angular
omentum in governing the accretion geometry. 

 RESULTS  

n this section, we present the results of our investigation into
he structure of transonic global accretion flows around black
oles for different disc geometries. Using a combination of 
emi-analytical techniques and high-resolution numerical simu-
ations, we examine the dynamical properties of the flow. This
llows us to assess the validity of theoretical models under dif-
erent geometric configurations by directly comparing them with
imulation outcomes. 

.1 Global transonic accretion solutions with shock 

n Fig. 2 , we compare the transonic accretion solutions obtained
rom three different disc geometries. These solutions are com-
uted using an identical set of flow parameters, which are E =
 . 0043 , λ = 3 . 38 , ak = 0 . 0 , and an adiabatic index � = 4 / 3 . The
gure shows the variation of the Mach number ( M = υ/Cs ) as a
unction of the radial coordinate r. The solutions corresponding
o Model V, Model C, and Model H are displayed by the dashed
red), dotted (blue), and dot–dashed (purple) curves, respectively,
hile the numerical simulation result at the disc equatorial plane

 z = 0 ) is overplotted using the solid (black) curve. The compari-
on clearly demonstrates that the three semi-analytical solutions
iffer substantially across the respective disc geometries, despite
eing calculated using identical input parameters. This indicates
he strong dependence of the transonic flow structure on the
ssumed disc geometry. More precisely, we find that Model V
xhibits a discontinuous shock transition at rs = 58 . 24 , whereas
oth Model C and Model H remain entirely smooth and shock-
ree throughout the entire computed domain, including the su-
ersonic region beyond 100 rg . The numerical simulation also
NRAS 551, 1–10 (2026)
hows the presence of a shock at rs = 42 . 08 , although its location
oes not coincide with the shock predicted by Model V. In the
gure, vertical arrows denote the positions of shock transitions,
nd remaining arrows indicate the inward direction of matter
ow as it plunges towards the black hole. 
Indeed, the above discrepancy highlights the intrinsic dynami-
al nature of the simulated flow. It is worth noting that in the sim-
lation, the disc geometry is not prescribed a priori. Instead, the
nitially unbounded inflowing matter evolves self-consistently
nto an accretion configuration as the system progresses dynam-
cally. Consequently, the disc structure emerges naturally from
he coupled hydrodynamic and gravitational interactions, rather
han being constrained by an assumed geometrical prescription.
verall, these differences emphasize the necessity of carefully
hoosing disc geometry while developing physically realistic ac-
retion flow models around black holes. 
By examining the simulation results, we observe that none of 

he semi-analytical solutions perfectly replicate the simulation
hroughout the entire domain. Instead, we observe that the pre-
hock branch of the flow broadly agrees with the semi-analytical
olution obtained from Model C, whereas the post-shock branch
losely resembles the behaviour predicted by Model V, where the
ow undergoes vertical expansion driven by elevated thermal
ressure. Motivated by this, we consider a model of hybrid disc
eometry in which the pre-shock flow is described by Model C
nd the post-shock flow is prescribed by Model V. Using this
ombined configuration, we compute the shock-induced global
ccretion solution, and the obtained results are presented in Fig. 3
long with the simulation profiles. Fig. 3 (a) shows the radial vari-
tion of the Mach number, while Fig. 3 (b) depicts the temperature
 T ) profile with r. In both panels, the hybrid model demonstrates
lose agreement with the simulation in terms of the Mach num-
er ( M) and temperature ( T ) profiles. The hybrid solution pre-
icts a shock location at rs = 46 . 68 , differing by only∼10 per cent
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Figure 3. (a) Radial variation of the Mach number ( M = υ/Cs ) for the 
hybrid disc geometry. The dotted (blue) and dashed (red) curves denote 
the components of the hybrid solution obtained from Model C and Model 
V, respectively. The solid (black) curve represents the simulation result as 
in Fig. 2 . Here, we choose E = 1 . 0043 , λ = 3 . 38 , � = 4 / 3 , and ak = 0 . 0 . 
Vertical arrows mark the locations of shock transitions. (b) Comparison 
of the radial variation of temperature ( T ) between the hybrid disc geom- 
etry and the corresponding simulation result shown in panel (a). See the 
text for details. 
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rom the shock radius obtained in the simulation. This residual 
iscrepancy primarily arises from the different treatments of the 
ertical flow structure in the semi-analytical and numerical ap- 
roaches. In the former, the disc geometry is prescribed a priori,
hereas in the latter it develops self-consistently from the under- 
ying flow dynamics. We stress that the difference in the shock
ocation between Figs 2 and 3 is solely a consequence of adopting
he hybrid disc geometry. The strength of the hybrid model lies
n its ability to reconcile the distinct geometric characteristics 
f the pre-shock and post-shock regions while preserving the 
onservation laws governing the shock transition. Consequently, 
t provides a more realistic representation of the simulated flow 

