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We investigate the properties of low angular momentum, inviscid, advective accretion flows in a generic
static and spherically symmetric spacetime that incorporates higher-order corrections up to the fourth order
in 1=r. Employing this metric, we self-consistently solve the relativistic hydrodynamical equations and
obtain the family of global transonic accretion solutions (O, A, W, and I types) by means of the spacetime
parameters ðδ; η; βÞ and the flow parameters (specific energy E and angular momentum λ). Our analysis
reveals that the accretion flow possesses either single or multiple critical points depending on these input
parameters. We delineate the regions of the δ − λ and λ − E parameter spaces that admits solutions with
multiple critical points and demonstrate how these regions evolve with increasing spacetime parameter δ.
Furthermore, while connecting the spacetime geometry with observable signatures, we compute the
spectral energy distribution (SED) from thermal bremsstrahlung emission and observe that increasing δ
enhances the SED relative to the Schwarzschild case. Finally, we find that global transonic solutions
harboring inner critical points (I types) yield more luminous power than those with only outer critical points
(O and A types).
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I. INTRODUCTION

Black holes (BHs) are among the most intriguing cosmic
objects predicted by the general theory of relativity [1].
Accretion serves as a crucial pathway for extending our
understanding of these extremely compact objects in the
Universe [2]. The accretion process around BHs is widely
regarded as the fundamental mechanism capable of
explaining the observed radiation from various astrophysi-
cal systems, including quasars [3–5], active galactic nuclei
[6,7], and BH x-ray binaries [8,9]. Since BHs themselves
do not emit radiation, understanding the dynamics of
accreting matter is essential for inferring their physical
properties. Over the past decades, numerous studies have
explored BH accretion under a variety of physical con-
ditions (Igumenshchev and Abramowicz 10, Li et al. 11,
Yuan and Narayan 12, and references therein). In parallel,
accretion onto several classes of exotic compact objects,
such as boson stars [13,14], wormholes [15], gravastars
[16], quark stars [17], and naked singularities [18,19], has
also been investigated. Furthermore, hydrodynamical stud-
ies of accretion have been extended to a variety of modified
gravity frameworks, including Chern–Simons gravity [20],
braneworld BHs [21,22], Hořava–Lifshitz gravity [23,24],
and fðRÞ gravity [25], among others.

For almost a century, Einstein’s general relativity (GR)
has successfully passed a wide range of experimental tests
ranging from classical solar system experiments to the
recent detections of gravitational waves [26,27]. However,
several theoretical and observational challenges, such as the
lack of a theory of gravity consistent with quantum
mechanics, the existence of dark matter and dark energy,
and singularities at the center of BHs and at the beginning
of the big bang, have motivated the development of
alternative theories of gravity [28,29]. In many such
theoretical frameworks, the Schwarzschild metric is modi-
fied by adding inverse power law terms as correction in the
metric function. For instance, coupling GR with electro-
magnetism leads to the Reissner–Nordström solution,
which introduces a 1=r2 term in the metric function
[30]. Higher-dimensional theories such as Gauss–Bonnet
and Lovelock gravity, which appear as low-energy limits of
string theory, generate 1=r4 corrections to BH solutions
[31,32]. Similarly, braneworld models including Randall–
Sundrum scenarios induce effective 1=r4 terms in four-
dimensional spacetime arising from a “tidal charge” asso-
ciated with gravitational leakage into extra dimensions
[33]. Quantum corrected BH solutions derived from effec-
tive field theory approaches or one-loop quantum gravity
calculations also introduce higher-order terms to the metric
[34–37].
Such higher-order modifications to the metric influence

several key observables near compact objects including the
photon sphere, the gravitational redshift, and the innermost
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stable circular orbit, all of which are sensitive to the
underlying spacetime geometry near compact object
[38–40]. These modifications are expected to affect the
structure and dynamics of accretion flows around the central
objects. Since gravitational fields are strongest in thevicinity
of the BHs, accreting matter approaching the event horizon
provides a natural and effective probe for testing the
alternative theories of gravity. Motivated by these consid-
erations, we adopt the metric proposed byMafuz et al. [41],
which includes correction terms up to fourth order in 1=r.
Their approach provides a phenomenological generalization
of static, spherically symmetric spacetimes allowing us to
test, in a model independent way, how deviations from
standard Schwarzschild or Reissner–Norsdström geometry
would affect observable features of astrophysical compact
objects. It also has the potential to offer a bridge between
theory and observation: by constraining the coefficients
through different observational data. In this work, using this
metric, we carry out a comprehensive hydrodynamical
analysis of low angular momentum accretion flow in a
static, spherically symmetric BH spacetime.
Within this framework, we adopt a relativistic equation

of state (EOS) [42] and perform the critical point analysis to
calculate and classify the critical points. We then compute
the global transonic accretion solutions as functions of the
spacetime parameters (δ, η, and β) and the input flow
parameters, namely the specific energy E and the angular
momentum λ. This enables us, for the first time to the best
of our knowledge, to examine how the variations of the
spacetime parameters modify the accretion solutions. We
further determine the allowed parameter ranges in the δ − λ
and λ − E planes that give rise to multiple critical points.
Finally, we evaluate the spectral energy distribution (SED)
associated with the global transonic solutions and examine
the role of the parameter δ in regulating the resulting SEDs.
This paper is organized as follows. Section II provides a

brief overview of the chosen metric. In Sec. III, we present
the model assumptions followed by the governing equa-
tions and the critical point analysis. We present results in
Sec. IV. Finally, Sec. V summarizes our key findings.

