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In this paper, we study the properties of accretion flow including its spectral features in Johannsen
and Psaltis (JP) non-Kerr spacetime. In doing so, we numerically solve the governing equations that
describe the flow motion around the compact objects in a general relativistic framework, where spin
(ak) and deformation parameters (ε) demonstrate the nature of the central source, namely black
hole (BH) or naked singularity (NS). With this, we obtain all possible classes of global accretion
solutions (i.e., O, A, W and I-type) by varying the energy (E) and angular momentum (λ) of the
relativistic accretion flow, and examine the role of thermal bremsstrahlung emission in studying
the spectral energy distributions (SEDs) of the accretion disc. We divide the parameter space in
λ − E plane in terms of the different classes of accretion solutions for BH and NS models. We
further calculate the disc luminosity (L) corresponding to these accretion solutions, and observe
that I-type solutions yield higher L and SEDs than the remaining types of solutions for both BH
and NS models. For BH model, SEDs for W and I-type solutions differ significantly from the results
for O and A-type solutions for low E values. On the contrary, for NS model, SEDs for different
accretion solutions are identical in the whole parameter space of λ and E. We also examine the
effect of ε on the SEDs and observe that a non-Kerr BH yields higher SEDs than the usual Kerr
BH. Finally, for accretion solutions of identical E and λ, we compare the SEDs obtained from BH
and NS models, and find that naked singularity objects produce more luminous power spectra than
the black holes.
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I. INTRODUCTION

Active galactic nuclei (AGNs) and black hole X-ray
binaries (BHXRBs) are highly energetic sources in the
Universe. These sources emit radiation due to the ac-
cretion of matter onto the central black holes [1–4].
Transition between different spectral states (Low/Hard,
High/Soft, intermediate) of the emitted radiation are
identified through the spectral properties of the accre-
tion disc [5]. For example, in the Low/Hard (LH) state,
blackbody components are negligible (i.e., low disc lumi-
nosity) and non-thermal components maximize the power
in the high energy side. However, for the High/Soft (HS)
state, exceptionally high luminous disc yields the multi-
temperature blackbody components and the power-law
components maximize power in the low energy side. In
between LH and HS states, intermediate (IM) states also
do exist in the disc spectrum. Indeed, a detailed spec-
tral analysis of the accretion disc help to find black hole
parameters (i.e., mass and spin) [6–16] and disc proper-
ties (e.g., mass accretion rate, Comptonizing corona size,
inner disc radius, inclination angle, quasi periodic oscil-
lation (QPO) frequency, and photon index, etc.) [10–22]
as well.

After gravitational wave detection in LIGO and Virgo
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collaboration [23, 24] and the observation of black hole
images of supermassive black holes by the event horizon
telescope collaboration [25–30], the essence of theoretical
astrophysics is increased a lot to understand distinctive
observational features from the usual Kerr black holes.
In the most straightforward Einsteins theory of general
relativity, several fundamental problems arise regarding
the nature of singularities, dark energy, dark matter and
quantization of gravitational interactions, etc. to ad-
dress these issues. In these circumstances, theoretical re-
search groups invent the modified gravity theory [31–33],
higher curvature [34] and brane-world gravity [35], etc.
Nowadays, there is a large number of studies have been
done on the alternative gravity theory [36–42]. These
gravity theories do not render the no-hair theorem false
[43, 44]. Moreover, the spacetime outside a horizon-less
compact object is characterized by the naked singular-
ity or close timelike loops, found to be regular [45]. One
such emerging alternative gravity theory is the Johannsen
and Psaltis (JP) spacetime [46]. This metric is described
by a deformation parameter (ε), in addition to the mass
(MBH) and spin (ak) of the black hole [45]. In this space-
time, the central object can become naked singularity
depending on the spacetime parameters (ak, ε) [47]. In
the last decade, theorists have largely focused on the JP
non-Kerr spacetime and analyzed different strong gravity
signatures [48–53].

Investigation of the nature of central singularity in the
strong gravitational field is fascinating through the mod-
ern days highly precise observational data. The distinc-
tion between the physical properties of the accretion disc
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around the black hole and naked singularity has been
reported in [54–56]. However, these studies do not in-
clude transonic accretion flows [57, 58], which is yet to
be explored. Motivated from this, we perform the present
work, where thermal properties of the accretion disc in
the JP non-Kerr spacetime has been studied. In this
analysis, we consider the thermal bremsstrahlung emis-
sion from the hot accreting plasma around the super-
massive compact objects. Even though the theory of
thermal bremsstrahlung is well established, an accurate
expression of the emission coefficient and its applica-
bility in different temperature regimes is still an unre-
solved problem. In these circumstances, several formu-
las have been developed in the literature (e.g., see [59]
and references therein). As the electron temperature is
in the relativistic regime for hot accretion flow (HAF),
we use an approximate analytical expression of ther-
mal bremsstrahlung emissivity derived by Novikov and
Thorne [60]. We find that the relativistic bremsstrahlung
emissivity overestimates the disc luminosity compared to
the non-relativistic model (NR-model). Therefore, the
relativistic model (R-model) for thermal bremsstrahlung
is used in our analysis.

Motivating with this, in this work, we obtain the tran-
sonic accretion solutions under the frameworks of gen-
eral relativistic hydrodynamics and relativistic equation
of state (REoS). We calculate the disc luminosity and
spectral energy distributions (SEDs) corresponding to
different flow topologies (O, A, W and I-types) in the
black hole spacetime. We infer that I-type solutions pro-
duce high luminous power spectra compared to O, A and
W-type solutions. Moreover, SEDs for W and I-type so-
lutions significantly differ from O and A-type solutions,
particularly for low flow energy (E). Also, the effect of
deformation parameter (ε) on the luminosity spectrum
has been investigated. We notice that SEDs increase
with ε, indicating that an accretion disc around a non-
Kerr black hole generates more luminous power spectrum
than the usual Kerr black hole. We further extend our
analysis for a naked singularity object embedded in the
JP non-Kerr metric. Like the black hole model, we notice
that SEDs for I-type solutions are greater than the other
flow topologies. But, in contrast to the black hole model,
luminosity distributions for W and I-type solutions mod-
erately differ from O and A-type solutions.

Most importantly, from a comparative study between
the SEDs, we wish to emphasize that a naked singular
object can produce a high luminous power spectrum at
both low and high-frequency regions compared to the
black hole. These results open up a window to isolate
black holes and naked singularity objects through the
spectral analysis of accretion disc.

This paper is arranged as follows. In Section II, we
construct the relativistic hydrodynamic equations of a
perfect fluid in the JP non-Kerr spacetime. In Sec-
tion III, we develop the mathematical framework for ther-
mal bremsstrahlung and also depict the importance of
relativistic model over the non-relativistic model. Sec-

tion IV has investigated the luminosity distribution for
different flow topologies in black hole spacetime. In Sec-
tion V, we study the effect of spacetime deformation on
the disc spectrum. A comparative study between the
spectral energy distributions (SEDs) for black hole and
naked singularity models has been studied in Section V D.
Finally, we summarize our findings in Section VI.