tructure and substantially improves the agreement between the 
emi-analytical solutions and the numerical simulation. We also 
ompute the compression ratio ( R ), which quantifies the density
ompression across the shock front (S. Das 2007 , and references
herein) and obtain R = 2 . 48 . Furthermore, as shown in Fig. 3 (b),
he temperature profile ( T ) predicted by the hybrid model ex-
ibits good agreement with the simulation. This finding evidently 
upports the physical plausibility and robustness of the proposed 
ybrid framework. 

.2 Parameter space with hybrid disc height for standing 
hock 

n this section, we examine the ranges of specific energy ( E) and
ngular momentum ( λ) that admit shock-induced global accre- 
ion solutions within the hybrid model framework. To this end, 
e separate the effective domain of the parameter space on the
- E plane for standing shocks formed in accretion flows around 
oth weakly rotating ( ak = 0 ) and rapidly rotating ( ak = 0 . 99 )
lack holes. The resulting parameter spaces are shown in Fig. 4 ,
hich demonstrate that shocked accretion solutions are not iso- 
ated but instead exist over a broad range of λ and E . It is worth
entioning that shock transitions occur for flows with compar- 
tively lower angular momentum around rapidly rotating black 
oles than around weakly rotating ones. This behaviour arises 
ue to spin–orbit coupling embedded into the space–time geom- 
try around the rotating black holes (S. Das & S. K. Chakrabarti
008 ; I. K. Dihingia, S. Das & A. Nandi 2019 ; G. Sen, D. Maity & S.
as 2022 ). In Fig. 4 (a), the colour scale represents the shock loca-
ion ( rs ) with the corresponding colour bar indicating the range
f standing shock radii. It is evident that, for a given E , shocks
enerally form at larger radii for flows with relatively higher 
ngular momentum. Moreover, we note that identical shock radii 
ay be obtained for different sets of ( λ, E). We further observe
hat the black hole spin plays a crucial role in determining the
hock properties, with the shock location moving progressively 
utward as the spin parameter increases for a given set of flow
arameters (see Appendix A ). In Fig. 4 (b), we replot the λ- E 
lane for a standing shock with the compression ratio ( R ) indi-
ated by the colour scale, and the adjacent colour bar denotes
ts range. We further notice that the nature of shocks becomes
tronger ( R � 4 ) when the shock forms closer to the black hole
orizon. Such shock-induced accretion solutions have been suc- 
essful in interpreting the observed spectral and temporal prop- 
rties of black hole sources (S. Chakrabarti & L. G. Titarchuk
995 ; S. K. Chakrabarti & S. G. Manickam 2000 ; S. Mandal & S. K.
hakrabarti 2005 ; A. Nandi et al. 2012 , 2024 ; N. Iyer et al. 2015 ; S.
as et al. 2021 ; S. Majumder et al. 2022 ). In the following section,
e demonstrate how these solutions within the hybrid model 
an be employed to account for the observed QPO frequencies 
n various black hole systems. 
MNRAS 551, 1–10 (2026)
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.3 Estimation of QPO frequency 