II. DESCRIPTION OF GENERIC SPHERICALLY
SYMMETRIC SPACETIME

We begin with an asymptotically flat static spherically
symmetric spacetime, where the line element is expressed
as [41],

ds2 ¼ gttdt2 þ grrdr2 þ gθθdθ2 þ gϕϕdϕ2

¼ −FðrÞdt2 þF−1ðrÞdr2 þ r2dθ2 þ r2sin2θ dϕ2:

ð1Þ

In Eq. (1), μ and ν are the spacetime indices running from
0 → 3 and gμν are the components of the metric under

consideration. The componentFðrÞ for the generic class of
spacetime is defined as

FðrÞ ¼
�
1þ P

r
þQ
r2

þ S
r3

þ T
r4

�
; ð2Þ

whereP,Q, S, and T are constants. Note that the maximum
power of the term 1=r is restricted to four that allows a
tractable and meaningful analysis of the corresponding
accretion solutions. Needless to mention that different
combinations of these constants in Eq. (2) yield numerous
examples ofmetrics inGRandmodified theories gravity [see
[41,43–45], and references therein]. Allowing multiple
powers of 1=r with independent coefficients provides
enough flexibility to capture a large variety of possible
deviations from the standard GR black holes in vacuum,
whichmay arise due to additional fields,matter distributions,
modifications of gravity, or phenomenological corrections.
Here, we assume that the metric represents a solution

within GR or a modified theory of gravity that satisfies the
Einstein or Einstein-like field equations, i.e., Gμν ¼ 8πTeff

μν ,
where Teff

μν denotes the effective stress-energy tensor.
Indeed, Teff

μν encapsulates the properties of the matter
distribution under consideration, while the Einstein tensor
Gμν underlines the spacetime curvature. Throughout this
study, we adopt the convention that Greek indices such as
μ, ν, α run over the spacetime coordinates (t,r,θ,ϕ).
Following [41], we express P in terms of the BH mass
as −2MBH because the inequalities arising from the Weak
Energy Condition and the Null Energy Condition are
independent of the parameter P. Furthermore, we introduce
dimensionless parameters δ, η, and β as

Q ¼ δM2
BH; S ¼ ηM3

BH; and T ¼ βM4
BH: ð3Þ

In this work, we use a unit system as MBH ¼ G ¼ c ¼ 1,
where MBH is the mass of the black hole, G is the
gravitational constant, and c is the speed of light. In this
system, length, angular momentum, and energy is
expressed in units of rg ¼ GMBH=c2, crg, and c2, respec-
tively. Accordingly, we rewrite Eq. (2) as

FðrÞ ¼
�
1 −

2

r
þ δ

r2
þ η

r3
þ β

r4

�
: ð4Þ

It is worth mentioning that when δ ¼ η ¼ β ¼ 0, the
metric simplifies to the Schwarzschild spacetime of a
nonrotating BH. The horizon condition for the generic
metric is given by

grrðrHÞ ¼ FðrÞ ¼
�
1 −

2

r
þ δ

r2
þ η

r3
þ β

r4

�
¼ 0: ð5Þ

By analytically solving Eq. (5), we determine the location
of the event horizon rH (see Appendix A for details). In this
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study, we exclusively focus on accretion solutions corre-
sponding to BHs, which is eventually ensured by choosing
only those combinations of the parameters δ, η, and β that
satisfy the horizon condition and thus confirm the existence
of the event horizon. To ensure this and to satisfy different
energy conditions, in the present study, we have restricted
all the deformation parameters to be positive below their
respective upper bounds. Negative choices of δ, η, and β
exist and different signature combinations of these param-
eters can give rise to violations of weak and null energy
conditions (see [41] for more detail).

III. BASIC ASSUMPTIONS AND MODEL
FORMALISM

In this work, we develop our analysis within the
framework of a steady, inviscid, low angular momentum
accretion flow that advects toward the BH along the
equatorial plane. Such flows provide a physically motivated
description of accretion in strong gravity environments
[46–48]. We adopt a generic, static, and spherically
symmetric spacetime background to capture the essential
curvature effects governing the radial inflow dynamics.
Within this framework, the relativistic hydrodynamic
equations governing mass, momentum, and energy con-
servation form the basis of the accretion model and are
developed in detail in the following subsection. In this
work, we adopt a unit system asMBH ¼ G ¼ c ¼ 1, where
MBH is the mass of the black hole, G is the gravitational
constant and c is the speed of light. In this system, length,
angular momentum, and energy is expressed in units of
rg ¼ GMBH=c2, crg, and c2, respectively.

A. Governing equations

In general relativistic hydrodynamics, the conservation
of energy-momentum tensor and the mass flux yields all the
hydrodynamical equations describing the flow. The energy-
momentum conservation equation is given by

Tμν
;ν ¼ 0; ð6Þ

and the mass conservation equation is written as

ðρuμÞ;ν ¼ 0: ð7Þ

Here, Tμν denotes the energy-momentum tensor, ρ is the
local mass density, and uμ are the four velocities of any
fluid element, respectively. The timelike velocity field
satisfies the local normalization condition uμuμ ¼ −1.
The energy-momentum tensor for the nondissipative fluid
composed of ions and electrons is expressed as

Tμν ¼ ðeþ PÞuμ uν þ Pgμν; ð8Þ

where e, P, and uμ denote the energy density, pressure, and
four velocity vector, respectively. By projecting the con-
servation equation onto the spatial hypersurface using the
projection operator hαμ ¼ δαμ þ uαuμ, we obtain the Euler
equation which is given by

hαμT
μν
;ν ¼ ðeþ PÞuνuα;ν þ ðgαν þ uαuνÞP;ν ¼ 0: ð9Þ

It is worth noting that the condition hαμuμ ¼ 0 ensures the
orthogonality between the projection operator and the four
velocity. By projecting the conservation equation along the
direction of the four velocity uμ, we obtain an expression
representing the relativistic form of the first law of
thermodynamics as

uμT
μν
;ν ¼ uμ

��
eþ P
ρ

�
ρ;μ − e;μ

�
¼ 0: ð10Þ

In this analysis, we model a geometrically thin, axisym-
metric accretion disk confined to the equatorial plane
(θ ¼ π=2), where the polar component of the four velocity
vanishes (uθ ¼ 0). The flow dynamics are described in the
corotating reference frame, where the three velocity is
expressed as v2 ¼ γ2ϕv