II. FLOW HYDRODYNAMICS

In this paper, we carry out the analysis of thermal
bremsstrahlung emission from accretion flow in a station-
ary and axisymmetric non-Kerr spacetime. In doing so,
we study the governing flow equations using general rela-
tivistic hydrodynamics framework and relativistic equa-
tion of state (REoS). We consider a steady, inviscid and
axisymmetric accretion flow.

We adopt a unit system as G = c = MBH = 1, where G
is the gravitational constant, c is the speed of light, and
MBH is the mass of the central source. In this unit sys-
tem, Johannsen-Psaltis (JP) metric is expressed as [46],

ds2 = − (1− 2MBHr

Σ
)(1 + h(r, θ))dt2

− 4MBHrak sin2 θ

Σ
(1 + h(r, θ))dtdφ

+
Σ(1 + h(r, θ))

∆ + a2
kh(r, θ) sin2 θ

dr2 + Σdθ2

+

[
Σ + a2

k(1 + h(r, θ))(1 +
2MBHr

Σ
) sin2 θ

]
sin2 θdφ2,

(1)

where ak is the spin parameter, ε is the deformation pa-
rameter, Σ = r2 + a2

k cos2 θ and ∆ = r2 − 2MBHr + a2
k.

Here, h(r, θ) (= εM3
BHr/Σ

2) accounts parametric devia-
tion to the usual Kerr solution. For ε = 0, the metric in
Eq. (1) reduces into the original Kerr metric [61].

Here, we briefly mention about the origin of the JP
metric and its importance in explaining various physical
phenomena. This will lay down the basis of consider-
ing the JP metric in the context of accretion dynam-
ics. LIGO and Virgo measurements on both electromag-
netic and gravitational wave spectra reveal several strong
gravity signatures, namely dark energy, dark matter, na-
ture of singularities, quantization of gravitational waves,
close time like curves, etc. Understanding these prop-
erties within the Einstein’s gravity framework faces dif-
ficulties. The other gravity theories (commonly known
as modified theories) like f(R), Gauss-Bonnet gravity,
inclusion of higher curvature, brane-world gravity, etc.
play significant role in illuminating the issues. In these
gravity theories, one always finds exact metric solutions
by solving a sets of field equations. These theories mainly
contain modifications of the general relativity (GR). Al-
ternative approach to examine the possible explanations
of the above mentioned properties is to find a spacetime
by perturbing the seed solutions of GR. The perturbation
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is carried out mainly based on the underlying boundary
conditions and the parameter of the perturbation is de-
cided by means of the observations. Note that in the
latter approach, the metric is not obtained by perturb-
ing the seed action of the theory and hence, one does
not know the actual gravitational action. In a nut-shell,
there are numerous prescriptions available in the liter-
ature for finding a fruitful theoretical model. However,
none of the above approaches has complete dominance
over the other till date. Accordingly, it still remains
open to adopt any of these approaches while investigat-
ing the physical phenomena. JP metric is one such ex-
ample under the perturbative method. In this case, the
usual Kerr solution is perturb and the perturbation pa-
rameter (namely the deformation parameter ε) is con-
strained from the observation. According to the no-hair
theorem, any parametric deviation to the Kerr metric is
no longer the solution of Einstein’s gravity or modified
gravity [46, 62]. Therefore, as the JP metric includes a
deformation parameter (upper limit to this parameter is
bounded through the observation [45]), it must belong
to some other gravity theory called alternative gravity,
rather than Einstein or modified gravity theory. Inter-
estingly, we do not have any such definite gravity theory
that invoked the JP metric. Since this metric explains
several novel features mentioned above, we hope it will
also affect fluid dynamics in the accretion disc. One such
important outcome of this metric is the naked singular
solution, which is characterized by the close timelike or-
bits outside the singularity with negative precession [47].
As our goal is to explore the accretion processes around
both black holes and naked singularity exotic objects, we
choose the JP metric in our present study. Of course one
can consider the exact solutions of the modified theories
of gravity to investigate accretion properties.

In the accretion disc model, we consider the motion
of a perfect fluid along the equatorial plane (i.e., θ =
π/2) of central object. Under this assumption, the time
translation and azimuthal symmetries in the metric in
Eq. (1) provide two conserved quantities associated with
the flow as E = −(e + p)ut/ρ and L = (e + p)uφ/ρ,
where E and L are refer the Bernoulli function and bulk
angular momentum per unit mass, respectively. Here, e
is the total internal energy density, p is the pressure, ρ is
the mass-density, ut and uφ are t and φ components of
the covariant four-velocity (uk), respectively. Therefore,
the ratio λ = E/L = −uφ/ut, defined as the specific
angular momentum, is also a conserved quantity along
the stream lines of the flow. In this framework, the radial-
momentum equation of the flow in a co-rotating frame
(i.e., a frame rotate with the flow angular velocity Ω =
uφ/ut) is given by [63],

γ2
vv
dv

dr
+

1

e+ p

dp

dr
+
dΦeff

dr
= 0, (2)

where Φeff is the effective potential of the system and
γv = 1/

√
1− v2 is the Lorentz-factor corresponding to

the radial velocity v =
√
urur/(utut(Ωλ− 1)) [64]. An

explicit form of Φeff is obtained as,

Φeff =
1

2
ln

[
(∆ + a2

kh)(1 + h)r

Q

]
; Q = a2

k(r + 2)(1 + h)

− 4akλ(1 + h)− λ2(r − 2)(1 + h) + r3.

(3)

The energy generation equation (first law of thermo-
dynamics) is given by [63],

e+ p

ρ

dρ

dr
− de

dr
= 0. (4)

From the conservation of mass flux (i.e., ∇k(ρuk) = 0),
we calculate the mass accretion rate of the flow as,

Ṁ = 4πρvγvH
√

(∆ + a2
kh)(1 + h), (5)

where H is the local half thickness of accretion disc.
Considering hydrostatic equilibrium in the vertical di-

rection of the disc, we obtain H as [65–67],

H =

√
pr3

ρF
; F =

(r2 + a2
k)2 + 2∆a2

k

(1− Ωλ) ((r2 + a2
k)2 − 2∆a2

k)
. (6)

Since the flow temperature vary in a wide range within
the disc, we adopt a relativistic equation of state (REoS)
with variable adiabatic index Γ [68]. Integrating Eq. (4)

by using REoS, we get the entropy accretion rate (Ṁ) of
flow as [69, 70],

Ṁ =
Ṁ

4πK
= vγvH

√
(∆ + a2

kh)(1 + h)

×Θ3/2(3Θ + 2)3/4(3Θ + 2mp/me)
3/4 exp (χ),

(7)

where K is the entropy constant, Θ = kBT/(mec
2) is

the dimensionless temperature, kB is the Boltzmann con-
stant and T is the flow temperature in Kelvin. Here,
χ = (f − 1 − mp/me)/(2Θ) and the quantity f is ex-
pressed in terms of Θ as [68],

f = 1+
mp

me
+Θ

[(
9Θ + 3

3Θ + 2

)
+

(
9Θ + 3mp/me

3Θ + 2mp/me

)]
, (8)

where me and mp are the mass of electron and proton,
respectively.