n this section, we examine the properties of standing shocks to
stablish a connection between shock dynamics and the observed
POs. It is noteworthy that when the conditions for a standing
hock are unfavourable and the entropy of the inner critical point
 rin ) solution exceeds that of the outer critical point ( rout ) solution,
he shock front fails to attain a steady configuration and instead
xhibits non-stationary behaviour (I. K. Dihingia et al. 2019 ).
uch oscillations arise either from resonance effects, where the
ost-shock cooling time-scale becomes comparable to the infall
ime-scale of the flow (D. Molteni et al. 1996 ), or from unstable
erturbations triggered when viscosity exceeds its threshold lim-
ts (S.-J. Lee et al. 2011 , 2016 ; S. Das et al. 2014 ; S. Debnath et
l. 2024 , 2025 ). The resulting oscillations of the shock front are
enerally quasi-periodic in nature and are regarded as the plausi-
le physical origin of the QPOs observed in BH–XRBs. Therefore,
stimating the shock location is of fundamental importance, as it
rovides a direct link between the dynamics of the accretion flow
nd the observed timing properties of black hole sources. 
Within this framework, we consider that fluid elements in the
ost-shock region subsequently undergo nearly free-fall motion
owards the black hole event horizon. The corresponding infall
ime-scale of matter from the shock location to the horizon pro-
ides a natural dynamical time-scale for the system. We therefore
rgue that the inverse of this infall time-scale offers a robust esti-
ate of the QPO frequency, establishing a direct correspondence
etween the observed quasi-periodic variability and the proper-
ies of the standing shock, along with the underlying global ac-
retion flow parameters. Accordingly, following S. K. Chakrabarti
 S. G. Manickam ( 2000 ), N. Iyer et al. ( 2015 ), and I. K. Dihingia
t al. ( 2019 ), we estimate the QPO frequency as 

QPO = c/rg 
(2)3 / 2 πRrs 

√ 

rs − 2 
Hz . (11) 

e compute νQPO for all possible shock-induced global accretion
olutions by varying E and λwithin the hybrid model for flows ac-
reting onto weakly ( ak = 0 , upper panel) and rapidly ( ak = 0 . 99 ,
ower panel) rotating black holes. The results are presented in
ig. 5 , which shows a two-dimensional projection of the three-
imensional parameter space involving rs , R , and νQPO . Since
QPO depends directly on rs and R , we recast the shock parameter
pace on the rs –R plane instead of the λ–E plane. Our formalism
ields both strong ( R > 4 ) and weak ( R ∼ 1 ) shocks. We further
nd that high-frequency QPOs (HFQPOs) generally occur when
oth rs and R are small, whereas low-frequency QPOs (LFQPOs)
rise when shocks form at larger radii with a wide range of R .
hese findings provide valuable insights for constraining model
arameters to explain observations, as discussed next. 
We note that, although distinct accretion solutions may pro-
uce similar shock locations, the corresponding QPO frequencies
 νQPO ) are generally expected to remain distinguishable owing to
heir combined dependence on the shock location ( rs ) and the
hock compression ratio ( R ). 