2
r . Here, the radial velocity compo-

nent is defined as v2r ¼ urur=ð−ututÞ, and the azimuthal
Lorentz factor is γ2ϕ ¼ 1=ð1 − v2ϕÞ. The radial Lorentz
factor is γ2v ¼ 1=ð1 − v2Þ, and the azimuthal velocity
satisfies v2ϕ ¼ uϕuϕ=ð−ututÞ. Substituting these relations
into Eq. (9) and setting the index α ¼ r, we obtain the
expression for the relativistic radial momentum equation as

vγ2v
dv
dr

þ 1

hρ
dP
dr

þ dΦeff
e

dr
¼ 0; ð11Þ

where h½¼ ðeþ PÞ=ρ� is the specific enthalpy, and Φeff
e

denotes the effective potential [49] in the equatorial plane
(θ ¼ π=2) of the disk which is given by

Φeff
e ¼ 1þ 1

2
ln

�
−gttgϕϕ

ðgϕϕ þ λ2gttÞ
�
¼ 1þ 1

2
ln

�
r2FðrÞ

r2 − λ2FðrÞ
�
:

ð12Þ
Our consideration of static and axisymmetric spacetime
implies that there exist two mutually perpendicular killing
vectors that facilitate the construction of two conserved
quantities along the direction of the flow, which are given by

huϕ ¼ L ðconstantÞ; −hut ¼ E ðconstantÞ; ð13Þ

where E is the specific energy (also known as the Bernoulli
constant) of the flow, and L corresponds to the bulk angular
momentum per unit mass of the flow. In Eq. (13), the index
α ¼ t;ϕ manifests conserved energy and angular momen-
tum, respectively. In addition,we express the specific angular
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momentum of the flow as λ ¼ L=E ¼ −uϕ=ut, which
remains conserved all throughout for an inviscid flow.
With this framework, we examine how the spacetime

parameters δ, η, and β influence the overall behavior of the
effective potential (Φeff

e ) around the central object. The
obtained results are depicted in Fig. 1, where the variation
of Φeff

e is depicted as a function of radial coordinate (r) for
flows characterized by an angular momentum of λ ¼ 3.8. In
panel (a), we set η ¼ β ¼ 0, and vary the parameter δ from
0.0 to 0.99, in steps of 0.3 followed by δmax ¼ 0.99, which
is the maximum value of δ yielding BH with a horizon. We
observe that Φeff

e increases for higher values of δ in the
vicinity of the horizon. However, at large r, Φeff

e tends to
merge for all values of δ with the Schwarzschild potential,
indicating asymptotically flat vacuum solutions. Similarly,
panels (b) and (c) illustrate the dependence of Φeff

e on r for
increasing values of η (with δ ¼ β ¼ 0) and β (with
δ ¼ η ¼ 0), respectively. As in panel (a), we identify the
results corresponding to the maximum values ηmax ¼ 1.1
(for δ ¼ β ¼ 0) and βmax ¼ 1.6 (for δ ¼ η ¼ 0) in panels
(b) and (c), respectively. A comparison of panels (a), (b),
and (c) indicates that the effective potential Φeff

e remains
more sensitive to variations in the parameter δ compared to
changes in η and β parameters. Note that δmax, ηmax, and
βmax denote the maximum values of the spacetime param-
eters representing a BH, and we identify each of them by
setting the other two parameters equal to zero ensuring the
existence of a horizon (see Appendix A for details).
Thereafter, we use Eq. (10) to derive the radial compo-

nent of the entropy generation equation as

�
eþ P
ρ

�
dρ
dr

−
de
dr

¼ 0: ð14Þ

Next, we integrate Eq. (7), corresponding to mass con-
servation, to derive the associated constant of motion,
namely the mass accretion rate ðṀÞ as

Ṁ ¼ 4πrρvγvH
ffiffiffiffiffiffiffiffiffiffiffi
FðrÞ

p
; ð15Þ

where H ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pr3=ðργ2ϕÞ

q
is the local half thickness of the

disk [50,51].
To solve the governing equations of the flow, an

appropriate relation between the pressure (P), mass density
(ρ), and internal energy (e), namely the EOS, is essential.
Because of the intense gravitational field of the BH, the
accretion flow in the vicinity of the horizon attains temper-
atures of about 1010–1011 K, rendering the plasma inher-
ently thermally relativistic in this region. Therefore,
following Chattopadhyay and Ryu [42], we adopt a
relativistic EOS with a variable adiabatic index (Γ) to
relate the thermodynamic quantities of the flow, which is
expressed as

e ¼ ρf�
1þ mp

me

� ; P ¼ 2ρΘ�
1þ mp

me

� ; ð16Þ

with

f ¼
�
1þ Θ

�
9Θþ 3

3Θþ 2

��
þ
�
mp

me
þ Θ

�
9Θme þ 3mp

3Θme þ 2mp

��
:

Here, me and mp denote the electron and ion masses,
respectively, and Θð¼ kBT=ðmec2ÞÞ represents the dimen-
sionless temperature, where kB is the Boltzmann constant
and T is the flow temperature in Kelvin. Using the

(a) (b) (c)

FIG. 1. Variation of the effective potential Φeff
e with radial coordinate r. Panel (a) shows the dependence on the parameter δ with

η ¼ β ¼ 0. Panels (b) and (c) illustrate the effects of the parameters η (with δ ¼ β ¼ 0) and β (with δ ¼ η ¼ 0), respectively. In each
panel, different curves correspond to different values of the spacetime parameters as indicated in the legends. Here, we choose the
specific angular momentum as λ ¼ 3.8. See the text for details.
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relativistic EOS, we express the adiabatic index (Γ) and
sound speed ðasÞ as [25,42,52,53]

Γ ¼ 1þ 2

ðdf=dΘÞ ; a2s ¼
ΓP

eþ P
¼ 2ΓΘ

f þ 2Θ
: ð17Þ

Thereafter, we define the entropy accretion rate of the
flow as [54]

Ṁ ¼ Ṁ
4πK

¼ ρ

K
Hrvγv

ffiffiffiffiffiffiffiffiffiffiffi
FðrÞ

p
; ð18Þ

where density (ρ) is computed by integrating Eq. (10) using
Eq. (16) as

ρ ¼ K exp

�
f − ð1þmp=meÞ

2Θ

�

× Θ3=2ð3Θþ 2Þ3=4ð3Θþ 2mp=meÞ3=4; ð19Þ

where the constant K represents the measure of entropy.
Furthermore, for a nondissipative flow, the entropy accre-
tion rate Ṁ remains constant along the flow streamline
[[55], and references therein].