Now, it should be emphasized that accretion solutions
can possess multiple critical points (i.e., rin and rout) for
a given set of input parameters (ak, ε, E, λ). There are
many studies in the literature that mainly explore two
kinds of accretion solutions containing multiple critical
points (e.g., see [63, 71–73] and references therein). In
the first scenario, the solution passing through rin fails
to connect the outer edge (redge) to the inner edge (r0) of
the disc (called close solution), however the solution con-
taining rout smoothly extended from redge to r0 (called
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open solution). In the second scenario, the solution pass-
ing through rout remains closed, while the same crossing
rin remains open. These two flow topologies are char-
acteristically different, which is quantified by means of
their entropy content. In this work, the accretion flow is
adiabatic in nature and the entropy accretion rate (Ṁ)
is expressed in Eq. (7) which remains constant along the
flow streamline. In Section IV, we elaborately discuss
how the entropy content of the flow and other physical
criteria classify various types of accretion solutions.

In the accretion dynamics, mass accretion rate (Ṁ) of
the flow is usually taken as constant through out the disc.
Therefore, using dṀ/dr = 0, we get the temperature
gradient of flow as,

dΘ

dr
= − 2Θ

f ′ + 1

[
γ2
v

v

dv

dr
+N11 +N12

]
, (9)

where

f ′ =
df

dΘ
; N11 =

5

2r
+
r − a2

k(1 + h)

r(∆ + a2
kh)

− 1

2F

dF

dr
;

N12 = − 3ε

2r4

(
a2

k

∆ + a2
kh

+
1

1 + h

)
.

(10)

Now, using Eqs. (2) and (9), we obtain the wind equa-

tion involving sound speed Cs =
√

Γp/(e+ p) as,

dv

dr
=
N
D
, (11)

where

N =
2C2

s (N11 +N12)

Γ + 1
− dΦeff

dr
; D = γ2

v

[
v − 2C2

s

(Γ + 1)v

]
.

(12)
For transonic accretion solutions, flow must pass

through at least one critical point (rc), where dv/dr takes
the form “0/0” [57, 58]. Hence, at the critical point we
apply l′Hôpital’s rule to calculate (dv/dr)rc .

We obtain the accretion solutions by solving Eq. (11)
and these solutions are very useful to calculate the
bremsstrahlung emission spectrum in a non-Kerr space-
time. However, when we set the deformation h = 0 (i.e.,
ε = 0), we get back to the usual flow hydrodynamics
in the Kerr spacetime [63]. The detail discussion of the
thermal bremsstrahlung emissivity from a system of hot
accreting plasma has been discussed in the next section.

III. BREMSSTRAHLUNG

In our analysis, we consider the bremsstrahlung (free-
free) emission from the accelerating electrons in the field
of heavy ions. For simplicity, we consider negligible de-
viation of the electron’s path during a close encounter
with an ion. Further, we consider Maxwell-Boltzmann
(MB) speed distribution of the thermal electrons. Under

these assumptions, we obtain an expression of the non-
relativistic bremsstrahlung emissivity (power density) at
a particular frequency ν as [74],

Eff,ei
ν =

32πe6

3mec3

√
2π

3mekB
neniZ

2T−1/2
e e−hν/kBTe ḡei

ff ,

(13)

where Te is electron temperature, ne is electron num-
ber density, ni is ion number density, Z is ion atomic
number and h is the Planck constant. The thermally
averaged electron-ion Gaunt factor ḡei

ff includes quantum
mechanical correction to the classical electrodynamics.
Depending on the energy of emitting electrons, ḡei

ff varies
from 1 to 5 [75, 76]. However, we take ḡei

ff = 1.2 [59]
throughout our analysis. Moreover, we set Z = 1 for
hydrogen plasma.

When the plasma temperature is in the non-relativistic
regime (kBTe < mec

2), radiations due to the encounter
between like particles e.g., electron-electron and ion-ion
are negligible in comparison with the electron-ion emis-
sion. This is simply due to the conservation of dipole mo-
ment, and the contributions from quadrupole and higher
order moments have very less intensity in comparison to
the dipole part [74]. But, when kBTe ≥ mec

2, electron-
electron bremsstrahlung dominates the power over the
electron-ion emission [59, 77, 78]. In case of hot accretion
flow (HAF), plasma temperature can vary from 109 K to
1012 K [11, 72, 79, 80]. So, in this temperature range, rel-
ativistic effect and electron-electron emission can modify
the emissivity in Eq. (13). An approximate expression of
the total bremsstrahlung emissivity is given by [60],

Eff
ν =

32πe6

3mec3

√
2π

3mekB
neniZ

2T−1/2
e

× (1 + 4.4× 10−10Te)e
−hν/kBTe ḡB,

(14)

where ḡB is the thermally-averaged Gaunt factor, which
is taken as 1.2 [59]. The additional terms in Eq. (14)
incorporate the relativistic effect and electron-electron
bremsstrahlung as well.

In general, the radiations from the hot plasma flowing
through the disk come out isotropically. For an observer
at static infinity, such radiation gets red-shifted while
it travels into the immense potential well of the central
compact object. In addition, emitting gas proceeds to-
ward the observer or away from the observer due to disc
rotation, producing Doppler shift. Therefore, resulting
redshift factor (1 + z) depends on the combined effect of
both the gravitational and Doppler part. For simplicity,
we neglect the light-bending effect to the emitting pho-
tons. As a result, the redshift factor, defined as the ratio
of emitted frequency (νe) to observed frequency (νo), is
calculated as [81],

νe
νo

= 1 + z = ut
(

1 +
rΩ

c
sin θ0 sinφ

)
, (15)

where θ0 is the inclination angle of the accretion disc
with respect to the distant observer direction, which is
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taken as 45◦ [73, 82]. To calculated ut, one has to use the
standard time-like condition ukuk = −1. After expand-
ing the above condition, we normalize the equation by
−utut. Following [64, 67], we make use of the definition
of azimuthal and radial components of three-velocity in
a co-rotating frame as vφ =

√
uφuφ/(−utut) and v =

γφ
√
urur/(−utut), respectively. Here, we consider posi-

tive ut just to ensure that flow energy (E = −(e+p)ut/ρ)
remains positive all throughout the flow. After mathe-
matical simplification, we finally obtain ut in terms of
input parameters as,

ut = γvγφ

√
r

(2akΩ + (r − 2))(1 + h)
, (16)

where γφ [= 1/
√

1− v2
φ = 1/

√
1− Ωλ] and γv [=

1/
√

1− v2] are the Lorentz-factors corresponding to vφ
and v, respectively. Here, the angular velocity of the flow
(Ω = uφ/ut) is given by,