 ASTROPHYSICAL  IMPLICATION  

n this section, we present theoretical estimates of key physical
arameters, namely, energy ( E), angular momentum ( λ), shock
ocation ( rs ), and compression ratio ( R ), which are inferred from
he observed QPO frequency ( νQPO ) across several BH–XRBs. Our
rimary focus is on LFQPOs. 
NRAS 551, 1–10 (2026)
We begin by focusing on the well-known BH–XRB source GRS
915 + 105, which exhibits a diverse range of QPOs associated
ith its various temporal variability classes. The presence of 
POs across several variability classes in this source has been
eported by M. P. Athulya et al. ( 2022 ), providing valuable obser-
ational constraints for modelling the underlying accretion flow
roperties. Previous studies established the fundamental physical
arameters of this source, including black hole mass of 12 . 4 M�
M. J. Reid et al. 2014 ) and spin parameter of ak = 0 . 98 (J. L. Blum
t al. 2009 ). Adopting these constraints, we utilize the observed
PO frequencies corresponding to different variability classes to
elineate the allowed shock parameter space and to estimate the
hock location ( rs ), and compression ratio ( R ), as shown in Fig. 6 .
n particular, we consider LFQPOs detected in the χ , β, α, ρ,
nd ρ ′ classes (V. J. Mikles, S. S. Eikenberry & D. M. Rothstein
006 ; M. P. Athulya et al. 2022 ), along with the HFQPO observed
n the γ class (P. Majumder et al. 2025 ), and aim to account for
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Figure 6. Allowed ranges of angular momentum ( λ) and energy ( E) 
that satisfactorily reproduce both LFQPO and HFQPO ( νQPO ) observed 
in GRS 1915 + 105. The inset shows the corresponding allowed ranges 
of the shock location ( rs ) and compression ratio ( R ). The solid (red), 
dotted (cyan), dashed (purple), long-dashed (blue), dot–dashed (green), 
and dot–dot–dashed (black) curves represent results corresponding to 
νQPO = 1 . 85 , 2.2, 2.7, 4.69, 5.64, and 67.32 Hz, respectively. See the text 
for details. 
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he corresponding QPO frequencies within our framework. In 
ig. 6 , the solid (red), dotted (cyan), dashed (purple), long-dashed
blue), dot–dashed (green), and dot–dot–dashed (black) curves 
epresent results corresponding to νQPO = 1 . 85 , 2.2, 2.7, 4.69,
.64, and 67.32 Hz, respectively. We find that the present model 
atisfactorily reproduces the observed νQPO across different tem- 
oral variability classes over a broad range of the flow parameters
and E . More specifically, LFQPOs are preferentially produced 
n flows with relatively higher angular momentum ( λ), whereas 
FQPOs arise at comparatively lower λ. In contrast, LFQPOs are 
onfined to a narrower range of specific energy, while HFQPOs 
re obtained over a wider span of E . Within the present formal-
sm, QPOs originate from the aperiodic modulation of the shock 
ront, with shock transitions occurring at larger radii for flows 
ossessing higher angular momentum. Consequently, LFQPOs 
re associated with shocks forming farther away from the black 
ole. On the other hand, HFQPOs are yielded when the shock
ront undergoes oscillations at smaller radii closer to the event 
orizon, where relatively lower angular momentum flows com- 
ined with a broad range of energies naturally give rise to high-
requency oscillations. 
We extend this comprehensive analysis to an additional 
ine Galactic BH–XRBs, namely Swift J1728.9 −3613, MAXI 
1535 −571, MAXI J1803 −298, XTE J1550 −564, H1743 −322, 
AXI J1820 + 070, EXO 1846 −031, MAXI J1836 −194, and MAXI
1348 −630. For all these sources, the black hole mass and spin
re reasonably well constrained, and the corresponding observed 
PO centroid frequencies ( νQPO ) are readily available in the lit-
rature. Utilizing these observational inputs, we identify the al- 
owed ranges of the flow parameters E and λ, and subsequently
etermine the corresponding shock location ( rs ) and compression 
atio ( R ) that yield model-predicted QPO frequencies consistent 
ith the observed νQPO . The details of the selected sources are 
ummarized in Table 1 , where columns 1–4 list the source name,
lack hole mass ( MBH ), spin ( ak ), and observed QPO frequency
 νQPO ), respectively. Columns 5 and 6 present the ranges of rs 
nd R that theoretically reproduce the observed QPO frequencies, 
hile the relevant references are provided in column 7. 
In Fig. 7 , we present the results obtained for these nine BH–
RBs in the λ–E parameter space. Owing to uncertainties in the
lack hole mass, the inferred parameter spaces appear as finite- 
idth bands r ather than as discrete curves. The inset in each
anel further illustrates the corresponding allowed ranges of the 
hock location ( rs ) and compression ratio ( R ) associated with the
dmissible λ–E parameter space. The colour code denotes the 
ange of source mass ( MBH ). For clarity, each panel is annotated
ith the source name, MBH , ak , and νQPO . Consistent with our
esults for GRS 1915 + 105, we find that the observed QPO fre-
uencies for all sources can be satisfactorily reproduced within 
he hybrid disc geometry framework over a broad range of model
arameters, including E , λ, rs , and R . These results, shown in
ig. 7 , demonstrate that standing shock solutions within global 
ccretion models provide a robust and unified framework for in- 
erpreting observational QPO constraints across a diverse sample 
f Galactic BH–XRBs. 

 CONCLUSION  

n this study, we examine the extent to which semi-analytical 
lobal accretion solutions can reproduce the flow properties ob- 
ained from numerical simulations in the presence of shocks. 
 direct comparison reveals that no single semi-analytical disc 
eometry is able to adequately match the simulation profiles 
cross the entire radial domain (see Fig. 2 ). Instead, the pre-shock
egion of the flow exhibits closer agreement with the conical disc
olution (Model C), whereas the post-shock region is better de- 
cribed by the vertical equilibrium disc solution (Model V), where 
nhanced thermal pressure drives significant vertical expansion 
hile maintaining hydrostatic balance in the vertical direction. 
Motivated by these complementary behaviours, we introduce 