B. Wind equation

We use Eqs. (11), (15), and (16) to obtain the radial
derivative of the flow velocity in the form of the wind
equation as

dv
dr

¼ N
D

; ð20Þ

where the numerator N is given by

N ¼ 2a2s
Γþ 1

�
5

2r
þ 1

2FðrÞ
dFðrÞ
dr

−
1

2γ2ϕ

dγ2ϕ
dr

�
−
dΦeff

e

dr
;

ð21Þ

and the denominator is given by

D ¼ γ2v

�
v −

2a2s
vðΓþ 1Þ

�
: ð22Þ

Further, we obtain the gradient of the dimensionless
temperature using Eqs. (9), (15), and (17) as

dΘ
dr

¼ −
2Θ

2N þ 1

�
γ2v
v
dv
dr

þ 5

2r
þ 1

2FðrÞ
dFðrÞ
dr

−
1

2γ2ϕ

dγ2ϕ
dr

�
:

ð23Þ

C. Critical point analysis

In the process of accretion onto a BH, the inflowing
matter begins its journey from the outer edge of the disk

(redge) with an initially subsonic radial velocity (v ∼ 0). As
the flow moves inward, the intense gravitational field in the
vicinity of the BH horizon causes its radial velocity to
increase steadily, eventually driving the flow through a
sonic state transition. This transition occurs smoothly at the
critical point (rc), where the flow becomes supersonic in
order to satisfy the inner boundary condition imposed at the
horizon. At rc, both numerator and denominator of the
radial velocity gradient [see Eq. (20)] simultaneously
vanish (i.e., N ¼ 0 ¼ D), resulting in the indeterminate
form dv=dr → 0=0.
The accretion flow must remain smooth, which requires

the radial velocity gradient dv=dr to remain real and finite
along the streamline. To satisfy this regularity condition,
we evaluate the gradient ðdv=drÞrc at the critical point (rc)
by applying l 0Hôpital’s rule. This yields two possible
values of ðdv=drÞrc , and based on these values, critical
points are classified into three types: saddle, nodal, and
spiral. A saddle type critical point occurs when the two
values of ðdv=drÞrc are real and of opposite sign; a nodal
critical point arises when both values are real and share the
same sign; and in the case of a spiral critical point, the two
values become complex [[46,47,56–58], and references
therein]. Among these categories, only the saddle type
critical point permits a physically acceptable transonic
accretion solution [59], where the negative value of
ðdv=drÞrc corresponds to the accretion branch, and the
positive value represents the wind branch.
By applying the critical point conditions (N ¼ 0 ¼ D),

we solve Eq. (13) for a set of model parameters. To examine
the transonic behavior of the accretion flow, we compute
the specific energy (E ) as a function of the critical point
location (rc) for a chosen set of δ, η, and β values,
considering the flow angular momentum λ ¼ 3.0. The
obtained results are presented in Fig. 2, which illustrates
the variation of E with rc. In Fig. 2(a), we show the results
for different δ values, starting from δ ¼ 0 in steps of
Δδ ¼ 0.2, while keeping η ¼ β ¼ 0. For each choice of δ,
the critical points appear in the sequence of saddle-spiral-
nodal-saddle as rc increases. Furthermore, we find that a
range of E and δ exists for which the accretion flow admits
multiple saddle-type critical points, which is essential for
the formation of shocks waves [46–48,57,60,61]. Needless
to mention that δ ¼ 0 case in Fig. 2(a) corresponds to the
Schwarzschild spacetime. Similarly, Figs. 2(b) and 2(c)
show the results for varied η and β, where we adopt
δ ¼ β ¼ 0 and δ ¼ η ¼ 0, respectively. We observe that the
overall influence of η and β on the dependence of E on rc is
comparatively weaker than that of the parameter δ.
We further examine the transonic properties of the

accretion flow in Fig. 3, where the variation of the specific
angular momentum (λ) is plotted as a function of the critical
point (rc) for different choices of the spacetime parameters.
In panel (a), λðrcÞ is shown for a sequence of δ values with
an interval ofΔδ ¼ 0.2, while panels (b) and (c) display the
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corresponding variations for different values of η and β,
respectively. Throughout the figure, we fix flow energy as
E ¼ 1.003. Following the convention used in Fig. 2, the
solid (red), dotted (blue), and dashed (green) segments of
each curve denote saddle, nodal, and spiral critical points,
respectively. To facilitate comparison with the Keplerian
distribution, we compute the Keplerian angular momentum
(λK) by imposing the condition dΦeff

e =dr ¼ 0 at each rc.
The resulting λKðrcÞ profile is over plotted in all panels
using the dot-dashed (magenta) curve. The comparison

clearly indicates that the flow remains sub-Keplerian over
the entire radial extent between the event horizon (rH) and
the outer edge of the disk (redge), irrespective of the choice
of model parameters. In addition, panel (a) demonstrates
that increasing δ value exerts the intense influence on the
angular momentum distribution and the nature of the
critical points exhibits noticeable deviation from the
Schwarzschild limit (δ ¼ 0). The results in panels (b)
and (c) evidently show that the effects of η and β are
comparatively weaker, consistent with the trends observed

(a) (b) (c)

FIG. 2. Variation of specific energy E as a function of the critical point location rc for different choices of the spacetime parameters δ,
η, and β. Here, the specific angular momentum is fixed at λ ¼ 3.0. Panel (a) illustrates the effect of varying δ (Δδ ¼ 0.2) with η ¼ β ¼ 0,
while panels (b) and (c) display the variations resulting from changing η (with δ ¼ β ¼ 0) and β (with δ ¼ η ¼ 0), respectively. In each
subplot, the solid (red), dotted (blue), and dashed (green) segments of the curves correspond to saddle, nodal, and spiral critical points.
See the text for details.