Ω =
(2ak + λ(r − 2))(1 + h)

r3 + (a2
k(r + 2)− 2akλ)(1 + h)

. (17)

In the hot plasma, we consider the electron and ion
number densities are identical. They relate with the
mass density (ρ) as ne = ni ≈ ρ/mp. Therefore, the
monochromatic disc luminosity for an observer at infin-
ity is obtained from Eqs. (14) and (15) as,

Lνo = 2

∫ redge

r0

∫ 2π

0

Eff
νeHr drdφ

= 4.875× 1010ḡB erg s−1 Hz−1

∫ redge

r0

∫ 2π

0

[
ρ2T−1/2

e

× (1 + 4.4× 10−10Te)e
−(1+z)hνo/kBTeHr

]
drdφ,

(18)

where r0 and redge are the inner and outer edges of the
accretion disc, respectively.

Finally, we get the frequency-integrated disc luminos-
ity by using Eq. (18) as,

L =

∫ ∞
0

Lνodνo

= 1.015× 1021ḡB erg s−1

×
∫ redge

r0

∫ 2π

0

ρ2T
1/2
e (1 + 4.4× 10−10Te)Hr

ut
(

1 + rΩ sinφ√
2c

) drdφ.

(19)

As the mass of electrons is less than the mass of pro-
tons, electron temperature (Te) must be less than the
proton temperature (Tp = T ) at least in the vicinity
of the central source. This findings are already ad-
dressed while studying the two temperature accretion
flows [71, 72, 80, 83–89]. However, in this work, we take
Tp/Te = T/Te = 10 throughout the accretion disc [59]

FIG. 1: (a) Global accretion solutions (M vs r plots) for differ-
ent deformation parameter (ε) and (b) plot of effective optical
depth (τeff) as a function of radial distance (r) correspond-
ing to the accretion solutions presented in the panel (a). In
this figure, we choose ak = 0.99 and (λ,E) = (1.825, 1.0215).
Here, critical points are marked by the filled circles. See the
text for details.

for the purpose of simplicity. We consider a supermas-
sive black hole of mass MBH = 106M�, M� being the

Solar mass. As the mass accretion rate (Ṁ) of the flow is

very low for supermassive black hole [59, 79], we set Ṁ =

10−5ṀEdd, where ṀEdd = 1.39 × 1018MBH/M� gm s−1

is the Eddington mass accretion rate. At this low Ṁ , we
neglect the effect of radiative cooling on the flow dynam-
ics [59, 90]. Moreover, for the black hole (BH) model,
inner and outer edges of the accretion disc are taken as
r0 = rH (event horizon) and redge = 1000, respectively.

In order to determine the horizon location, one needs to
find the maximum root of the equation grr(r = rH) = 0.
As the accretion flow is confined around the disk equa-
torial plane (θ = π/2), we obtain the horizon (rH) by
numerically solving the following equation,

r5
H − 2r4

H + a2
kr

3
H + a2

kε = 0. (20)

It is noteworthy that for naked singularity (NS) model,
r0 can not be determined apriori as NS does not contain
a inner boundary similar to the horizon as in the case
of BH. Hence, in this work, we estimate r0 according to
the model input parameters and choose redge = 1000.
A detailed discussion in obtaining r0 for NS model is
presented in Section V C.

As the bremsstrahlung emission can only be detected
when the emitting medium is optically thin, we need to
calculate the optical depth of the accretion disc. We
consider a photon generated deep inside the medium
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due to thermal emission. It suffers several coherent
and isotropic scattering during its propagation into the
medium and ends with a true absorption. One of the vi-
tal sources of opacity is the Thomson scattering of pho-
tons by the free electrons. The scattering optical depth
is given by τs = κsρH, where κs ≈ 0.4 cm2 gm−1 is
the opacity coefficient. Here, the typical length scale
of the medium is taken as the local half thickness of
disc (H). Other significant opacity sources are bound-
bound, bound-free (photoionization) and free-free ab-
sorption (inverse bremsstrahlung), which depend on the
photon frequency, flow density, temperature and plasma
composition. However, for a fully ionized medium, only
free-free absorption is present [91]. The Rosseland mean
opacity coefficient for free-free absorption is calculated
from Eq. (14) as [92]

κff
R = 6.45× 1022ρT−3.5

e (1 + 4.4× 10−10Te)ḡR cm2 gm−1,
(21)

where, ḡR is the frequency-averaged Gaunt factor of ḡB,
which is of the order unity. The corresponding absorption
optical depth is given by τa = κff

RρH. Therefore, the
effective optical depth of the medium is obtained as τeff ≈√
τa(τa + τs) [74].
Now, we intend to calculate the optical depth of the ac-

cretion disc for different deformation parameters (ε). In
this case, input parameters are taken as ak = 0.99 and
(λ,E) = (1.825, 1.0215). Flow topologies corresponding
to ε = 0, 0.01 and 0.02 are A, W, and I-types, respec-
tively. In the subsequent sections, a clear prescription for
isolating these flow topologies has been given. We calcu-
late τeff associated with the global solutions (see Fig. 1a)
in the above flow topologies. Obtained results are plotted
as a function of radial coordinate (r) in Fig. 1b. We see
that the accretion disc remains effectively thin through-
out the disc. Therefore, most photons leave the medium
before being absorbed and fails to maintain thermal equi-
librium with the matter.

Next, we explore the relativistic effect and electron-
electron emission on the emitted radiation in the Kerr
spacetime. Here, we choose a rapidly-rotating Kerr black
hole of spin ak = 0.99. Further, angular momentum
and energy of the flow are taken to be λ = 1.85 and
E = 1.005, respectively. With these input parame-
ters, we first obtain a flow solution (i.e., Mach number
(M = v/Cs) as function of radial distance (r)) by numer-
ically solving the Eqs. (9) and (11). We see that flow pos-
sesses outer critical point only at rout = 51.2471. The so-
lution passes through rout globally connects rH = 1.1413
and redge = 1000, and often called it as O-type flow topol-
ogy (see Fig. 2a). Temperature profile of the electrons
(Te as a function of r) in the accretion disc is presented
in Fig. 2b. We see that Te increases monotonically to-
ward the disc’s inner edge. After that the frequency-
integrated emissivity (E) is calculated using Eq. (13)
for non-relativistic (NR) model and using Eq. (14) for
relativistic (R) model. Obtained results are plotted in
Fig. 2c, where we present the variation of E as a func-
tion of r. In the figure, solid (black) and dotted (blue)

curves represent E for NR and R-models, respectively.
We find that for both cases, E does not differ too much
from r > 2 to redge. However, for rH < r < 2, the dif-
ference in E substantially increases as we proceed toward
rH. Needless to mention that the above range in r is not
universal, which depends on the input parameters. But,
we always get a significant difference in E very close to rH

for any set of flow parameters providing in the transonic
accretion solutions. As Te exceeds the non-relativistic
temperature limit 5.8 × 109 K (= mec

2/kB) [60] very
close to the singularity, the second term in Eq. (14) starts
dominating over the first term. As a result, power den-
sity of the electron-electron emission surpasses that of
the electron-ion emission. Therefore, one should not ne-
glect the contribution from electron-electron emission to
the total emitted power, especially for hot accretion flow
(HAF) in AGNs [59] and BHXRBs [72, 86, 93].