 hybrid disc geometry in which the pre-shock accretion flow 

ollows Model C and the post-shock flow is governed by Model
. The resulting shock-induced global accretion solution exhibits 
lose agreement with the simulation results in both dynamical 
nd thermodynamical properties. In particular, the radial profiles 
f the Mach number ( M) and temperature ( T ) predicted by the
ybrid disc model closely match those from the simulation, and 
he inferred shock location differs by only∼10 per cent from that 
btained numerically (see Fig. 3 ). The associated compression 
atio across the shock is also found to be physically reasonable,
urther supporting the consistency of the model. 
Overall, these results demonstrate that a hybrid disc geometry 
rovides a physically motivated description of shocked accretion 
ows that is in agreement with numerical simulations. Within 
his framework, we obtain the shock parameter space in λ- E 
lane using the hybrid disc geometry for both weakly rotating 
 ak → 0 ) and rapidly rotating ( ak = 0 . 99 ) black holes (see Fig. 4 ).
he proposed approach captures the essential features of both the 
re- and post-shock regions and offers a reliable foundation for 
odelling shock-driven temporal variability signatures in black 
ole accretion systems. 
Within this framework, we explore the origin of QPOs in BH–
RBs in the context of global accretion flows harbouring shock 
olutions. Using the hybrid disc geometry, we constrain the flow 

arameters, namely energy ( E) and angular momentum ( λ) (as
ell as the derived quantities rs and R ), that satisfactorily repro-
uce the observed QPO centroid frequencies ( νQPO ). Our analysis 
henomenologically demonstrates that oscillations of the shock 
MNRAS 551, 1–10 (2026)
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Table 1. Physical and observable parameters of nine BH–XRBs under consideration. Columns 1–4 list the source name, black hole mass ( MBH ), spin 
parameter ( ak ), and the observed QPO centroid frequency ( νQPO ). Columns 5 and 6 present the ranges of the shock location ( rs ) and compression ratio 
( R ) that successfully reproduce the observed QPO frequencies within our model, while the relevant references are provided in column 7. See the text 
for details. 

Source MBH ak νQPO rs R Referencesa 
name ( M�) (Hz) ( GMBH /c2 ) 

Swift J1728.9 −3613 4.6 0.00 5.40 28 . 59- 66 . 01 1 . 74- 6 . 24 1, 1, 1 
MAXI J1535 −571 7 . 7- 9 . 9 0.99 9.90 13 . 46- 34 . 86 1 . 50- 5 . 63 2, 3, 4 
MAXI J1803 −298 8 . 5- 16 . 0 0.99 5.38 14 . 05- 46 . 26 1 . 51- 5 . 48 5, 6, 5 
XTE J1550 −564 9 . 1 ± 0 . 61 0.34 4.00 23 . 02- 53 . 59 1 . 73- 5 . 58 7, 8, 9 
H1743 −322 11 . 21+1 . 65 

−1 . 96 0.20 0.98 46 . 43- 126 . 62 1 . 73- 5 . 86 10, 11, 12 
MAXI J1820 + 070 8 . 48+0 . 79 

−0 . 72 0.20 3.01 28 . 85- 68 . 38 1 . 76- 5 . 48 13, 14, 15 
EXO 1846 −031 9 . 0 ± 5 . 0 0.99 8.00 11 . 36- 58 . 76 1 . 47- 5 . 87 16, 17, 17 
MAXI J1836 −194 7 . 5- 11 . 0 0.88 5.17 18 . 58- 51 . 23 1 . 62- 5 . 31 18, 19, 18 
MAXI J1348 −630 11 . 0 ± 2 . 0 0.78 18.47 7 . 38- 20 . 34 1 . 58- 5 . 57 20, 21, 22 

Notes.a References for black hole mass ( MBH ), spin ( ak ), and QPO frequency ( νQPO ) are given in column 7 in sequential order. 
References: 1: D. Saha, M. Mandal & S. Pal ( 2023 ); 2: X. Chen et al. ( 2022 ); 3: Q. Liu et al. ( 2022 ); 4: J.-R. Shang et al. ( 2019 ); 5: S. Chand et al. ( 2022 ); 6: 
Y. Feng et al. ( 2022 ); 7: Y.-H. Su et al. ( 2015 ); 8: S. E. Motta et al. ( 2015 ); 9: J. A. Orosz et al. ( 2011 ); 10: S. Chand et al. ( 2021 ); 11: A. A. Tursunov & M. 
Kološ ( 2018 ); 12: A. A. Molla et al. ( 2017 ); 13: X. Ma et al. ( 2023 ); 14: J. Guan et al. ( 2021 ); 15: M. A. P. Torres et al. ( 2020 ); 16: H.-X. Liu et al. ( 2021 ); 
17: P. A. Draghis et al. ( 2020 ); 18: A. Jana et al. ( 2016 ); 19: R. C. Reis et al. ( 2012 ); 20: L. Zhang et al. ( 2020b ); 21: N. Jia et al. ( 2022 ); and 22: G. Lamer 
et al. ( 2021 ). 