(a) (b) (c)

FIG. 3. Variation of specific angular momentum λ as a function of the critical point location rc for different values of the spacetime
parameters δ, η, and β. Here, we keep the specific energy fixed at E ¼ 1.003. Panel (a) presents the influence of varying δ (with
Δδ ¼ 0.2) while keeping η ¼ β ¼ 0, whereas panels (b) and (c) show the corresponding variations resulting from changes in η (with
δ ¼ β ¼ 0) and in β (with δ ¼ η ¼ 0), respectively. In all panels, solid (red), dotted (blue), and dashed (green) segments of each curve
denote saddle, nodal, and spiral critical points, respectively. The dot-dashed (magenta) curves represent the Keplerian angular
momentum distribution λK. See the text for details.
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in the earlier analysis of E ðrcÞ. Overall, the obtained results
confirm that δ plays the dominant role in deciding the
transonic properties of the accretion flow. This is expected
as higher-order corrections to the metric components
compared to the 1=r2 dependency results in subdominant
impact on the accretion flow properties. In a way, faster
decaying higher-order terms seem to contribute at the
immediate vicinity of the compact object and therefore
provide localized corrections that do not substantially alter
the transonic properties of the flow.
To complement the critical point analysis, we explore the

roles the specific energyE and entropy accretion rate Ṁ that
render critical points. In doing so, we calculate E [Eq. (13)]
and Ṁ [Eq. (18)] at the critical point for rH < rc ≤ redge.
Here, we choose λ ¼ 3.0 and set η ¼ β ¼ 0. We depict the
obtained results in Fig. 4 for different values of δ, which is
marked in each panel. In panel (a) of the figure, the
parameters from theWX branch result in accretion solutions
passing through inner critical point (rin), whereas the
parameters from the YZ branch yield solutions passing
through outer critical points (rout). It is worth noting that
parameters on the XY branch provide spiral critical points
which are unphysical [ðdv=drÞrc becomes complex] as flow
cannot pass through these points. At the intersection of WX
and YZ branches, the entropy accretion rates at rin and rout
become equal, and we denote this critical value and its
corresponding energy as Ṁm and Em, respectively. For the
energy rangeE Y ≤ E ≤ E Z, the flowadmitsmultiple saddle-
type critical points (rin and rout). Across this interval, the
entropy accretion rates at the two critical points depends

on E . In particular, for E Z ≤ E ≤ Em, the entropy accretion
rate Ṁ in ≥ Ṁ out, whereas the opposite inequality
(Ṁ in ≤ Ṁ out) holds for Em ≤ E ≤ E Y. Here, the subscripts
“in” and “out” refer to quantities measured at rin and rout,
respectively. It is noteworthy that nonzero δ values yield
qualitatively similar results [see panel (b) and (c)], however,
the overall range ofWX andXYincreases, which eventually
renders the multiple critical points for wider range of energy
(E ) and entropy accretion rate (Ṁ ).
Next, we examine the influence of the spacetime

parameters δ, η, and β in determining the accessible range
of angular momentum (λ) that permits the formation of
multiple critical points. The resulting parameter space
spanned in the δ-λ plane is illustrated in Fig. 5, where
three representative combinations ðη; βÞ ¼ ð0.0; 0.0Þ,
(0.2, 0.2), and (0.4, 0.4) are shown. Here, we do not fix
the specific energy E of the flow; instead, we vary it freely.
For each case, the left boundary of the enclosed region
marks the minimum angular momentum allowed for the
corresponding set of ðδ; η; βÞ, whereas the lower boundary
identifies the range of λ that yields multiple critical points at
δ ¼ 0 for the chosen values of η and β. Although the
individual effects of η and β on the critical points are
comparatively weaker than that of δ, these parameters
nonetheless constrain the maximum value of δ permissible
for BH accretion. These findings are reflected in the upper
boundary of each region, which represents the correspond-
ing δmax. The right boundary denotes the limiting angular
momentum for a given set of ðδ; η; βÞ for which multiple
critical points exist while the flow remains sub-Keplerian.
The filled points along this edge trace the minimum angular

(a) (b) (c)

FIG. 4. Variation of specific energy E with the entropy
accretion rate Ṁ for flow with fixed specific angular momentum
λ ¼ 3.0. In panels (a), (b), and (c), the parameter δ is set to 0.0,
0.4, and 0.8, respectively, while keeping η ¼ β ¼ 0. The color
gradient represents the critical point location rc associated with
variations in E and Ṁ . The plot distinctly shows that all points
along the WX branch correspond to inner critical points, the YZ
branch corresponds to outer critical points, and the XY branch
provides the spiral critical points. See the text for details.

FIG. 5. Region of δ − λ parameter space for different combi-
nations of the spacetime parameters η and β that admit multiple
critical points. The regions enclosed by the solid (red), dotted
(blue), and dashed (green) curves are obtained for the parameter
sets ðη; βÞ ¼ ð0; 0Þ, (0.2, 0.2), and (0.4, 0.4), respectively. The
filled circles on each curve mark the corresponding minimum
Keplerian angular momentum values λmin

K for a given choice of
ðδ; η; βÞ. See the text for details.
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momentum (λmin
K ) of a Keplerian distribution for the given

ðδ; η; βÞ configuration (see Appendix B).

IV. ACCRETION SOLUTIONS IN GENERIC
SPACETIME

In this section, we investigate the nature of transonic
global accretion solutions in the spacetime described by the
generic metric adopted in this study. Our analysis focuses
on how the underlying spacetime geometry affects the
overall transonic behavior of the flow. In particular, we
examine the role of the parameter δ, which encapsulates
deviations from the standard BH spacetime, and assess how
it modifies the range of flow parameters that yield physi-
cally consistent transonic accretion solutions. By system-
atically varying the parameter δ, we aim to identify the
different types of global transonic accretion solutions.