We then calculate the frequency-integrated disc lumi-
nosity for non-relativistic (LNR) and relativistic (LR)
models in Kerr spacetime. Here, we fix the flow en-
ergy as E = 1.0005, and vary the angular momentum
as λ = 2.05, 2.45 and 2.9. We find that the flow pos-
sesses multiple critical points (i.e., flows have both inner
(rin) and outer (rout) critical points) for these input pa-
rameters. The solutions passing through the outer crit-
ical points (rout) successfully connect rH to redge (open
solutions1). However, the solutions passing through the
inner critical points (rin) unable to connect rH to redge

as they terminate at some r values (closed solutions2).
Such flow solution is defined as A-type topology and
the example of such accretion solution is presented in
Fig. 3a. The variation of relative change in bolomet-
ric luminosity (∆L/LNR = (LR − LNR)/LNR) as a func-
tion of spin parameter (ak) for different λ is presented
in Fig. 4. In this figure, open circles joined by the solid
curve (black), open asterisks joined by the dashed curve
(red) and open squares joined by the dotted curve (blue)
denote the quantity ∆L/LNR associated with the angu-
lar momentum λ = 2.05, 2.45 and 2.9, respectively. It
is observed that ∆L/LNR increases with ak, irrespective
of λ values. It is noteworthy to mention that the change
in ∆L/LNR for R-model is marginal for weakly spinning
black holes (ak → 0), however it becomes significant for
rapidly rotating black holes (ak → 1).

Indeed, the above analysis involving the Kerr space-
time indicates that the relativistic effect (i.e., R-model)
becomes important when electron temperature (Te) is
high and the central source spins rapidly. Hence, it seems
reasonable to consider the R-model in carrying out the
emission analyses for wide ranges of Te and ak. Accord-
ingly, we study the emission properties of the accretion

1 Open solutions are also called global solutions as they extend
from redge to r0. In this paper, all calculations have been carried
out for global solutions only.

2 As closed solutions are not physically acceptable, we do not con-
sider such solutions.
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FIG. 2: Plot of (a) Mach number (M = v/Cs), (b) Electron temperatures, and (c) frequency-integrated emissivity as function
of radial distance (r). Here, we choose the input parameters as ak = 0.99 and λ = 1.85 and E = 1.005. Critical point is marked
using filled circle. See the text for details.

FIG. 3: Variation of Mach number (M) as a function of radial distance (r) for a BH model with ak = 0.99. Here, critical points
are marked by the filled circles. In this figure, we choose flow parameters as (λ,E) = (2.05, 1.0005), (2, 1.01) and (2, 1.02) for
the respective panels (a-c). See the text for details.

flow considering R-model in the subsequent sections.

IV. LUMINOSITY DISTRIBUTION FOR KERR
BLACK HOLE

In this section, we study the disc luminosity corre-
sponding to different flow solutions in Kerr spacetime,
where ak = 0.99 is chosen for the purpose of representa-
tion. We calculate the parameter space according to the
flow topologies (O, A, W and I-types) in the angular mo-
mentum (λ) and energy (E) plane and depict it in Fig. 5.
These flow topologies have different physical properties.
For example, O-type solutions only contain outer critical
points (rout), whereas I-type solutions only have inner
critical points (rin). In both cases, flow solutions passing
through the critical points smoothly connect redge and rH

(i.e., open solutions (see Figs. 2a and 3c for O and I-type
solutions, respectively)). Therefore, the flow topologies
in which the existing accretion solutions pass through
single critical points rout or rin can be distinguished as

O or I-type flow topologies. However, for both the A
and W-type flow topologies the accretion solutions must
contain multiple critical points (i.e., rin and rout). In the
A-type topology, solution passes through rin (rout) re-
main closed (open) (see Fig. 3a) and satisfy the condition

Ṁin > Ṁout, where Ṁin and Ṁout are the entropy ac-
cretion rate at rin and rout, respectively. On the contrary,
for the W-type flow topology, solution passes through rin

(rout) remain open (closed) (see Fig. 3b) and satisfies

the condition Ṁin < Ṁout. Therefore, it is useful to
separate the effective domain of the parameter space for
different flow solutions (e.g. O, A, W and I) in terms of
the entropy accretion rate along with the number of crit-
ical points [see 53, 63, 73, 82, 94, and references therein].
In the figure, the region within black curves provides flow
solutions containing multiple critical points (both rin and
rout). The gray curve separates the regions A and W

and it corresponds to Ṁin = Ṁout. We make use of the
global accretion solutions corresponding to a given set of
(λ,E) and calculate the frequency-integrated luminosity
(L) using Eq. (19). The obtained results are presented
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FIG. 4: Variation of relative change in the bolometric lumi-
nosity (∆L/LNR) as a function of spin parameter (ak) for
different angular momentum (λ). Here, we set E = 1.0005.
See the text for details.

FIG. 5: Division of parameter space in λ−E plane according
to the nature of flow solutions in the BH model. Four regions
are marked as O, A, W and I. Here, we choose ak = 0.99.
Color map denotes the 2D projection of 3D plot of λ, E and
L. Vertical color bar indicates L in erg s−1. See the text for
details.

using color map in Fig. 5, where the color bar at the
right refers the range of L in erg s−1. Note that for a
given λ, L increases with E. Similarly, for a given E, L
increases with λ. This happens because of the fact that
as λ (or E) is increased keeping E (or λ) fixed, the flow
temperature increases due to the shifting of critical point
towards the horizon (see Table 2 in [53]). In general, the
critical points for I-type solutions are formed very close
to the central singularity that results higher the luminos-
ity values compared to the other flow orbits. We further

TABLE I: Flow energy (E), angular momentum (λ), inner
critical points (rin), outer critical points (rout) and type of
accretion solutions are presented in columns 1-5. These solu-
tions are associated with the SEDs in Figs. 6 and 7.

E λ rin rout Type

1.010 1.81 — 25.3308 O

1.91 1.7184 23.9365 A

2.01 1.3981 22.2109 W

1.015 1.81 — 15.7051 O

1.87 1.9952 14.6330 A

1.93 1.6078 13.1974 W

1.99 1.4136 — I

1.020 1.81 — 10.3324 O

1.83 2.5479 9.7945 A

1.85 2.1608 9.0972 W

1.87 1.9008 — I

investigate the spectral features of different global ac-
cretion solutions and delineate them in the subsequent
sections.