Figure 7. Parameter space in λ–E plane and the corresponding rs –R plane for the nine BH–XRBs considered in this study (shown in nine panels) that 
reproduce the observed QPO centroid frequencies νQPO . Each panel is annotated with the source name, black hole mass, dimensionless spin parameter, 
and the observed QPO centroid frequency. Owing to uncertainties in the estimated black hole mass, MBH , the inferred solutions appear as finite-width 
bands rather than discrete curves. Colour scale indicates the range of MBH . See the text for details. 
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ront provide a self-consistent mechanism for generating the ob-
erved QPOs in BH–XRBs (see Fig. 5 ). 
NRAS 551, 1–10 (2026)
Considering GRS 1915 + 105 as a benchmark source with well-
onstrained mass and spin, we show that the hybrid disc model
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uccessfully reproduces both LFQPOs and HFQPOs observed 
cross different variability classes. We find that LFQPOs are pref- 
rentially associated with flows possessing relatively higher an- 
ular momentum, with shocks forming at larger radii, whereas 
FQPOs arise from lower angular momentum flows in which the 
hock forms closer to the black hole. Furthermore, LFQPOs are 
onfined to a narrow range of flow energy, while HFQPOs span a
roader energy domain. This finding highlights the distinct phys- 
cal conditions governing these two classes of QPOs (see Fig. 6 ). 
Extending our analysis to nine additional Galactic BH–XRBs, 
e demonstrate that the present model formalism is capable 
f reproducing the observed QPO frequencies for these sources 
ithin the same theoretical framework. The inferred ranges of E , 
, rs , and R are physically plausible and exhibit systematic trends
hat are broadly consistent across sources despite uncertainties in 
lack hole mass estimates. These results establish that shocked 
olutions in global accretion flows provide a plausible and com- 
elling interpretation of QPO phenomenology in BH–XRBs, re- 
nforcing the possible role of shock dynamics in understanding 
ccretion-driven temporal variability (Fig. 7 ). 
Finally, we note the limitation of this study. The present model 
oes not include a high-viscosity Keplerian disc component 
long with the sub-Keplerian flow, as solving the coupled two- 
omponent accretion equations introduces considerable mathe- 
atical complexity. In addition, the present framework does not 
ccount for alternative QPO mechanisms, such as misaligned disc 
recession (L. Zhang et al. 2020a ) or GRMHD (general relativis-
ic magnetohydrodynamic)-based variability (I. K. Dihingia & Y. 
izuno 2025 ). Nevertheless, the shock-induced hybrid geometry 
dopted in this study provides a distinct dynamical mechanism 

n which QPOs arise from radial oscillations of the post-shock re-
ion, yielding physical interpretations that differ fundamentally 
rom those predicted by other QPO models. 
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APPENDIX  A:  DEPENDENCE  OF  SHOCK  

LOCATION  ON  BLACK  HOLE  SPIN  

The dependence of the shock location ( rs ) on the black hole 
spin ( ak ) is examined by keeping the flow energy and angular 
momentum fixed at E = 1 . 007 and λ = 3 . 048 , respectively, while 
varying the spin. The obtained results are presented in Fig. A1 . 
We find that the shock location exhibits a systematic outward 
shift with increasing black hole spin, which is consistent with the 
previous studies of shocked accretion flows around rotating black 
holes (J. Mao et al. 2025 ). For the chosen flow parameters, the 
shock forms at a minimum radius of ∼15 . 06 rg when ak = 0 . 25 . 
As the spin increases, the shock front gradually moves outward 
and reaches rs ∼ 49 . 28 rg for ak = 0 . 34 , corresponding to a net 
displacement of 
rs ∼ 34 . 22 rg over the considered spin range. 
This behaviour clearly demonstrates that, for a fixed set of flow 

parameters, increasing black hole spin shifts the shock front to 
larger radii. 

Figure A1. Variation of shock location ( rs ) with black hole spin( ak ). 
Here, we choose flow energy as E = 1 . 007 and angular momentum as λ = 

3 . 048 . See text for details. 
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