A. Global transonic solutions

In order to obtain the transonic accretion solutions, we
simultaneously solve Eqs. (20) and (23) for a chosen set of
input parameters, namely E , λ, δ, η, and β. As a first step,
we perform the critical point analysis by determining the
critical radius rc and the corresponding velocity gradient
ðdv=drÞrc through the solution of Eq. (13). Once the critical
point is identified, we integrate Eqs. (20) and (23) both
inward up to the event horizon (rH), and then outward
toward the outer disc edge (redge). These two parts of the
solution are subsequently joined to obtain a continuous
global transonic accretion flow that extends from the disc
outer edge (redge) down to the BH horizon (rH). Depending
on the chosen parameter set, the resulting solutions are
classified into four distinct classes, namely O type, A type,
W type, and I type, each representing a characteristic
topology of the transonic flow [48].
In Fig. 6, we present the transonic global accretion

solutions obtained by varying the parameter δ, while

keeping η ¼ β ¼ 0. This choice is motivated by the fact
that the solutions are generally sensitive to variations in δ,
whereas the changes due to η and β are relatively feeble (see
Figs. 2 and 3). In the figure, the Mach number (M ¼ v=as)
of the flow is plotted as a function of radial distance (r). For
the solutions presented in the figure, we have considered
E ¼ 1.003 and λ ¼ 2.7, and vary the value of δ from left to
right across the panels which are marked. In each panel, the
solid curve is used to denote the accretion solution, while
the dotted curve refers winds, and the filled circle denotes
the critical point.
In panel (a), we present the O-type transonic solution that

passes through the outer critical point at rout ¼ 70.8984 for
δ ¼ 0. When the value of δ is increased to 0.4 [panel (b)],
an inner critical point emerges at rin ¼ 6.6934 in addition
to the outer critical point at rout ¼ 69.0794. We note that the
accretion solution passing through rin forms a closed
branch that does not extend from the disc edge to the
event horizon. In contrast, the solution passing through the
outer critical point at rout ¼ 69.0794 yields a global
transonic accretion flow that smoothly connects the horizon
(rH) to the outer edge of the disk (redge). For this case, we
obtain Ṁ in ¼ 5.90 × 107 and Ṁ out ¼ 4.97 × 107, corre-
sponding to the well-known A-type class of solutions [48].
At a particular value of δ ¼ 0.645 [panel (c)], both rin and
rout admit solutions with equal entropy accretion rates,
Ṁ in ¼ Ṁ out ¼ 4.94 × 107. For δ ¼ 0.8 [panel (d)], the
nature of the solutions reverses, i.e., the branch passing
through rin ¼ 4.2825 now becomes the global solution that
connects rH to redge, whereas the branch possessing the
outer critical point at rout ¼ 67.1213 becomes closed. Here,
we obtain Ṁ in ¼ 4.14 × 107 and Ṁ out ¼ 4.93 × 107,
which is the characteristic of W-type solutions [48].
When δ is increased further to 0.99 [panel (e)], the outer
critical point disappears entirely, leaving only the inner
critical point at rin ¼ 3.4498 (I-type solution), for
which Ṁ in ¼ 2.89 × 107.

(a) (b) (c) (d) (e)

FIG. 6. Alteration of transonic flow solutions with increasing spacetime parameter δ. Each panel shows the variation of Mach number
M as a function of radial coordinate r for flows with E ¼ 1.003 and λ ¼ 2.7, with η ¼ β ¼ 0. Dotted (blue) curves depict the wind
branch, and the color along the accretion branch indicates the corresponding temperature variation. The sequence from left to right
demonstrates the progressive change in solution topology from panel (a) O-type to panel (e) I-type as δ is increased. Panels (b) and
(d) display the intermediate A-type (outer branch open, inner closed) and W-type (inner open, outer closed) solutions, while panel
(c) denotes the transitional case where both critical points admit identical entropy accretion rates (Ṁ in ¼ Ṁ out). See the text for details.
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B. Parameter space for multiple critical points

Since the angular momentum λ and specific energy E
of the accretion flow determine the nature and number of
critical points, it is essential to delineate the region of
parameter space that admits multiple critical points. In
Fig. 7, we present the λ − E parameter space for different
values of the spacetime parameter δ, setting η ¼ β ¼ 0. In
the figure, the effective domain of the parameter space
separated by the red, blue, and green curves are obtained for
δ ¼ 0, 0.4, and 0.8, respectively. The figure evidently
shows that increasing δ systematically shifts the admissible
range of λ toward the lower angular momentum side while
broadening the allowable range of E , indicating that larger
δ supports global transonic solutions at higher energies but
lower angular momentum. For each δ, the parameter space
bifurcates into two regions separated by the dotted curve
defined by Ṁ in ¼ Ṁ out [see Fig. 6(c)]. To the left of this
dotted curve lie the A-type solutions with Ṁ in > Ṁ out,
where the global transonic branch passes through the outer
critical point rout. Conversely, the right-hand region of the
dotted curve corresponds to W-type solutions with
Ṁ in < Ṁ out, for which the physically relevant global
solution is the branch passing through the inner critical
point rin and extending smoothly from the disc edge to the
event horizon.

C. Emission from the accretion disc

In the innermost regions of the rotating accretion flow,
the strong gravitational field of the BH compresses the gas
and drives it to extremely high temperatures and densities.
Under such conditions, the flow is primarily composed of

hot ions and electrons. The radiative emission from this
region is generally dominated by thermal bremsstrahlung
(free-free) processes [62,63]. For sufficiently hot accretion
flows, where the plasma temperature can reach as high as
T ≈ 1011 K [12], the electrons become relativistic
(kBTe > mec2). In this relativistic regime, electron-electron
bremsstrahlung contributes significantly to the overall
emissivity. Following the prescription of [64], we take into
account the relativistic effect by considering the electron-
electron emission along with the standard electron-ion
emission while evaluating the total bremsstrahlung emis-
sivity. An approximate expression for the emissivity at a
frequency ν is therefore written as

ϵðνÞ ¼ 32πe6

3mec3

�
2π

3kBme

�
1=2

n2e T
−1=2
e

× gbrð1þ 4.4 × 10−10 TeÞ exp
�
−hν
kBTe

�
; ð24Þ

where e, me, and Te are the charge, mass, and temperature
of the electron, respectively. Also, h is the Planck constant,
kB is the Boltzmann constant, and gbr is the Gaunt factor
[65] which we choose to be unity for simplicity. We
estimate the electron temperature following [66] as
Te ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
me=mp

p
T, where T is the flow temperature. With

this, we calculate the disk luminosity from free-free
emission as [[53,67], and references therein]