Next, we explore the spectral energy distributions
(SEDs) corresponding to the four accretion solution
topologies (i, e., O, A, W and I-types) in the Kerr space-
time. Here, we choose the flow energy as E = 1.01, and
vary the angular momentum of the flow as λ = 1.81, 1.91
and 2.01 to obtain the O, A and W-type solutions (see
Fig. 5). We identify the global accretion solutions that
pass through either outer or inner critical points as
rout = 25.3308 (O-type solution), rout = 23.9365 (A-type
solution), and rin = 1.3981 (W-type solution), respec-
tively (see Table I for details). These solutions are shown
in Fig. 6a, where solid (black), dashed (red) and dot-
ted (blue) curves are for O, A and W-type solutions. In
Fig. 6b, we show the profile of electron temperature (Te)
corresponding to the solutions presented in Fig. 6a. Us-
ing Eq. (18), we compute the SED for these solutions and
present the obtained results in Fig. 6c, where the varia-
tion of νoLνo is plotted as a function of frequency νo. We
observe that the bremsstrahlung emission dominates at
νo ≈ 1020 Hz [59] and has a sharp cut-off at νo ≈ 1022 Hz
(= kBTe0/h) [60], where Te0 ≈ 1011 K is the electron tem-
perature at disc inner edge (r0). Note that SEDs for O
and A-type solutions are almost identical at the low fre-
quencies, however a reasonable difference is seen at the
high frequencies. For A-type solution, the critical point
is formed at relatively smaller distance compared to the
O-type solution that results the higher temperature at
the inner part of the disk (see Fig. 6b). Consequently,
the A-type solutions generate high luminous power spec-
tra than the O-type solutions. In comparison, SED for
W-type solution is extremely high compared to the O and
A-type solutions at the both frequency ends. Since the
critical point for W-type solution is formed near the cen-
tral object, the overall temperature profile is enhanced
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FIG. 6: Global accretion solutions (M vs. r plots in panel (a)), electron temperature profiles (Te vs. r plots in panel (b)) and
spectral energy distributions (νoLνo vs. νo in panel (c)) for O, A and W-type flow topologies. Angular momentum (λ) for
different flow solutions have been marked in panel (a). Here, critical points are marked by the filled circles. In this figure, we
choose a BH model with ak = 0.99. And, flow energy is taken as E = 1.01. See the text for details.

and therefore, hot plasma in the accretion disc produces
high luminous spectra compared to O and A-type solu-
tions.

We continue the study of SEDs for higher flow energies
and in Figs. 7a-b, we present the SEDs corresponding to
O, A, W and I-type flow solutions that are obtained for
E = 1.015 and 1.02, respectively. In both cases, we find
that I-type solutions result maximum luminous power
spectra compared to the other flow solutions. The details
of the critical point locations for these accretion solutions
and their input flow parameters are tabulated in Table I.
As the critical points of the I-type solutions are formed
at relatively smaller distances (close to the singularity)
than O, A and W-type solutions, we get higher SEDs for
I-type solutions. For the purpose of clarity, we present
the electron temperature (Te) profiles in Figs. 8a-b cor-
responding to the flow solutions given in Figs. 7a-b. It
is noticed that the temperature distributions in the disc
increased when the critical points are drifted toward the
singularity. Therefore, the flows that pass through the
inner critical points (rin) possess high electron tempera-
ture profiles than those through the outer critical points
(rout). Needless to mention that the obtain SEDs for
these four types of accretion solutions strongly depend
on the input flow parameters, namely energy (E) and
angular momentum (λ).

V. SPECTRAL ANALYSIS IN DEFORMED
SPACETIME

In Section III, we investigate the usefulness of the rela-
tivistic model (R-model) over the non-relativistic model
(NR-model) for hot accretion flow (HAF) in the usual
Kerr spacetime. In this section, we examine how the
deformation of spacetime affects the bolometric disc lu-
minosity as well as the spectral energy distributions in
both models (i.e., NR-model and R-model).

A. Effect of ε on disc luminosity for NR and
R-models

In order to understand the effect of deformation pa-
rameter (ε) on the disc luminosity, we examine the rela-
tive change of bolometric disc luminosity (∆L/LNR) con-
sidering both weakly rotating (ak → 0) and rapidly rotat-
ing (ak → 1) black holes and depict the obtained results
in Fig. 9. In the left panels, we show the variation of
∆L/LNR as a function of ε for ak = 0. In panel (a), we
choose λ = 3 and vary energy (E). Open circles (black),
open asterisks (red) and open squares (blue) joined with
solid lines denote the results obtained for flow energies
E = 1.0011, 1.0013 and 1.0015, respectively. We observe
that for a given E value, the relative increment in LR

with respect to LNR increases with ε. We also notice that
for a fixed ε, ∆L/LNR increases with E. In panel (b),
we plot ∆L/LNR as a function of ε for fixed E = 1.0012,
where λ is varied. Open circles (black), open asterisks
(red) and open squares (blue) joined with solid lines de-
note the results obtained for λ = 3, 3.05 and 3.1, respec-
tively. We find that ∆L/LNR increases with ε, irrespec-
tive of λ values. And, for a fixed ε, ∆L/LNR increases
with λ. Similarly, in the right panels, we present the
variation of ∆L/LNR as a function of ε for ak = 0.99. In
panel (c), we fix λ = 1.9, and vary energy as E = 1.0005,
1.001 and 1.0015. The obtained results are plotted us-
ing open circles (black), open asterisks (red) and open
squares (blue) joined with solid lines. Finally, in panel
(d), we set E = 1.002 and vary angular momentum as
λ = 1.9, 1.91 and 1.92 and the obtained results are shown
using open circles (black), open asterisks (red) and open
squares (blue) joined with solid lines. As in panel (a) and
(b), we observe similar variation in (c) and (d), however
∆L/LNR attains higher values for ak = 0.99 compared
to the results for ak = 0, which is consistent with the
results presented in Fig. 4. With this, we indicate that
while exploring spectral analysis in non-Kerr spacetime,
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FIG. 7: Spectral energy distributions (SEDs) for O, A, W and I-type solutions corresponding to the flow energies at E = 1.015
(panel a) and 1.02 (panel b). Angular momentum (λ) for different flow solutions are marked in each panels. Here, we consider
a BH model with ak = 0.99. See the text for details.

FIG. 8: Variation of electron temperature (Te) as a function radial distance (r) for Fig. 7. Inset panels denote the respective
global accretion solutions (M vs. r plots). In all cases, critical points are marked by the filled circles. See the text for details.

the effect of bremsstrahlung emission in R-model seems
very much relevant compared to the NR-model.