Lνo ¼ 2

Z
∞

0

Z
redge

rH

Z
2π

0

HrϵðνeÞdνodrdϕ: ð25Þ

Here, νe and νo imply the emitted and observed frequen-
cies, respectively, which are related to each other by a red-
shift factor z as νe ¼ ð1þ zÞνo. The red-shift factor z is
defined as

1þ z ¼ utð1þ rΩ sin ϕ sin iÞ; ð26Þ

where Ω ¼ uϕ=ut is the angular velocity of the flow,
while i is the source inclination angle. In this work, we
choose a fixed inclination angle as i ¼ π=4, and the
mass of the BH as MBH ¼ 10M⊙, where M⊙ denotes
the solar mass. In addition, we choose the mass
accretion rate to be Ṁ ¼ 0.1ṀEdd, where ṀEdd½¼ 1.44 ×
1017ðMBH=M⊙Þ g s−1� is the Eddington accretion rate.
In order to connect the observable signatures with the

spacetime geometry, we attempt to calculate the SEDs by
varying the parameter δ. Accordingly, in Fig. 8, we present
the SEDs corresponding to accretion solutions shown in
Fig. 6, where δ is varied while the remaining spacetime
parameters are fixed at η ¼ β ¼ 0. Here, we choose E ¼
1.003 and λ ¼ 2.7. In the figure, the solid (red) curve
denotes the SED of the O-type solution that passes through
rout [see Fig. 6(a)] for δ ¼ 0, which eventually represents

FIG. 7. Modification of the λ − E parameter space for increas-
ing δ for fixed η ¼ β ¼ 0. The region bounded by the solid (red)
curve corresponds to δ ¼ 0 (the Schwarzschild BH limit),
while the dot-dashed (blue) and dashed (green) curves represent
δ ¼ 0.4 and 0.8, respectively. For each δ, the dotted curve
(Ṁ in ¼ Ṁ out) divides the corresponding region into domains
that admit A-type and W-type accretion solutions. See the text for
details.
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the Schwarzschild BH case. The dot-dashed (blue) curve
shows the SED for δ ¼ 0.4, associated with the A-type
solution in Fig. 6(b), where the solution passing through
rout provides the global accretion flow connecting the
horizon (rH) to the disc outer edge (redge). The dashed
(green) curve illustrates the SED for δ ¼ 0.8 that corre-
sponds to the W-type solution [Fig. 6(d)], where the global
transonic accretion flow possesses rin and extends
smoothly from redge to rH. Finally, the dotted (magenta)
curve shows the SED for I-type solution with δ ¼ 0.99
corresponding to the accretion solution presented in
Fig. 6(e). We find that the SEDs systematically increase
with increasing values of δ. This trend arises because
enhanced δ leads to a reduction in the horizon radius
allowing the accreting matter to approach closer to the
central object. Consequently, the flow attains higher plasma
temperatures near the inner edge of the disc, as evident
from Fig. 6. We further observe that the disc luminosity
arising from bremsstrahlung emission coarsely peaks at
around ν0 ≈ 1020 Hz, with a sharp cutoff depending on δ.
In reality, this high frequency cutoff directly corresponds to
the electron temperature at the inner edge of the disc, which
increases for higher δ as the flow reaches deeper into the
gravitational potential in the vicinity of the horizon [[68],
and references therein].

V. CONCLUSIONS

In this work, we investigate the dynamical properties of
low angular momentum accretion flows in a general class
of static, spherically symmetric spacetimes characterized
by the parameters δ, η, and β. By solving the governing

equations for a steady, axisymmetric, inviscid, and advec-
tive flow, we examine how these spacetime parameters
influence the structure of the effective potential, the critical
point distribution, and the global transonic behavior of the
flow. With this, we summarize the key findings of this
study below:

(i) The present analysis reveals that the accretion dy-
namics are predominantly sensitive to the parameter δ,
whereas the parameters η and β introduce compara-
tively minor modifications. This behavior is consis-
tently reflected by the trends displayed in Figs. 1–3.

(ii) We find that the parameter δ plays a decisive role in
governing both the existence and the nature of
critical points in low angular momentum accretion
flows. As illustrated in Fig. 4, the admissible range
of the flow energy E broadens with increasing δ,
which enhances the possibility that flow admits
multiple critical points. Subsequently, we delineate
the region of the (δ − λ) parameter space that allows
multiple critical points for flows with sub-Keplerian
angular momentum (λ < λK).

(iii) We compute the complete set of transonic solutions,
namely the O type, A type, W type and I type, in the
generic class of spacetimes by systematically vary-
ing the model parameters (E , λ, and δ), for the first
time to the best of our knowledge (see Fig. 6). Our
analysis shows that these different solution classes
are not isolated solutions, instead each solution type
persists over an extended region of parameter space.
Considering this, we identify the effective domain in
the ðλ − E Þ plane for different values of δ for
solutions containing multiple critical points. These
parameter spaces are further subdivided based on
the entropy accretion rate at the inner and outer
critical points (Ṁ in ≶ Ṁ out). We find that the
allowed ðλ − E Þ region systematically shifts toward
higher energies and lower angular momenta as δ
increases (see Fig. 7).

(iv) Next, we compute the SEDs associated with the full
set of global transonic accretion solutions (O, A, W,
and I types) and find that the radiative output is
regulated by the spacetime parameter δ. In particular,
the SEDs corresponding to the I-type solutions
exhibit noticeably higher luminosities than those
of the other solution classes. Furthermore, the SEDs
display a systematic increase in radiative power and
a shift toward higher frequency cutoffs with increas-
ing δ. This finding evidently indicates the overall
increase of plasma temperature at the inner edge of
the disc, as the accretion flow can extend closer to
the increasingly compact horizon (see Fig. 8).