B. Effect of ε on SEDs

In this section, we examine how the deformation
of spacetime affects the spectral energy distributions
(SEDs). While doing so, we consider two black hole mod-
els: one with weakly rotating (ak → 0) central source and
the other with rapidly rotating (ak → 1) central source.
For ak = 0, we choose E = 1.005 and λ = 2.9, and

calculate the SEDs for a set of deformation parameters.
To evaluate the thermal bremsstrahlung spectrum, we
use the same methodology as described in Section IV.
The obtained results are presented in Fig. 10a, where
solid (black), dashed (red), dotted (blue), dot-dashed
(orange) and long-dashed (green) curves represent SEDs
corresponding to the deformation parameter ε = 0, 2,
4, 6 and 8, respectively. It is observed that SEDs in-
crease significantly at both low and high-frequency ends
when ε increases. We find that the above set of input
model parameters yields only I-type accretion solutions
with rin = 6.7663, 5.5027, 4.5666, 3.9224 and 3.5186 for
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FIG. 9: Variation of relative change in bolometric luminosity
(∆L/LNR) as a function of deformation parameter (ε) for
ak = 0 (left panels) and for ak = 0.99 (right panels). The
flow angular momentum (λ) and energy (E) are marked in
each panel. See the text for details.

increasing ε values starting from 0 to 8. Next, we fix
ak = 0.99, E = 1.0215 and λ = 1.85, and calculate the
SEDs for a set of ε values. We present the obtained re-
sults in Fig. 10b, where solid (black), dashed (red), dot-
ted (blue), dot-dashed (orange) and long-dashed (green)
curves are for ε = 0, 0.005, 0.01, 0.015 and 0.02, respec-
tively. Note that the allowed range of ε yielding the black
hole solutions generally decreases with ak [see Fig. 17 of
53] and hence, we use relatively smaller value of ε for
ak = 0.99 compared to the same used for weakly rotating
black hole. As before, these SEDs are calculated using
I-type global accretion solutions obtained for above set
of ε and they become transonic after crossing the inner
critical points at rin = 2.1343, 2.082, 2.0261, 1.9655 and
1.898, respectively. We note that SEDs are shifted at
higher values as ε is increased, however their differences
are barely noticeable as the range of ε is small.

C. Luminosity distribution for naked singularity

In this section, we examine disc luminosity (L) varia-
tion of accretion flow around the naked singularity (NS).
In doing so, we consider a rapidly rotating central object
of spin ak = 0.99 with deformation parameter ε = 0.03.
This choice of parameters provides accretion solution in
NS as Eq. (20) does not yield real root of rH. With
this, we calculate the accretion solutions around naked
singularity by freely varying flow energy (E) and angu-
lar momentum (λ), and separate the parameter space in

TABLE II: Flow energy (E), angular momentum (λ), inner
critical points (rin), outer critical points (rout), type of ac-
cretion solutions in NS model are tabulated in columns1-5.
These solutions are used to obtain the SEDs shown in Fig. 13.

E λ rin rout Type

1.015 1.815 — 15.6082 O

1.835 2.1152 15.2698 A

1.855 1.6405 14.8097 W

1.875 1.4214 — I

1.0175 1.815 — 12.6171 O

1.835 2.0377 12.2021 A

1.855 1.6895 11.7311 W

1.875 1.4057 — I

1.02 1.81 — 10.2935 O

1.83 2.0806 9.7440 A

1.85 1.7361 7.4222 W

1.87 1.4403 — I

λ − E plane according to the nature of accretion solu-
tion topologies (i.e., O, A, W and I-type) around naked
singularity. In Fig. 11, we show the nature of O, A, W
and I-type accretion solutions (i.e., M = v/Cs vs. r
plots) for NS model. The detailed physical properties
of various accretion flow solutions in the naked singu-
lar spacetime are examined in [53, 73]. Here, the ob-
tained results are presented in Fig. 12, where the identi-
fied regions are marked. The region bounded by the black
curves yield multiple critical points which is further sub-
divided according to the entropy condition where gray
curve corresponds to Ṁin = Ṁout. We further calculate
the frequency-integrated disc luminosity (L) utilizing the
accretion solutions from the entire parameter space and
depict the obtained results using colors in Fig. 12. To ob-
tain L, we integrate Eq. (19) from the disk inner edge r0

to the outer edge redge = 1000. It may be noted that for
NS model, flows co-rotate along a surface (often called
naked surface) very close to the singularity (see Fig. 11).
Hence, the flow is truncated at a radius rt (see Fig. 11)
near the singularity and we consider rt as the inner edge
of the disc for NS model (i.e., r0 ∼ rt). In the figure,
vertical color bar at the right denotes the range of L. We
find that for a given λ (or E), L increases as E (or λ) is
increased. Therefore, it is evident that I-type solutions
generally yield larger disc luminosity L compared to the
other accretion solutions around NS.

Next, we examine the spectral energy distributions
(SEDs) for different accretion solutions in NS model.
Here, we choose E = 1.015, 1.0175 and 1.02, and vary
λ to calculate SEDs for O, A, W and I-type accretion
solutions. The obtained results are shown in Fig. 13a-c,
where solid (black), dashed (red), dotted (blue) and dot-
dashed (orange) curves represent SEDs associated with
O, A, W and I-type flow solutions, respectively. It is clear
from the figures that obtained SEDs alter due to the vari-
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FIG. 10: Effect of deformation parameter (ε) on the spectral energy distributions. In panel (a), results are presented for ak = 0,
E = 1.005 and λ = 2.9, whereas the same is shown in panel (b) for ak = 0.99, E = 1.0215 and λ = 1.85. See the text for
details.

FIG. 11: Variation of Mach number (M) as a function of radial distance (r) for NS model. Here, we choose ak = 0.99 and
ε = 0.03. Results presented in panels (a-d) are obtained for (λ,E) = (1.82, 1.01), (1.86, 1.01), (1.86, 1.0175) and (1.86, 1.025),
respectively. In each panel, filled circles denote the critical points (rin and rout) and dotted vertical line indicate the inner edge
(r0 = rt) of the disc. See the text for details.

ation of flow parameters (i.e., E and λ). We further ob-
serve that I-type flow solutions concede higher SEDs over
the other flow solutions as indicated in Fig. 12. The cho-
sen parameters to obtain the above figures are tabulated
in Table II.

D. Comparison between SEDs for BH and NS
models

In this section, we compare the SEDs obtained from
BH and NS models. While doing this, we choose the
model parameters as E = 1.0225, λ = 1.7 and ak = 0.5
and calculate the accretion solutions for BH and NS
models using ε = 6 and 7, respectively. This choice

of model parameters results I-types accretion solutions
with rin = 2.5067 for BH model and rin = 1.9059 for
NS model and the solutions extend up to the outer edge
redge = 1000. We calculate the SEDs for these solu-
tions and obtained results are depicted in Fig. 14a, where
solid (black) and dashed (red) are for BH and NS mod-
els. It is evident that SED for NS model is significantly
higher at both low and high frequencies ends compared
to the same for BH model. In Fig. 14b, we display the
results for ak = 0.99, where flow parameters are cho-
sen as E = 1.025 and λ = 1.83, and ε = 0.02 and 0.04
render I-type accretion solutions for BH and NS mod-
els, respectively. Here, rin = 2.1193 for BH model and
rin = 1.737 for NS model. As before, SED is more for
NS model compared to BH model although the difference



13

FIG. 12: Division of parameter space in λ−E plane according
to the behavior of flow solutions (O, A, W and I-types) in the
NS model. Color map denotes 2D projection of 3D plot of λ,
E and L. Vertical color bar at the right denotes L in erg s−1.
Here, we choose ak = 0.99 and ε = 0.03. See the text for
details.

seems marginal in all frequency range. This findings are
in agreement with Tahelyani et al. [56].

VI. SUMMARY AND DISCUSSION

In this paper, we investigate thermal bremsstrahlung
emission from the accretion disc in black hole and naked
singular spacetime. We consider the Johannsen-Psaltis
(JP) non-Kerr spacetime, which describes the central
object as a black hole or naked singularity depending
on the choice of spin (ak) and deformation parameters
(ε). In hot accretion flow (HAF), the relativistic effect
and electron-electron emission modify the non-relativistic
bremsstrahlung emissivity. We use the Novikov-Thorne
equation for emission coefficient [60], which includes both
the effects mentioned above in addition to the electron-
ion emission. A basic structure of general relativistic ac-
cretion flow around a stationary and axisymmetric com-
pact object has been developed. We obtain the expres-
sions of monochromatic and bolometric disc luminosity
in an observer frame at spatial infinity. We summarize
our findings below.

• We find that for hot accretion flow (HAF),
bremsstrahlung emissivity in the relativistic model
(R-model) is larger than the non-relativistic model
(NR-model). Moreover, the electron-electron emis-
sion near the singular point significantly enhances
the emissivity in R-model compared to NR model.
Accordingly, we compute the relative change in disc
luminosity (∆L/LNR) for R-model with respect to
NR-model. The obtained results clearly indicate
that the relativistic effect becomes dominant for

black holes with higher spin values. Hence, we em-
phasize to consider the bremsstrahlung emission in
studying the emission properties of the accretion
flow using R-model.

• For black hole model, we calculate the disc lumi-
nosity (L) by freely varying flow energy (E) and
angular momentum (λ). We find that for a given
E, L increases with λ. Likewise, for a particular
λ, L increases with E. Furthermore, we calcu-
late the spectral energy distributions (SEDs) asso-
ciated with the different flow topologies (O, A, W
and I-types) in λ− E parameter space. We notice
that SEDs strongly depend on the flow parameters
(λ,E). At the low frequency region, SEDs for O
and A-type solutions differ very small compared to
the results in high frequency region. But, SEDs for
W and I-type solutions significantly differ from O
and A-type topologies at both lower and higher fre-
quencies, especially for low energy accretion flows.
We also observe that the luminosity distribution for
I-type solutions are higher compared to other flow
solutions.

• We examine the role of deformation parameter (ε)
in controlling the disc luminosity (L) when rela-
tivistic effect is invoked. We find that ∆L/LNR in-
creases with ε, irrespective of the flow parameters
(λ,E). This clearly indicates the importance of rel-
ativistic effect in studying the emission properties
of accretion flow in deformed spacetime. We also
explore the effect of ε on the disc luminosity spec-
trum and find that SEDs increase with ε. There-
fore, the accretion disc around a non-Kerr black
hole is more luminous than the usual Kerr black
hole.

• In the naked singularity model, we subdivide a pa-
rameter space in λ− E plane according to the na-
ture of flow solutions. In these regions, we com-
pute L values, where we observe that it increases
with λ and E. Further, we obtain luminosity dis-
tributions for different flow topologies in λ−E pa-
rameter space. We find that SEDs for O and A-
type solutions are almost identical at both low and
high frequency ends. On the contrary, SEDs for
W and I-type solutions moderately differ form O
and A-type solutions for all flow energies. This re-
sult differs from the black hole model, where we see
that SEDs deviate too much in a given frequency
range. However, like black hole model, we obtain
maximum luminous power spectrum for the I-type
solutions compared to the other flow solutions.

• From a comparative study between the SEDs, we
infer that luminosity distributions for naked singu-
lar spacetime are higher than the black hole, which
agrees with Tahelyani et al. [56].

With the above findings, it is useful to indicate the ob-
servation implications of the present model formalism. In
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FIG. 13: Spectral energy distributions (SEDs) corresponding to different accretion solutions (O, A, W and I-types) around NS
for flow energies E = 1.015 (panel a), 1.0175 (panel b) and 1.02 (panel c). In each panel, solid (black), dashed (red), dotted
(blue) and dot-dashed (orange) corves denote results for different λ which are marked. Here, we choose ak = 0.99 and ε = 0.03.
See the text for details.

FIG. 14: Comparison of SEDs obtaind from BH and NS models. In panel (a), we set ak = 0.5, E = 1.0225 and λ = 1.7,
respectively. Solid (black) and dashed (red) curves denote results for BH (ε = 6) and NS (ε = 7). In panel (b), we choose
ak = 0.99, E = 1.025 and λ = 1.83, and SED for BH and NS are obtained for ε = 0.02 and 0.04, respectively. See the text for
details.

reality, the wide band spectral modelling of the observed
spectrum can decipher the physical properties of the
black hole, namely mass, spin and accretion rate [7, 10–
12, 16, 17, 19, 85, 95, 96, and references therein]. Accord-
ingly, for the first time to the best of our knowledge, we
make an effort to calculate the model spectrum consid-
ering the thermal bremsstrahlung emissions from the ac-
cretion disk in the realm of deformed spacetime. Indeed,
the obtained model spectra are quantitatively different
for BH and NS models, however, their typical natures ap-
pears to be qualitatively resemblant. This possibly hap-

pens because of the fact that the present formalism is de-
veloped only involving the thermal bremsstrahlung emis-
sions neglecting the other relevant radiative processes to
avoid complexity.

Finally, we mention the limitation of this work. The
magnetic fields are ubiquitous in the accretion disk
around gravitating objects. Accordingly, in presence of
magnetic fields, the fluid momentum equation is altered
due to magnetic pressure and induction equation is in-
troduced for the evolution of magnetic fields along the
streamline [see 97–99, and references therein]. For sim-
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plicity, we do not consider the magnetic fields in the ac-
cretion disc and hence, we refrain from using synchrotron
emissions. We also do not incorporate Comptonization.
Further, we neglect the effect of viscosity in the disc.
Needless to mention that all these physical processes are
relevant in the context of accretion flow dynamics. How-
ever, implementation of these processes is beyond the
scope of the present paper and we plan to take these up
in future study.
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