Finally, we acknowledge that the present analysis is
performed under a set of simplified assumptions. In
particular, we neglect the effects of black hole rotation.
We also do not take into account various dissipation
mechanisms, including viscous dissipation, magnetic fields

FIG. 8. Variation of the SED with the spacetime parameter δ.
The solid (red) curve represents the SED for the Schwarzschild
limit (δ ¼ 0), while the dot-dashed (blue), dashed (green), and
dotted (magenta) curves are for δ ¼ 0.4, 0.8, and 0.99, respec-
tively. These SEDs correspond to four distinct global accretion
solutions shown in Figs. 6(a)–6(e), which are computed for
E ¼ 1.003, λ ¼ 2.7, and a BH mass of MBH ¼ 10M⊙. See the
text for details.
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and radiative cooling processes. Needless to mention that
these physical processes are important in the context of
accretion physics. A fully self-consistent framework that
incorporates these effects is beyond the scope of the present
study. We plan to address these aspects in future work.
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APPENDIX A: CALCULATION OF EVENT
HORIZON

For a spherically symmetric, static spacetime, the line
element is expressed as

ds2 ¼ −FðrÞdt2 þ 1

FðrÞ dr
2 þ r2dΩ2: ðA1Þ

Here, FðrÞ is a function of radial coordinate r. Using the
condition that the grrðrHÞ component of the metric vanishes
at the event horizon, we write

grrðrHÞ ¼ 0 ¼ FðrÞ: ðA2Þ

Therefore, substituting FðrÞ from Eq. (4) into Eq. (A2)
and multiplying by r4 on both sides, we obtain the quartic
equation as

r4 − 2r3 þ δr2 þ ηrþ β ¼ 0: ðA3Þ

In order to determine the analytical solution of quartic
equation (A3), we first compute the solution of the
following cubic equation, which is given by

z3 þm1z2 þm2zþm3 ¼ 0 ðA4Þ

where m1¼−δ, m2 ¼ −2η − 4β, and m3 ¼ 4δβ − η2 − 4β.

Following [47,69], we define the following quantities as

A ¼ 3m2 −m2
1

9
;B ¼ 9m1m2 − 27m3 − 2m3

1

54
;

G ¼ A 3 þB2;C ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B þ

ffiffiffi
3

p
G

q
;D ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B −

ffiffiffi
3

p
G

q
:

ðA5Þ

For G > 0, there is one real root and the other two roots
are complex conjugates. In such a case, the real solution is
given by

z1 ¼ ðC þDÞ −m1

3
: ðA6Þ

On the contrary, when G ¼ 0, all roots are real with at least
two equal roots, whereas for G < 0, all roots are real and
unequal. The roots are given by

z1 ¼ 2
ffiffiffiffiffiffiffiffiffi
−A

p
cos

�
φ

3

�
−
m1

3
;

z2 ¼ 2
ffiffiffiffiffiffiffiffiffi
−A

p
cos

�
φ

3
þ 120

�
−
m1

3
;

z3 ¼ 2
ffiffiffiffiffiffiffiffiffi
−A

p
cos

�
φ

3
þ 240

�
−
m1

3
; ðA7Þ

where cosφ ¼ B=
ffiffiffiffiffiffiffiffiffi
−A

p
. We now write a quadratic

equation using any one of the real solutions of the cubic
equation as [47,69]

w2 þ
�
−1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − δþ z1

p �
wþ 1

2

�
z1 ∓

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z21 − 4β

q �
¼ 0:

ðA8Þ

We compute the analytical solution of quartic
equation (A8) for a given set of spacetime parameters
(δ, η, β). Accordingly, we obtain two real roots, which
correspond to the event horizon and the Cauchy horizon,
respectively.

APPENDIX B: KEPLERIAN ANGULAR
MOMENTUM DISTRIBUTION

For a particle to execute a circular orbit in the static,
spherically symmetric spacetime described by the metric in
Eq. (1), it must satisfy

Φeff
e

0ðr; λÞ ¼ ∂Φeff
e ðr; λÞ
∂r

				
r0;λk

¼ 0; ðB1Þ

where Φeff
e represents the effective potential [see Eq. (12)],

λK is the Keplerian angular momentum, and r0 is the radius
of the circular orbit. Using Eqs. (12) and (B1), we obtain λK
as a function of r0 as
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λ2Kðr0Þ ¼
r3F 0ðrÞ
2F2ðrÞ : ðB2Þ

Here,FðrÞ ¼ 1–2=rþ δ=r2 þ η=r3 þ β=r4, and gϕϕ ¼ r2.
To determine the radius of the innermost stable circular
orbit (rI) corresponding to the minimum Keplerian angular
momentum (λmin

K ), we differentiate Eq. (B2) with respect to
r0 to obtain

λ0Kðr0Þ ¼
dλkðr0Þ
dr0

				
rI

¼ 0: ðB3Þ

Using Eq. (B2) in Eq. (B3), we obtain a cubic equation
given by

2rI3FðrIÞF 0ðrIÞ2 − rI2FðrIÞ2½r0F 00ðrIÞ þ 3F 0ðrIÞ� ¼ 0:

ðB4Þ

Substituting F , F 0, and F 00, we rewrite Eq. (B4) in terms
of rI as

2rI7 − 12rI6 þ 3ðηþ 6δÞrI5 − 4ð2δ2 þ 5η − 2βÞrI4
þ 3ðβ − 7δηÞrI3 − 3ð5η2 þ 8δβÞrI2
− 37ηβrI − 24β2 ¼ 0: ðB5Þ

Since the present model formalism is weakly sensitive to
η and β parameters (see Sec. III for details), we ignore their
contributions in Eq. (B5). Setting η ¼ β ¼ 0 in Eq. (B5),
we have

r3I − 6r2I − 9δrI − 4δ2 ¼ 0: ðB6Þ

Following the methodology described in Appendix A, we
analytically solve Eq. (B6) to determine minimum
Keplerian angular momentum (λmin

K ) at rI as

λmin
K ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðY þZ þ 2δÞp ðY þZ þ 3δÞ2

ðY þZ þ 3δÞ2 − 2ðY þZ þ 3δÞ þ δ
; ðB7Þ

where W ¼−3δ−4;X ¼ 12δ2þ54δþ8;U ¼W 3þX 2;

Y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X þ ffiffiffi

3
p

U
p

;Z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X −

ffiffiffi
3

p
U

p
.
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